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Preface to the Second Edition
o o

It is our great pleasure to put forth the second edition of our book “Fundamental
Approach to Discrete Mathematics”. This edition is an outcome of the numerous feedback
received from students and teachers who had welcomed the first edition. The major
change in the second edition of this book is the addition of a new chapter on Generating
Function and Recurrence Relation, Combinatorics, and Fuzzy Set Theory. These chapters
have been introduced because we think these areas are very interesting and application
oriented. The typographical errors and omissions, which were there in the first edition, are
taken care of in this edition.

We continued our effort to keep the book student-friendly. By a problem solving
approach, we mean that students learn the material through problem-type illustrative
examples that provide the motivation behind the concepts and its relation to the theorems
and definitions. At the same time, students must discover a solution for the non-trivial
aspect of the solution. In such an approach, homework exercises contribute to a major part
of the learning process. We have kept the same approach for the newly introduced
chapters. We trust and hope that the new edition of the book will help to further
illustrate the relevance of the discrete mathematics.

While writing we have referred to several books and journals, we take this opportunity
to thank all those authors and publishers. Besides those thanked in the preface of the first
edition, we are also thankful to S. Dehuri, B.D. Sahoo and A. Mitra for their constant
motivation and contributions in this edition. We are extremely thankful to the editorial
and production team of New Age International (P) Ltd. for encouraging us for the second
edition and extending their cooperation and help in timely completion of this book.

Constructive criticism and suggestions for further improvement of the book is warmly
welcomed. Feel free to mail us in dpacharjya@gmail.com; dpacharjya@vit.ac.in;
sreekumar42003@yahoo.com

D.P. Acharjya

Sreekumar
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Preface to the First Edition
o

Discrete Mathematics, the study of finite systems, remains at the heart of any
contemporary study of computer science, which is a need of every student to attain
mathematical maturity and ability to deal with abstraction, algorithms and graphs. Our
intention in writing this book is to offer fundamental concepts and methods of discrete
mathematics in a precise and clear manner. The objective of writing this book is to
provide the students of computer science and information technology the fundamental
mathematical basis required to achieve indepth knowledge in the field of computer science.
It will also help the students, who have interest in mathematics, to keep insight into
mathematical techniques and their importance in real life applications.

This book is intended for one semester introductory course in discrete mathematics.
The book is also useful for the students of BE (Computer Science/IT), B.Tech. (Computer
Science/IT), MCA and M.Sc.(Computer Science). The material in this book includes
fundamental concepts, figures, tables, exercises and solved examples to guide the reader
in mastering introductory discrete mathematics.

A discrete mathematics course has many objectives that students should learn the
essentials of mathematics and how to think mathematically. To achieve these objectives,
we emphasized on mathematical reasoning and problem solving techniques in this book.
Each chapter begins with a clear statement of definitions, principles and theorems with
illustrative and other descriptive materials. This is followed by sets of solved examples
and exercises. The solved examples help to illustrate and amplify the material. This has
been done to make the book more flexible and to stimulate further interest in topics.
Once basic mathematical concepts have been developed then more complex material and
applications are presented.

The mathematical topics to be discussed are mathematical logic, set theory, binary
relation, function, algebraic structure such as group theory and ring theory, boolean
algebra, graph theory and introduction to lattices. Although many excellent books exist in
this area, we introduce this topic still keeping in mind that the reader will use them in
practical applications related to computer science and information technology. It is hoped
that the theoretical concepts present in this book will permit a student to understand
most of the fundamental concepts. The text is designed that the students who do not have
a strong background in discrete mathematics will find it is very useful to begin with and
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the students with an exposure to discrete mathematics will also find the book very useful
as some of exercises given are thought provoking and help them for application building.

We have the unique opportunity to express our deepest sense of gratitude to Prof.
S. Nanda, NIT, Rourkela; Prof. B.K. Tripathy, Berhampur University, Prof. G.N. Patel,
Sambalpur University and Dr. Md. N. Khan, IGIT, Sarang for their effective guidance,
sincere advise and valuable suggestions during the project work and thereby inspired us
to take up an interesting and challenging project like this. We acknowledge to Prof.
Sourya Pattnaik, Director, Rourkela Institute of Management Studies (RIMS), Rourkela
who motivated and guided us in this project. We would like to acknowledge the
contribution of many people, who have helped to bring this project successful.

In certainty, no technical book can be claimed as the product of its authors alone. We
are pleased to acknowledge here the contributions of several colleagues who have had a
major influence in this book and the course from which it arose. We shall be grateful to
the readers for pointing out errors and omissions that, in spite of all care, might have
crept in. We shall be delighted if this book is accepted and appreciated by the scholars of
today.

You can e-mail your comments to debi_69@rediffmail.com; debi_rims@yahoo.co.in
or sreekumar42003@yahoo.com .

At last but not the least we express our heartfelt thanks to M/s New Age International
(P) Ltd, Publishers, New Delhi, for the cooperation and publication with high accuracy.

D.P. Acharjya
Sreekumar
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Mathematical Logic
e ®

H 1.0 INTRODUCTION

Mathematics is considered to be a deductive science. We infer things from certain premises
through logical reasoning. Consider an example.

Three caps problem. A certain father had three sons: Smith, Clark and Jones. The father
brought three caps of different colours; say Red, Blue and Black. He showed them the caps.
After which they are folded blind. The father put three caps on the heads of three sons. Then
the sons were taken away from his father to another room. Few minutes after father called
Jones and removed the blindfold of Jones and asked him to tell the colour of his cap. Jones said
he could not infer about the colour of his own cap. Then he called Clark and removed the
blindfold of Clark and asked him to tell the colour of his cap by looking at the colour of the cap
of Jones. He too could not infer. Then he called Smith and asked him to tell the colour of his
cap without removing the blindfold of Smith. Smith replied he could tell the colour of the cap
on his own head.

How Smith come to that conclusion? Let us see. Smith asked two questions one to Jones
and another to Clark. He asked to Jones about the colour of Clark’s cap and asked to Clark
about the colour of Jones’s cap. By the way he got two colours of the cap. As a result Smith got
the colour of his own cap.

In the above reasoning we have certain premises and we conclude from them by a pure
deductive reasoning. In the following passages we shall formalize the process of deduction.

H 1.1 STATEMENT (PROPOSITION)

A statement is a declarative sentence which is either true or false but not both. The statement
is also known as proposition. The truth value True and False are denoted by the symbols T
and F respectively. Sometimes it is also denoted by 1 and 0, where 1 stands for true and 0
stands for false. As it depends on only two possible truth values, we call it as two-valued logic
or bi-valued logic.

Consider the following examples

(@) Man is mortal.
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() Sun rises in the east.

(¢) Two is less than five.

(d) May God bless you!

(e) xis a Dog.

() Lopez is a nice Cat.

(@) Itis too cold today.

(h) 6 1is a composite number.

From the above example, it is very clear that (a), (b), (¢) and (k) are statements as they
declare a definite truth value T or F. The other example (d), (e), (f), and (g) are not statements
as they do not declare any truth value T or F.

Consider the sentence 111011 + 11 =111110

The above sentence is a statement but its truth value depends on the context. If we con-
sider the binary number system, the statement is True (T) but in decimal number system the
statement is False (F).

B 1.2 LOGICAL CONNECTIVES

Another important aspect is that logical connectives. We use some logical connectives to con-
nect several statements into a single statement. The most basic and fundamental connectives
are Negation, Conjunction and Disjunction.

1.2.1 Negation

It is observed that the negation of a statement is also a statement. We use the connective Not
for negation. Usually the statements are denoted by single letters P, Q, R etc. If P be a
statement, then the negation of P is denoted as — P.

Consider the example of a statement.
P: New York is the capital of France.
—P: New York is not the capital of France.

As we all know that Paris is the capital of France, the truth value for the statements P is
false (F) and — P is true (T). From the above it is clear that P and — P has opposite truth values.
— P can also be written as

— P: It is not true that New York is the capital of France.
Rule: If P is true, then — P is false and if P is false, then — P is true.

Truth Table (Negation)

P -P
T F
F T

1.2.2 Conjunction

The conjunction of two statements P and Q is also a statement denoted by (P A Q). We use the
connective And for conjunction.

Consider the example where P and Q are two statements.
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P:2+3=5
Q : 5 is a composite number.
So, (PAQ):2+3=5and5 is a composite number.

As another example if P: Smith went to the college and Q: Mary went to the college, then
(P A Q): Smith and Mary went to the college.

It is clear that (P A Q) stand for P and Q. In order to make (P A Q) true, P and Q have to be
simultaneously true.

Rule: (P A Q) is true if both P and Q are true, otherwise false.

Truth Table (Conjunction)

P Q P ArQ
T T T
T F F
F T F
F F F

1.2.3 Disjunction
The disjunction of two statements P and Q is also a statement denoted by (Pv Q). We use the
connective Or for disjunction. Consider the example where P and Q are two statements
P: 2 +3isnotequal to5
Q : 5is a prime number
So, (PvQ):2+ 3isnot equal to 5 or 5 is a prime number.

It is observed that (P v Q) is true when P may be true or Q may be true and this also
includes the case when both are true, that is the truth value of one statement is not assumed
in exclusion of the truth value of the other statement. We call it as also inclusive or.

Rule: (P v Q) is true, if either P or Q is true and it is false when both P and Q are false.

Truth Table (Disjunction)

P Q ®PvQ
T T T
T F T
F T T
F F F

H 1.3 CONDITIONAL

Let P and Q be any two statements. Then the statement P — Q is called a conditional state-
ment. This can be put in any one of the following forms.

(@) IfP, then Q (b) PonlyifQ

() Pimplies Q (d) QifP

In an implication P — Q, P is called the antecedent (hypothesis) and Q is called the conse-
quent (conclusion). To explain the conditional statement, consider the example



4 Fundamental Approach to Discrete Mathematics

A boy promises a girl, “I will take you boating on Sunday, if it is not raining”.

Now if it is raining, then the boy would not be deemed to have broken his promise. The boy
would be deemed to have broken his promise only when it is not raining and the boy did not
take the girl for boating on Sunday.

Let us break the above conditional statement to symbolic from.

P: It is not raining.
Q: I will take you boating on Sunday.

So, the above statement reduces to P — Q.

From the above discussion it is clear that if P is false, then P — Q is true, whatever be the
truth value of Q. The conditional P — Q is false, if P is true and Q is false.

Rule: An implication (conditional) P — Q is false only when the hypothesis (P) is true and
conclusion (Q) is false, otherwise true.

Truth Table (Conditional)

P Q P->Q)
T T T
T F F
F T T
F F T

H 1.4 BI-CONDITIONAL
Let P and Q be any two statements. Then the statement P < Q is called a bi-conditional
statement. This P <> Q can be put in any one of the following forms.

(a) Pifand onlyif Q (b) P is necessary and sufficient of Q

(¢) P is necessary and sufficient for Q (d) Pisimplies and implied by Q

The bi-conditional (double implication) P <» Q is defined as

PeQ:P-QAr@Q—P)

From the truth table discussed below, it is clear that P <> Q has the truth value T whenever

both P and Q have identical truth values.

Truth Table (Bi-Conditional)

P Q P—->Q Q- P P Q
T T T T T
T F F T F
F T T F F
F F T T T

Rule: (P <> Q) is true only when both P and Q have identical truth values, otherwise false.
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H 1.5 CONVERSE
Let P and Q be any two statements. The converse statement of the conditional P — Q is given
as Q — P.

Consider the example “all concurrent triangles are similar”. The above statement can also
be written as “if triangles are concurrent, then they are similar”.

Let P: Triangles are concurrent
Q: Triangles are similar

So, the statement becomes P — Q. The converse statement is given as “if triangles are
similar, then they are concurrent” or all similar triangles are concurrent.

N 1.6 INVERSE
Let P and Q be any two statements. The inverse statement of the conditional (P — Q) is given
as (—| P> Q)

Consider the example “all concurrent triangles are similar”. The above statement can also
be written as “if triangles are concurrent, then they are similar”.

Let P: Triangles are concurrent
Q: Triangles are similar

So, the statement becomes P — Q. The inverse statement is given as “if triangles are not
concurrent, then they are not similar”.

B 1.7 CONTRA POSITIVE

Let P and Q be any two statements. The contra positive statement of the conditional
(P - Q) is given as (— Q — — P). Consider the Example “all concurrent triangles are similar”.
The above statement can also be written as “if triangles are concurrent, then they are simi-
lar”.

Let P: Triangles are concurrent and
Q: Triangles are similar

So, the statement becomes P — Q. The contra positive statement is given as “if triangles
are not similar, then they are not concurrent”.

Truth Table (Contra Positive)

SRR
HaEAa O
S S
el B
e e B eS|
e R

From the truth table it is observed that both conditional (P — Q) and contra positive
(= Q —» — P) have same truth values.
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B 1.8 EXCLUSIVE OR

Let P and Q be any two statements. The exclusive OR of two statements P and Q is denoted

by (P vV Q). We use the connective XOR for exclusive OR. The exclusive OR (P v Q) is true if
either P or Q is true but not both. The exclusive OR is also termed as exclusive disjunction.

Consider the example where P and Q be two statements such that P =2 + 3 = 5 and
Q=5 -3 = 2. Here both the statements are true. Therefore (P vV Q) is false.

Rule: (P vV Q) is true if either P or Q is true but not both, otherwise false.
Truth Table (Exclusive OR)

P Q ®v Q
T T F
T F T
F T T
F F F

H 1.9 NAND

The word NAND stands for NOT and AND. The connective NAND is denoted by the
symbol T. If P and Q be two statements, then NAND of P and Q is given as (P T Q) defined by

PTQ==PArQ).
Rule: (P T Q) is true if either P or Q is false, otherwise false.

Truth Table (NAND)

P Q PTQ
T T F
T F T
F T T
F F T

H 110 NOR

The word NOR stands for NOT and OR. The connective NOR is denoted by the symbol |. If P
and Q be two statements, then NOR of P and Q is given as (P | Q) defined by

PlQ=-PvQ
Rule: (P | Q) is true only when both P and Q are false, otherwise false.

Truth Table (NOR)

Pl

SRR
2O

===
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H 111 TAUTOLOGY
If the truth values of a composite statement are always true irrespective of the truth values of
the atomic (individual) statements, then it is called a tautology.
For example the composite statement (P A (P —» Q)) — Q is a tautology. To verify this draw
the truth table with composite statement as (P A (P - Q)) - Q
Truth Table

P->Q PAP-Q | PAP->Q) —Q

SRR
oA O
B
e g
Has 3

So, (P A (P - Q)) — Q is a tautology.

H 1.12 CONTRADICTION

Ifthe truth values of a composite statement are always false irrespective of the truth values
of the atomic statements, then it is called a contradiction or unsatisfiable.
For example the composite statement — (P— (Q — (P A Q))) is a contradiction.
To verify this draw the truth table of = (P > (Q - (P A Q))). Let R=P - (Q - (P A Q))
Truth Table

P ArQ Q- PrQ (P->Q—-> PAQ)-R

EROE I -
HAaEA O
SRS
Qe
el
eSS S S|

So,-R==(P - (Q — (P AQ))) is a contradiction.

B 1.13 SATISFIABLE

If the truth values of a composite statement are some times true and some times false
irrespective of the truth values of the atomic statements, then it is called a satisfiable.

Consider the composite statement (P — Q) — (Q — P). To verify this draw the truth table of
P—-Q)—@Q—P).

Truth Table

P Q P—-Q Q- P P-Q —->Q—P
T T T T T
T F F T T
F T T F F
F F T T T

So, the composite statement (P — Q) — (Q — P) is satisfiable.
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N 1.14 DUALITY LAW

Two formulae P and P* are said to be duals of each other if either one can be obtained from the
other by interchanging A by v and v by A . The two connectives A and v are called dual to each
other.

Consider the formulae P=(P v Q) A R and P* = (P A Q) v R which are dual to each other.

H 1.15 ALGEBRA OF PROPOSITIONS
If P, Q and R be three statements, then the following laws hold good.

(@) Commutative Laws: PAQ=QAPand
PvQ=QvP
(b) Associative Laws: PAQAR)=(PAQ) ARand

PviQvR)=(PvQ) VvR
(¢) Distributive Laws: PAQv RI=(PAQ) Vv (PAR)and
Pv QAR =PvQ A(PVR)

(d) Idempotent Laws: PAP=Pand
PvP=P

(e) Absorption Laws: Pv(PAQ)=Pand
PAPvQ=P

1.15.1 de Morgan’s Laws

If P and Q be two statements, then
@) - PArQ & (=P)v(=Q)and
@) - PvQ) e (=P)A(=Q)

B 116 MATHEMATICAL INDUCTION

Generally direct methods are adopted for proving theorems and propositions. Sometimes it is
too difficult and tedious. As a result the other methods are developed for proving theorems
and propositions. These are (i) method of contra positive, (ii) method of contradiction and
(i1) method of induction. Here, we will discuss method of induction. The method of induction
is otherwise known as mathematical induction.

Suppose that n be a natural number. Our aim is to show that some statement P(n) involving
n is true for any n. The following steps are used in mathematical induction.

1. Suppose that P(n) be a statement.

2. Show that P(1) and P(2) are true. i.e., P(n) is true for n = 1 and n = 2.

3. Assume that P(k) is true. i.e., P(n) is true for n = k.

4. Show that P(% + 1) follows from P(%).

- n(n+1)
Consider an example 1+ 2+ 3 + ... + n = 5

+1

Suppose that P(n)=1+2+3+ .. +n = ”(”2 )

So, P=1=
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2(2+1)

and P2)=1+2=3=

So, P(1) and P(2) are true.

Assume that P(&) is true. So,
k(k+1)

1+2+3+...+k= 3
So, P+1)=1+2+3+...+k+(k+1)
k(k+1) .
:T+(k+1) [+~ P(k)istrue.]
k+1)(k+2

(-2

which shows that P(k + 1) is also true. Hence, P(n) is true for all n.

® SOLVED EXAMPLES o

Example 1 Find the negation of P — Q.
Solution: P — Qis equivalently written as (=P v Q)
So, negation of P—-Q=-(-PvQ)
=—(=P) A(=Q), (By de Morgan’s Law)
=PA(=Q)
Hence the negation of P - Qis P A (= Q).
Example 2 Construct the truth table for (P - Q) <> (=P v Q).

Solution:  The given compound statement is (P - Q) <> (=P v Q) where P and Q are two
atomic statements.

P Q -P | P5Q |-PvQ|P>Q & (=PvQ
T T F T T T
T F F F F T
F T T T T T
F F T T T T

Example 3 Construct the truth table for P — (@ < P 1 Q).

Solution: The given compound statementis P —-(Q <> P A Q), where P and Q are two atomic
statements.

PAQ Qo PAQ P-o-QePaAQ

oo |
HAaEA O
oo >
A
HAa a3
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Example 4 Find the negation of the following statement. “If Cows are Crows then Crows are
four legged”.

Solution: Let P: Cows are Crows
Q: Crows are four legged
Given statement: If Cows are Crows then Crows are four legged.
=P->Q
So, the negation is given as P A (= Q) i.e. Cows are Crows and Crows are not four legged.
Example 5 Find the negation of the following statement.
He is rich and unhappy.
Solution: Let P =He is rich
Q =He is unhappy
Given statement: He is rich and unhappy
=PAQ
By de Morgan'slaw = (P A Q) ==P v—=Q
= He is neither rich nor unhappy.
Example 6 Prove by constructing truth table
P—-(@vR)=(P—>Q) v(P—>R)
Solution: Our aim to prove P -(Q vR)=(P - Q) v(P - R)
Let P, Q and R be three atomic statements.

P Q R QvR P->@QvR) P—->Q P->R P-Q) v
P - R)

T T T T T T T T

T F F F F F F F

F T F T T T T T

F F T T T T T T

F T T T T T T T

T F T T T F T T

T T F T T T F T

F F F F T T T T

From the truth table it is clear that P> (Q vR) =(P - Q) v(P - R).
Example 7 Find the negation of P <> Q.
Solution: P < Q is equivalently written as (P — Q) A (Q —P)
So, - PQ==(P->Q A(@Q-P)
=P - Q) v—(Q —P); (de Morgan’s Law)
==(=PvQ v—-(=QvP)
=(PA=Q) v(Q A —=P); (de Morgan’s Law)
Hence, - PQ)=FPA—=Q v(Qar—=P).
Example 8 With the help of truth table prove that = (P A Q) =— P v - Q.
Solution: Our claimis = (PAQ) =-P v=Q.
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Let P and Q be two atomic statements.

T T T F F F F
T F F T F T T
F T F T T F T
F F F T T T T

From the truth table it is clear that = (PAQ)=—-P v - Q.
Example 9 Show that (P - Q) <> (=P v Q) is a tautology.

Solution: Let P and Q be two atomic statements. Our aim is to show (P - Q) < (=P v Q) is
a tautology.

P Q P—-Q -P |[-PvQ P-Q < -PvQ
T T T F T T
T F F F F T
F T T T T T
F F T T T T
Hence (P - Q) <> (=P v Q) is a tautology.
Example 10 Show that the following statements are equivalent.
Statement 1: Good food is not cheap
Statement 2: Cheap food is not good.
Solution: Let P=Food is good and Q = Food is cheap
Statement 1: Good food is not cheap
Le., P—--Q
Statement 2: Cheap food is not good
Le., Q——-P
Truth Table
-P| -QP>-Q Q- P

He e
HAa A O
e !
e e B!
ARl

H==H

From truth table it is clear that both statements are equivalent.
Example 11 Express P — Q using < and Tonly.
Solution: P-Q=-PvQ
-Pv—-(=Q)
- (PA=Q=PT-Q
=PT-QArQ=PTQTQ
ie., P->Q=PT(QTQ
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Example 12 Prove that (P A Q) A — (P v Q) is a contradiction.
Solution: Truth table for (PA Q) A = (P v Q)

P Q PArQ | PvQ |-PvQ | PArQAr-(PVvQ
T T T T F F
T F F T F F
F T F T F F
F F F F T F
Hence, (P A Q) A — (P v Q) is a contradiction.
Example 13 Express P «» Q using 4 and Tonly.
Solution: PoQ=P->-QAQ—P)
=-PvQAPv-Q)

=(-PvQAP)V(I=PvQ A-Q)
E—|(—|((—|P\/Q)/\P)/\—|((—|PVQ)/\—|Q))
= (=PvQAP)T=(=PvQ) A-Q)
=(-PvQ TP T(-PvQT-Q
=PA-QTPT-PA-QT-Q
=(PT-QTPHT®PT-QT-Q

=(PT=Qv=-Q TP T(PT=Qv=-Q)T(=Qv-Q)

=(PT-QAQTP)T((PT-QAQ)T-(QAQ)
=(PTQTQTPHT®PTQTQYTQTQ)

Note: These expressions are not unique.

Alternative Solution: P~ Q=P ->Q A(Q—P)
=-PvQAPv-Q)
=(=PvQAP)v((=PvQ A=Q)
=(=PAP)VQAP)VI(=PA=Q V(IQA=Q))
= QAP)V(PA-Q)

—|(—|(Q/\P))\/—|(PVQ)
(= QAPAPVQ)
- QAP TPvVvQ
QTP T-(=(PvQ)
QTP)T— (=PA=Q)

=QTPT(=PT-Q

QTP)T(=Pv=P)T(=Qv—=Q)
QTP TPAPT=(QAQ)

=QTPT®PTPTQTQ)
Example 14 Prove that n (n + 1) is an even natural number.
Solution:  Suppose that P(n)=n (n + 1) is even.
So, P(1)=1(1 + 1) = 2, which is even and
P(@2)=2 (2 + 1) = 6, which is also even.

Hence, P(1) and P(2) are true.
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Assume that Pk) =k (k + 1) is even
ie., kR(k+1)=2m;me N
So, Pek+D=Fk+1D*k+2)=kk+1)+2F%+1)
=2m+2k+1) [.. P(k)istrue.]

=2(m + k + 1), which is even.
Which shows that P(% + 1) is also true.
So, P(n) is true for all n.
Example 15 Show by truth table the following statements are equivalent.
Statement 1: Rich men are unhappy.
Statement 2: Men are unhappy or poor.
Solution: Let P=Men are Rich and Q = Men are unhappy.
Statement 1: Rich men are unhappy.
i.e., If men are rich then they are unhappy.
Le., P—- Q.
Statement 2: Men are unhappy or poor.
Le., Q v — P ; (Here poor indicates not rich)
Truth Table

SRCEEREIN .|
HaEa 0
B3
B
B3

So, it is clear that both statements are equivalent.

Example 16 A boy promises a girl “I will take you park on Monday if it is not raining”. When
the boy would be deemed to have broken his promise. Explain with the help of truth table.

Solution: Let P:Iwill take you park on Monday
Q: It is raining.
Given statement: I will take you park on Monday if it is not raining

ie., Pif-Q
i.e., —|Q -P
Truth Table
T T F T
T F T T
F T F T
F F T F

It indicates that if — Q is true and P is false, then the boy is deemed to have broken his
promise. i.e. when it is not raining and the boy does not take her park on Monday, then the
boy is deemed to have broken his promise.
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Example 17 Prove by method of induction

2
PP+2°+3+... +n’= M
2
+1
Solution: Suppose that P(n)=13+23+ 3% +... + n®= [%J
2
1(1+1
So, P)=1=1= [MJ
2
2(2+1)Y’
and P(2):13+23:9:£T]

Hence, P(1) and P(2) are true.
Assume that P(k) is true, so

Ph)=12+22+3%+... .+ k=

|

N

™

_

[\
+
—
~
N—
[N

Pr+1)=12+22+ 33+ .+ k3 + (B +1)°

E(k+1))
= [ 5 ) +(k+1)3 [+ P(k)istrue.]

=k+12F2+4(k+1)/4

_ ((k+1) (k+2)]2

2

Which shows that P(k + 1) is also true.
So, P(n) is true for all n .
Example 18 Show by method of induction
1 1 1 1 n
— + +—t...+ =
1¥2 2%3 3%4 n*(n+1) n+l1

Solution: Suppose that

1 1 1 1 n
P(n) = + + et =
1%2 2%3 3%4 n*(n+1) n+1
So, PQ1) = 1 1.1
1*2 2 1+1
and PQ2) = 1 + 1 :14-1:2: 2
1#2 2*3 2 6 3 2+1
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Assume that P(%) is true. So,
Pk) = 1 + 1 + 1 + 1 -k
1*2 2*3 3%4 k*(k+1) k+1
Ph+1) = 1 1 1 1 1

k

+ + +ot
1*2 2*%3 3%4

R (k+1) " (k+1)*(k +2)

[ P(k)istrue]

B k+1+(k+1)*

(k+2)

1
~ k41 [k+(k+2)J

(k+1)

(R +1)2

1 B2 +2%k+1
(k +2)

_k+1

Which shows that P(k + 1) is also true.
So, P(n) is true for all n.

(k+1)(k+2)

k+2

s EXERCISES

1. Find the negation of the following statements.
(@) Today is Sunday or Monday.
(b) IfI am tired and busy, then I cannot study.

(c) Either it is raining or some one left the shower on.

(d) The moon rises in the west.

(e) The triangles are equilateral is necessary and sufficient for three equal sides.

H 2+3=18.
2. Prove the following by using truth table.
@ PviQAR)=(PvQ) AP VvR)
) =(PvQ)==PA—=Q
e PAQAR=PA(QAR)
© PvQ=PvQr=-(PAQ)
@) PAQ=PIP)L(QLQ

b)) PAQvR)=(PAQ) v(PAR)
d) P>QAR)=P->Q AP —>R)
N PvQ==(=PAr-Q)

) PIQIPIQ=PvQ

G - PvQ)v(=PAQ)=-P

3. For each of the following formulas tell whether it is (i) tautology, (ii) satisfiable, or

(Zi1) contradiction.

@ P—-Q->R)->((P-Q —->P->R)bB P—-(Q->R)=(PaQ -R)

© PA=Q
e -(P-Q) —->Par-Q
@ (P-Q Q) —>P
@O P->PAQ

k) (PvQ) < (QAaP)

d PvQ) =P

@ P-Q) —-(Q—>P)

(h) = PA(PvQ)—>P

() P=(Q—=>PAQ)

O P-Q—=PAQ)) <P
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4. Prove by using different laws.
@ —-(PvQv(=PAQ=-P ® PvPAQ=P
) PvQA-P==PAQ
5. Write each of the following in symbolic form by indicating statements.
(@) Brown is rich and unhappy.
(b) Jackson speaks English or French.
(¢) I am hungry and I can study.
(d) Tam tired if and only if I work hard.
(e) If New York is a city, then it is the capital of US.
H5+2=T7if7-2=5.
6. Write the truth value of each of the following statements.
(@) Sun rises in the south.
(®) Man is mortal.
(¢) London is the capital of UK.

(d) If three sides of a triangle are equal, then it is an equilateral triangle.

(e) (11101)y+(1)y=(11110),

(® (11101); + (1);9=(11110);,

(g (11111)y+ (1)5 = (100000), and (111), = (7),

(h) (270)g + (5)g = (184),5 0or (11101), + (111), = (100101),

@) 22=9ifand onlyif2# 3

() (111), +(010), = (1001), if and only if (1001), — (010), = (111),.

7. Write the converse, inverse and contra positive of the following statement by indicating

the conditional statement.
(@) In binary number system 1 + 1 = 10.

(b) Good food are not cheap.

() If9x + 36 =9, then x # 17.

(d) If cos(x) =1, then x = 0.

(e) Two sets are similar, if they contains equal number of elements.

8. Prove by using method of induction.

1)(2 1
(@) 12+22+32+...+nz:n(n+ )(2n+1)

n+1
9 1-r

e 1l+r+r'+. . +r"=—;r=1

d a+ar+ar’+..+ar*=

n(2a+(n—1)d)
@ a+@+d)+@+2d)+..+(a+(n-1)d) =
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(f) 3+7+11+...+(4n-1)=nC2n+1)
(g 2+4+6+...+2n=nn+1)
n(6n2—3n—1)
2
@ 3*6+6*9+...+3nBn+3)=3nn+1)(n+2)
n(n+1)(n+2)
3

n(n+1)(n+2)(n+3)
4

(h) 2+42+7%+...+Bn-272=

(J)) 1*2+2%3+3%4+...+nn+1)=

R) 1*2*3+2*3*%4+...+nn+1)(n+2)=

n(n+1)(4n-1)
6
(m) 1*3*5+3*5*7+...+(2n—1)(2n+1)(2n+3)=n(n+2)(2n2+4n—1).

D 1+2*3+3*5+...+n@2n-1)=

n(n+1)° (n+2)

n 12+(1%2+2)+(12+22+43) + ...+ (12+ 2%+ ...+n? =

12
1 2
© 1%2242%8%4 . +n(ms1= 00" )(nlJ; )(3n.+5)
(p) 3*8+6*11+...+3nBn+5)=3nn+1)(n+3)
n2(n+1)
@) 1+(1+4)+(1+4+7)+...+(1+4+7+...+(3n—2))=T

") 2+6+12+20 +... + n(2n+2) n(n+1)(n+2)
. .

1 1 1 2" —1
1+ " +—+...+——=——
(S) 2 4 zn—l 2n—1

@ 1%4+2*%7+83%10+..+nBn+1)=n{m+ 1%
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Set Theory
®

H 2.0 INTRODUCTION

An ordinary understanding of a set is a collection of objects. In our day-to-day life we use
phrases like a set of utensils, a bunch of flowers, a set of books, a herd of cattle, a set of birds
and etc., which are all examples of sets.

In the 19th century the German Mathematician George Cantor developed the theory of sets
to define numbers and to base mathematics on a solid logical foundation. In late 19th century,
Frege developed these ideas further, but his work did not attract much attention. In 20th
century Bertrand Russell rediscovered his analysis independently. His works in 1903 led to
the monumental work with North Whitehead the principia Mathematica a landmark in the
foundations of mathematics. It was observed in 1940s that all mathematics could develop from
the idea of sets and mathematics was systematized.

In this chapter we try to impart fundamental concepts and approach to the problem, that is
how to proceed for the expected solution as for as set theory is concerned. By the way, we will
study and learn about the basic concepts of sets, some of the operations on sets, Venn dia-
grams, Cartesian product of sets and its applications.

m 2.1 SETS

Collection of well defined objects is called a set. Well defined means distinct and distinguish-
able. The objects are called as elements of the set. The ordering of elements in a set does not
change the set, i.e., the ordering of elements can not play a vital role in the set theory. For
example

A={a,b,c,d}and B = {b, a, d, c} are equal sets.

The symbol € stands for 'belongs to’. x € A means x is an element of the set A. It is observed
that if A be a set and x is any object, then either x € A or x ¢ A but not both. Generally sets are
denoted by capital letters A, B, C and etc.

Consider the examples of set:
A=1{2,4,6,8,10, 12, 14, 16, 18}
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B=1{x,y,2 u,v, w}
N={1,2,3,...}
I={.,-2,-1,0,1,2,3, ...}
In general the set can be expressed in two ways, Tabular method (Roster method) and Set-
builder method (Specification method).

2.1.1 Tabular Method
Expressing the elements of a set within a parenthesis where the elements are separated by
commas is known as tabular method, roster method or method of extension.

Consider the example

A=1{1,3,5,7,9,11, 13, 15}

2.1.2 Set Builder Method

Expressing the elements of a set by a rule or formula is known as set-builder method, specifi-
cation method or method of intension. Mathematically

S={x | P)
where P(x) is the property that describes the elements of the set. The symbol | stands for
‘such that’. It is not possible to write every set in tabular form. Consider an example
S ={x | x is an Italian}
The above set S can not be expressed in tabular form as it is impossible to list all Italians.
Consider the examples
A={x |x=2n+1;,0<n<T;nel}
={1,3,5,7,9, 11, 13, 15}
and B={x | x =1, x =a, x = Book, x = Pen}
= {1, a, Book, Pen}
From the second example given above it is clear that the elements of a set do not have any
common property also.

H 2.2 TYPES OF SETS

On considering real life problems, it is observed that the sets are of different types. Keeping in
view to these problems, we discuss different types of sets in this section.

2.2.1 Finite Set

A set which contains finite number of elements is known as finite set. Consider the example of
finite set as

A=la,b,c,d,e}

2.2.2 Infinite Set

A set which contains infinite number of elements is known as infinite set. Consider the exam-
ple of infinite set as
N={1,234, ..}
I={.,-3,-2,-1,0,1,2,3,....}
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2.2.3 Singleton Set
A set which contains only one element is known as a singleton set. Consider the example

S ={9}

2.2.4 Pair Set

A set which contains only two elements is known as a pair set. Consider the examples
S=lef}
S ={{a}, (1, 3, 5}}

2.2.5 Empty Set

A set which contains no element is known as empty set. The empty set is also known as void
set or null set. Generally denoted by ¢. Consider the examples

@) d=1{x:x #x)
(@) ¢ = {x : x is a month of the year containing 368 days}

2.2.6 Set of Sets
A set which contains sets is known as set of sets. Consider the example
A ={{a, b}, {1}, (1, 2, 3, 4}, {u, v}, {Book, Pen}}

2.2.7 Universal Set

A set which is superset of all the sets under consideration or particular discussion is known as
universal set. Generally denoted by U or E or Q. Generally, the universal set can be chosen
arbitrarily for discussion, but once chosen it is fixed for discussion. Consider the example:

Let A={a,b,c}
B={a,e,i,o0,u}
C=1p,q,r,s}
So, we can take the universal set U as {a, b, ¢, ...., 2}
ie., U={a,b,c,d,e,....,z}

B 2.3 CARDINALITY OF A SET

If S be a set, then the number of elements present in the set S is known as cardinality of S and
is denoted by |S|. Mathematically if S = {sy, sy, S3, --..., 5.}, then |S| = k; 2 € N.

Consider the example
Let A=1{2,4,8, 16,32, 64, 128, 256}
So, |A| =8

2.3.1 Equivalent Sets

Two sets A and B are said to be equivalent if they contains equal number of elements. In other
words A and B are said to be equivalent if they have same cardinality, i.e.|A| = |B|. The
equivalent sets are also known as similar sets and is denoted as A = B.
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Consider the example of two sets.
A=la,e, i,0,u}
B={7,9,11, 13, 15}
Here, |A| =5 = |B]|. Thus A and B are similar.

B 2.4 SUBSET AND SUPERSET
Set A is said to be a subset of B or set B is said to be the superset of A if each element of A is
also an element of the set B. We write A < B.
e, AcBeo{xe A>xe B;Vxe A}
Consider the examples
@ Let A=1{1,2,3,4,5,6}
B=1{1,2,3,4,5,6,7, 8}

So A ¢ B.
(@) Let A={a,b,c}
B=1{b,c,al

so, AcBand B c A.
(@) Let A={} and B =11, 2, 3}
So, A ¢ B.

2.4.1 Equal Sets

Two sets A and B are said to be equal if and only if every element of A is in B and every
element of Bisin A, i.e. A ¢ B and B c A. Mathematically

A=Bo {AcBand Bc A}
ie., A=Bo{xe A xe B}
Consider the example: Let A = {x, y, z, p, q, r}
B=1{p,q,rx,y,z}
So, Bc A and A ¢ B. Thus A =B.

2.4.2 Proper Subset
Set A is said to be a proper subset of B if each element of A is also an element of B and set B
has at least one element which is not an element of set A. We write A c B.

Mathematically

AcB« {xe A—>xe Bandforatleastoneye B—y¢ A}l
Consider an example
Let A={a,b,c,d}
B={a,b,c,d,e,f, g}
Here for x ¢ A wehavex e Bandy =e € B such thaty =e ¢ A. Thus A c B.

Note: 1. Every set is a subset of itself, i.e. A c A.
2. Empty set is a subset of every set, i.e. 6 C A.
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H 2.5 COMPARABILITY OF SETS
Two sets A and B are said to be comparable if any one of the following relation holds.
i.e., @ AcBor (@) BcAor @@i) A =B.
Consider the following sets
A={a,b,c,d,e};B=1{2,3,5}and C ={c, d, e}.

It is clear that A ¢ B, B ¢ A and A #B. So, A and B are not comparable. Similarly B ¢ C,
C zBor C #B. So, B and C are also not comparable. At the same time it is clear that, C c A,
thus A and C are comparable.

H 2.6 POWER SET

Power set is of great importance while studying finite state systems such as non-deterministic
finite automation. Here, we present the concept of power set that will be useful while studying
finite state systems.

If A be a set, then the set of all subsets of A is known as power set of A and is denoted
as P(A).

Mathematically, P(A) = {X: X c A}
Consider the example:

Let A={a}

= PA) ={ ?, {a}}

Let A ={a,b}

= P(A) = {{a}, {b}, {a, b}, D}

Let A={a,b,c}

= P(A) = {{a}, {b}, {c}, {a, b}, {b, c}, {c, a}, {a, b, ¢}, D}

From the above examples it is clear that if a set A contains n elements, then the power set
of A, i.e. P(A) contains 2" elements.

ie., |A] =n = |P(A)| =2".

B 2.7 OPERATIONS ON SETS

It is observed that set theory is a tool to solve many real life problems. In order to solve these
problems, it is essential to study different set operations. Here we discuss certain operations
such as union, intersection and difference in order to develop an algebra of sets.

2.7.1 Union

If A and B be two sets, then the union (A U B) is defined as a set of all those elements which
are either in A or in B or in both.

Symbolically,
AUB={x:x e Aorx € B}
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Venn diagram

/ \
// // \ \\
A / AuB \ &
I ]
\ ]
\ \ / ]
\ \ / /
\ N/ /
/
ZaN
Consider the example:
Let A=la,b,c,d,e}
B= {aa e, ia o, u}
Therefore, (AuB)=1{a,b,c,d,e,i,o0,u}

2.7.2 Intersection

If A and B be two sets, then the intersection (A N B) is defined as a set of all those elements
which are common to both the sets. Symbolically

(AnB)={x:xe Aandx € B}
Venn diagram

A
Consider the example:
Let A={a,b,c,d, e}
B={a,e,i,0,u}
Therefore, (AN B)={a,e}

2.7.3 Difference

If A and B be two sets, then the difference (A — B) is defined as a set of all those elements of A
which are not in B. Symbolically, (A-B)={x | x € Aand x ¢ B}
Venn diagram

A

e N
A 4
A
A=B
A\
NN
N >
~_
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Consider the example:

Let A={a,b,c,d,e,f}
B= {aa c, ia o, u, k}
Therefore, (A-B)=1{b,d,e, [}

2.7.4 Symmetric Difference

If A and B be two sets, then the symmetric difference (A A B) or (A @ B) is defined as a set of all
those elements which are either in A or in B but not in both.

Symbolically,
A®B)=(A-B)u(B-A)

Venn diagram

A®B

A oy B
Consider the example:
Let A=la,b,c,k,p,q,r,s}
B=1{b,k,q,m,n,o,t}
So, (A-B) ={a,c,p,r,s}
and B-A)={m,n,o,t}
Therefore, (A®B)=(A-B)u(B-A)

= {a? c?p? r? s’ m? n? 07 t}

2.7.5 Complement of a Set
If A be a set, then the complement of A is given as A, A’ or A and is defined as a set of all those
elements of the universal set U which are not in A. Symbolically,
A={x |xe Uandx ¢ A}
Venn diagram

—— . —

Consider the example:

Let A={bac,k>d7 iap,qaras,t}
So, we can take the universal set U = {a, b, ¢, ..., x, y, z}.
Therefore, A°=U-A

={a?e?f;g? h?j’ l’ m? n? O? u? U’ w?x7y?z}
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2.7.6 Theorem

Let A, B and C be subsets of the universal set U. Then the following important laws hold.
(@) Commutative laws:
(AuB)=BuUA) ; (AnB)=(BnA)
(b) Associative laws:
AuBuUC)=(AuB)UC; AnBNC)=(AnB)NnC
(c) Idempotent laws:

(AUA)=A ; (AnA)=A
(d) Identity laws:

Aud)=A ; ANnTU)=A
(e) Bound laws:

AuU)=U ; Anod)=0
(f) Absorption laws:

AUuUANB) =A ; An(AuB)=A
(g) Complement laws:

(AUA9Y=TU ; (ANA) =0
(h) Involution law:

A=A

() Distributive laws :

@ AuBNC)=(AUuB)Nn(AUC)

@) AnBuC)=(AnB)UANC)
Proof: Proofs of (a), (b), (¢), (d), (e), (f), (g) and (k) are immediate consequences of the defini-
tions. We prove only the distributive laws.

@ x e AuBnNnO)
x e Aorxe BnC)
x e Aor(xe Bandxe C)
& (x eAorxeB)and(xe Aorxe C)
& x e(AuB)andxe (AUC)
& x e AuB)N(Au Q)
So, AUBNC)=(AuB) N (AuUC)
@) xe AnBUC)
< x €eAandxe (BuQ)
< x eAand(xe Borxe C)
& (x eAandxe B)or(xe Aandxe C)
o x €e(AnB)orxe (AnC)
& x e AnB)UANC)
So, AnBuC)=(AnB)UANC)

=
=

2.7.7 Theorem

Let A, B and C be subsets of the universal set U. Then the following properties hold.

(@ (AAA) =9 ®) (AAB)=(BAA)

) An(BAC)=(AnB)AANC) d) (AAB)=(AuB)-(AnB)
Proof: Proofs of (a) and (b) are immediate consequences of definitions. Here, we prove
(c) and (d).
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(©)

=1

e An(BAC)

e Aandxe (BAC)

e Aandxe (B-C)u(C-B))

eAand(xe (B-C)orx e (C-B))
ceAandxe (B-C))or (xe Aandxe (C-B))
e Aand (xe Bandx ¢ O))

e Aand (xe Candx ¢ B))

e Aandx e B)and (x€e Aandx ¢ C))

€ Aandxe C)and (x € Aand x ¢ B))

e AnB)andx ¢ (AN C))or

e (AnC)andx ¢ (AN B))

e (AnB)—-(AnC)orxe (AnC)-(AnB))
e (AnB)-(ANnCHU((AnC)-(AnB))

e (AnB)AANC)

So,AN(BAC)=(AnB)AAnC).

@

ce(AuB)-(AnB)

e (AuB)andx¢ (AnB)

e (AuB)and (x ¢ Aorx ¢ B)

e (AuB)andx¢ A)or (xe (AuB)andx ¢ B)
c Aorxe B)andx ¢ A)

€ Aorxe B)andx ¢ B)

e Aandx¢ A)or(xe€ Bandx ¢ A))

€e Aandx ¢ B)or (x € Bandx ¢ B))

eporxe (B-—A)or(xe (A-B)orxe ¢)

e (duB-A)orxe (A-B)u ¢)

e B-AUA-B) [By identity law]

e BAA)

€ (AAB) [By commutative law]

So,(AAB)=(AuB)-(AnB)

2.7.8 de Morgan's Law

Let A and B be subsets of the universal set U. Then
(@ (AuB) =(A"nBY
®) (AnB)X=(A°UB°

Proof: (a) x € (A UB)°

=
=
=1
=

X
X
X
X

¢ (AUB)

g Aandx¢ B
€ A°andx € B°
e A°n B¢

So, (AU B) =(A° N B°)
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®)

x € (AnB)

x ¢ (AnB)

x ¢ Aorx¢ B
x € Aorx e B°
x € AUB°

So, (AN B) =(A° U B9

tgge

B 2.8 DISJOINT SETS

Two sets A and B are called disjoint or non-overlapping if both sets have no common element.
Mathematically, (A n B) = ¢.

Venn diagram

H 2.9 APPLICATION OF SET THEORY
Let A and B be finite sets. Let n(A) be the number of distinct elements of the set A. Then
n(AuB)=n(A) + n(B) —n(A nB).
Further if A and B are disjoint, then
n(AuB)=n(A)+n(B)
Proof: A and B be finite sets and n(A) represent the number of distinct elements of the set A.

U

From the above Venn diagram it is clear that
n(A) =n(A-B)+n(AnB)
and nB)=nB-A)+n(AnB)
and nAuB)=n(A-B)+n(AnB)+n(B-A)
=n(A)-n(AnB)+n(AnB)+nB)-n(AnB)
=n(A) +n(B)-n(AnB)
ie., n(AuB)=n(A) +n(B)-n(AnB)
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If A and B are disjoint, then (AN B) =¢i.e., n(ANB)=0
Therefore, n(A U B) = n(A) + n(B).

H 2.10 PRODUCT OF SETS

The product of sets is defined with the help of an order pair. An order pair is usually denoted
by (x, ¥) such that (x, y) # (v, x) whenever x #y. The product of two sets A and B is the set of all
those order pairs whose first coordinate is an element of A and the second coordinate is an
element of B. The set is denoted by (A x B). Mathematically,

(AxB)={(x,y) | x€ Aandx € B}
Consider the example:
Let A={1,2,3,5,17}
B=1{4,9, 25}
So, (AxB)=1{(1,4),(1,9), (1, 25),(2,4), (2,9), (2, 25), (3, 4), (3,9), (3, 25), (5, 4), (5, 9), (5, 25),
(7,4),(7,9), (7, 25)}

Note: The product of sets can be extendable for n sets A, Ay, Ag, ....... A,

Thus, A; x Ay x Agx ... XA, can be defined as

A;xAyxAgx ... x A, ={(xq, X9, X3, ..., %,) | x1€ A; and xy€ Ay andx3€ Agand ... and x, €
A, }where (xq, x9, X3, ..., x,,) is called as n-tuple of x, x5, x5, ..., x,,. To explain this consider the

example in which A = {a, b, ¢}; B ={1, 2} and C = {a, B}.

Therefore, AxBx C ={(a, 1, ), (e, 1, p), (a, 2, 0, (a, 2, B), (b, 1, o), (b, 1, B), (b, 2, ), (b, 2, B),
(c, 1, ), (c, 1, P), (c, 2, ), (c, 2, B)}.

From the above example, it is very clear that |AxXxBxC| = |[A | x |B |x]|C]|.

In general, |A; X AgxAgX... XA, |=|A;]| X |Ag|X |Ag|x...X |A,].

2.10.1 Theorem

Let A, B and C be three subsets of the universal set U. Then
(@ Ax(BuC)=(AxB)uU(AxC)
b)) AxBnNC)=(AxB)n(AxC)
Proof: (a) (x,y) e Ax(BuC)
< xe Aandye Bu()
& x€ Aand(ye Borye C)
< (xe Aandye B)or(xe Aandye C)
S, y)e (AxB)or (x,y) e (AxC)
<, y)e (AxB)U(AxC)
Therefore, Ax (B u C)=(AxB)uU(AxC).
®) (x,y)e Ax(BnC)
< x € Aandye BnC)
< x€ Aand(ye Bandye C)
< (xe Aandye B)and (xe Aandye C)
<(x,y)e (AxB)and (x,y) e (AxC)
Sx,y)e (AxB)n(AxC)
Therefore, Ax (BN C)=(AxB)n(AxC).
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H 2.11 FUNDAMENTAL PRODUCTS
Let Aj, Ay, A, ..., A, be n sets. A fundamental product of these n sets is an expression of the
form (B; n B, "By ... nB,) where B, is either A, or A;.

Consider an example with three sets A, B and C. The fundamental products of these three
sets are as follows, which are 23 in number.

ie., AnBnNnC; A°"BnC; ANnB‘NC; AnNnBnNCS;
A°NB°NC; AnB‘NCS A°NBnNCS A°NB*nC-

o SOLVED EXAMPLES ®

Example 1 Let A, B and C be any three subsets of the universal set U. Then prove that
(@ A-(BuC)=(A-B)n(A-0)
®b) A-(BuC)=(A-B)-C
(¢ ANB)-C=AnN(B-C)
Solution: () xe A—(Bu )
& x e Aandx ¢ (BuC)
& x €e Aand (x ¢ Bandx ¢ C)
& (x e Aandx¢ B)and (x € Aandx ¢ C)
& x € (A-B)andxe (A-C)
& x e A-B)n(A-0C)
Therefore, A~(BUC)=(A-B)n(A-C)
b)) xe A-BuUCOC)
& x e Aandx ¢ (BuC)
& x € Aand (x ¢ Bandx ¢ C)
& (x e Aandx¢ B)andx ¢ C
& x € (A-B)andx ¢ C
& x e (A-B)-C
Therefore, A~ (BuC)=(A-B)-C
) xe (AnB)-C
& (x e Aandxe B)andx ¢ C
& x € Aand (x e Bandx ¢ C)
& x € Aandxe (B-C)
& x e An(B-0C)
Therefore, ANB)-C=An(B-C)

Example 2 Show that A — UBi = ﬂ(A—Bi)
; i=1

i=1

Solution: xe A— UBi
i=1

= x e Aandx ¢ UBi
i=1
= x € Aandx ¢ (BjuB,UB;uU...UB,)

o x e Aand(x ¢ Byandx ¢ Byandx ¢ Bgand ... andx ¢ B,)



Set Theory 31

(x e Aandx ¢ By)and (x€ Aandx ¢ By)and .... and (x € Aandx ¢ B,)
x € (A-By)andxe (A-By) and ... andx e (A-B,)
xe€eA-B)n(A-By)n..nxe (A-B,)

n

& x € ﬂ(A—Bi)

i=1

t¢g¢

Therefore, A — LnJ B; ﬁ

Example 3 If A and B subsets of the universal set U, then show that
(@ (A)°=A
®b) A-B=AnNB°
(¢ A-B) nB=¢

Solution: (a) xe (A

= x ¢ A°
S x €A
So, (A% =A

®) x € (A-B)
S x € Aandx¢B
& x € Aandx € B¢
& x € (AnB°

So,(A-B)=(An B
() xe (A-B)nB
x e (A-B)andxe B
(x e Aandx¢ B)andxe B
x € Aand (x ¢ Bandx € B)
x € Aandx e ¢
x e (And)
x €
So,(A—-B)nB=9¢

Example 4 Let A, B be the subsets of the universal set U, then prove that
(@ A-(ANB)=A nB°
b (ANB)=A°UB

Solution: (a) x € A—-(AnB)

x e Aandx ¢ (AN B)

x € Aand (x ¢ Aorx ¢ B)

(x e Aandx ¢ A)or(x € Aandx ¢ B)

x € por (x e Aandx e B°)

x € porxe (AN B°)

x e dUANBY

x € (AnB°

-(AnB)=ANnB°

tsgseee

FESR R R U R R
>
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®) x € (AnBY°
x ¢ (AnB°
x ¢ Aorxe B¢
x € Aorxe B
x € (A°UB)

So, (AN B =(A°UB)
Example 5 Let A, B and C be three subsets of the universal set U. Then show that
n(A B vC)=n(A) +n(B) +n(C)-n(A "B)-n(BNC)-n(C N"A) +n(AnBnNC)
Solution: Let (B u C) = D. So, we have
n(AuBuUC)=n(AuD)
=n(A)+n(D)-n(AnD)
=n(A)+nBuC)—n(AnBu()
=n(A)+nB)+n(C)-n(BNC)—n(AnB)UANC))
=n(A)+nB)+n(C)-nBNC)-n(ANnB)-n(AnC)+n(AnBNC)
Therefore, nAuBuUC)=n(A)+nB)+n(C)—n(AnB)—n(BNC)—n(CNnA)+n(AnBnC).
Example 6 In the IEEE conference held at New York, 500 delegates attended. 200 of them

could take tea, 350 could take coffee and 10 did not take either coffee or tea. Then answer the
following questions.

tgge

(@) How many can take both tea and coffee.

(b) How many can take tea only and

(¢) How many can take coffee only.
Solution: Let T: Set of persons who take tea.

C: Set of persons who take coffee.
U: Total number of delegates.

Hence we have n(U) = 500; n(T) = 200; n(C) = 350

Number of delegates did not take either coffee or tea = 10

Therefore number of delegates who take either coffee or tea = 500 —10 = 490
ie., n (T uC) =490
ie., n(T) + n(C) = n(T n C) =490
Le., n(T N C) =n(T) + n(C) —490 = 200 + 350 — 490 = 60

So, the number of persons who take both coffee and tea = n(T N C) = 60

Number of persons take tea only = n(T) — n(T n C) = 140

Number of persons take coffee only = n(C) — n(T n C) = 290.
Example 7 If 65% of students like apples where 75% like grapes, then what percentage of
students likes both apples and grapes?
Solution:  Let n(S) : Total number of students = 100

n(A) : Total number of students who like apples = 65
n(B) : Total number of students who like grapes = 75

Therefore, n(S)=n(AuB)=n(A)+nB)-n(AnB)
iLe., 100 =65 + 75 —n(AnB)
ie., n(AnB) =40

So, 40% of students like both apples and grapes.



Set Theory 33

Example8 I[fA={2,3,4,5,6/,B={3,4,5,6,7)and C={4, 5, 6, 7, 8 then find the followings.
@) (AuB)n(AuC) @) (AnB) U(ANC)
(i) A-(B-C) (iv) (A AB).
Solution: Given A = {2, 3,4,5,6},B=1{3,4,5,6, 7 and C={4, 5,6, 7, 8}
@ AuB)=12,3,4,5,6,7}
(AuC)=12,3,4,5,6,7, 8}
Therefore, AuB)Nn(AuC)=(2,3,4,5,6, 7}
@ (AnB)=1{3,4,5,6}
(AnC)=1{4,5, 6}
Therefore, AnB)UAnC)=1{3,4,5, 6}
@ii) (B-C)={3}
Therefore, A— (B-C) ={2, 4, 5, 6}
(iv) (AuB)=1{2,3,4,5,6,7}
(AnB)=1{3,4,5,6!}
Therefore, AAB)=(AUuB)-(AnB)=1{2,7}
Example 9 Find the power sets of the following sets.
@) {0}
@) {1,{1, 2}}) and
(i) 4, 1, 8).
Solution: (i) Let A = {0}
Therefore, P(A) = {{0}, ¢}
(1) Let A=1{1,1{1,2}}
So, P(A) = {{1}, {{1, 2}}, A, ¢}
(@ii) Let A=1{4,1, 8}
So, P(A) = {{4}, {1}, {8}, {4, 1}, {4, 8}, {1, 8}, A, ¢}.
Example 10 IfA={4, 5}, B={7, 8} and C = {9, 10}, then find the followings.
(@ (AxB)U(BxC)and (b)A x(B UC).
Solution: Given A = {4, 5}, B=1{7, 8} and C = {9, 10}
(@ (AxB)={4,7),4,8),(5,7),(5,8)}
Bx0C) ={(7,9),(7,10),(8,9),(8,10)}
So, (AxB)uBxC)=(4,7),4,8),(5,7),(5,8),(7,9), (7,10, (8,9), (8, 10)}
® Bul)=1{7,8,9, 10}

So, Ax(BuC)=1{4,17),4,8),(4,9), (4,10), (5,7, (5, 8), (5,9), (5, 10)}.
Example 11 IfA=1{1,2, 3}, B=1{2, 3, 4} and C = {3, 4, 5}, then verify the product laws.
Solution: Given A = {1, 2, 3}, B=1{2, 3,4} and C = {3, 4, 5}

Therefore, (B U C) = {2, 3, 4, 5} and
Ax(BuC)=1{1,2),(1,3),1,4),(1,5),(2,2),(2,3),(2,4), (2, 5), (3, 2), (3, 3), (3, 4), (3, 5)}
(AxB)=1{(1,2),(1,3),(1,4),(2,2),(2,3),(2,4),(3,2),(3,3), (3, 4)}
(AxC)={(1,3),(1,4),(1,5),(2,3),(2,4), (2,5), (3, 3), (3, 4), (3, 5)}
Thus, (AxB) U(AxC)={(1,2),(1,3),1,4),(1,5),(2,2),(2,3),(2,4),(2,5),(3,2),(3,3),(3,4),(3,5)
=AxBuC()
Similarly, the second product law A x (B N C) = (A x B) N (A x C) can be verified.
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Example 12 IfP ={a, c, ¢/, @ ={100, 101, 102} and R = {m, ¢, e, 101}. Compute (Q U P)— (P NQ))
XR, where N, U, — and X are well known set theoretic binary operations.

Solution: Given P = {a, ¢, e}; Q = {100, 101, 102} and R = {m, ¢, e, 101}.
So, (QuP)=1{100,101, 102, a,c,e}and (P n Q) =¢
Therefore, ((Q UP)-(P nQ))={100,101,102,a,c,e}

Thus, (QuUP)-(P Q) xR=1{(100, m), (100, c), (100, e), (100, 101), (101, m), (101, ¢),
(101, e),(101,101), (102, m), (102, ¢), (102, e), (102, 101), (a, m), (a, ¢), (a, e), (a, 101), (c, m), (c, ¢),
(c,e), (e, 101), (e, m), (e, ), (e, e), (e, 101)}.

Example 13 Show the following sets by Venn diagram.

(a) (A — BS (b) A°N B (¢c) ANBANC
Solution:
(@) (A-B) y
0 Eewr —1
X
A B ]
®) (A°nB)
U
T~
NN
N
AnB
7
/S
~_____~
A B
) AnBNnC
A B

Example 14 In a group of 64 students 26 can speak French only, 14 can speak English only.
How many can speak both French and English?

Solution: Let F: Set of students who can speak French.
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E: Set of students who can speak English.
Let n(S): Total number of students = 64

ie., nS)=n(FUE) =064

Given: n(F — E): Number of students speak French only = 26
and n(E — F): Number of students speak English only = 14

Therefore, n(F UE) =n(F—-E) + n(E - F) + n(F nE)
ie., n(FNE)=64-26-14=24

So, 24 students can speak both French and English.

Example 15 Draw a Venn diagram to represent the following facts for the sets P, @, R and S.
(PNQ) ¢, ScQ cRand (P NS) = ¢.

Solution: Given conditions are (P Q) #¢,Sc Q c R and (P ' S) = ¢. The Venn diagram for
the above facts is given below.

P

Example 16 If in a city 60% of the residents can speak German and 50% can speak French.
What percentage of residents can speak both the languages, if 20% residents can not speak any
of these two languages?

Solution: Letn(S) : Total number of residents = 100

n(G) : Total number of residents who speak German = 60
n(F) : Total number of residents who speak French = 50
n(G U F)° : Total number of residents who cannot speak any of these
two languages = 20

So, n(GUF)=n(S)-n(GuUF)=100-20=80
ie., n(GQ) + n(F) —=n(GNnF) =80
ie., n(GNnF)=60+50-80=30

Therefore, 30% of the residents can speak both the languages German and French.

Example 17 In a survey about liking for colours, it was found that everyone who was
surveyed had a liking for at least one of the three colours namely Red, Green and Blue. Further
30% liked Red; 40% liked Green and 50% liked Blue. Further 10% people liked both Red and
Green, 5% liked both Green and Blue and 10% liked both Red and Blue. Find the percentage of
the surveyed people who like all the colours.

Solution: Let R: Set of people who like Red colour

G: Set of people who like Green colour
B: Set of people who like Blue colour
and S: Set of all people who was surveyed.
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Therefore, n(S) = 100; n(R) = 30; n(G) = 40; n(B) = 50; n(R n G) = 10; n(G N B) = 5;
n(R nB) = 10.
Thus n(S)=n(RuGuB)=100
ie., nR) +n(G)+nB)-n(RNG) —n(GNB)—-n(RNB)+ n(RNGNB)
=100
ie., nRNGNB)=100-30-40-50+10+5+10=5

So, 5% of the surveyed people like all the colours, i.e. Red, Green and Blue.
Example 18 IfA cB and B cC, then show that A cC.

Solution: GivenBcC,ie.xe B=xe C

Again AcB,ie.xe A>xec B Vxe A
ie., xeA=xeB=xeC
ie., xeA=xeC

Therefore, A < C.
Example 19 For all sets A and B prove that A x B = AxB.

Solution: (x,y)e AxB
& (x,y) 2 AxB
= x¢ Aandy¢ B
= xezandyeﬁ
= (x,y)e AxB
So, (x,y) e m@(x,y)e AxB

Therefore, AxB = Ax B
Example 20 For all sets A, B and C prove that A x(B-C) = (A xB) — (A xC).
Solution: (x,y)e Ax(B-0C)
xe Aandye (B-C)
xeAand(ye Bandy¢ C)
(xe Aandye B)and(x € Aandy ¢ C)
(x,y) e (AxB)and (x,y) ¢ (AxC)
(x,y) e (AxB)-(AxC)
Therefore, Ax(B—-C)=(AxB)-(AxC).

Example 21 In a group of 191 students, 10 are taking English, Computer Science and Music;
36 are taking English and Computer Science; 20 are taking English and Music; 18 are taking
Computer Science and Music; 65 are taking English; 76 are taking Computer Science and 63
are taking Music. Then answer the followings

tegoge

(@) How many are taking English and Music but not Computer Science.
(b) How many are taking Computer Science and Music but not English.
(¢) How many are taking Computer Science and neither English nor Music.
(d) How many are taking none of the three subjects.
Solution: Let S:Set of students
E: Set of students taking English
C: Set of students taking Computer Science
M: Set of students taking Music.
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Given that n(S) = 191; n(E) = 65; n(C) = 76; n(M) = 63; n(En C n M) = 10; n(E n C) = 36;
n(ENM)=20;n(CnM)=18

(@) Number of students taking English and Music but not Computer Science
=nENnM)-n(EnCnM)=20-10=10

(b) Number of students taking Computer Science and Music but not English
=n(CAM)-nENnCnM)=18-10=8

(¢) Number of students taking Computer Science and neither English nor Music

=n(C)—-n(EnC)—n(CnM)+n(EnCnM) =76 -36-18 + 10 =32

(d) Number of students taking none of the three subjects
=n(Eu CuM)
=n(S)—-n(EuCuM)
=n(S)—{nE) + n(C) + n(M) —n(ENC)—n(CM)—n(ENM) + n(ENCn M)}
=191 - (65+63 + 76 —-20-36-18 + 10)

=51.

Example 22 Examine whether the following sets are equivalent or not.

@ A={x | x*-7x+12=0;x € N} ®) B={x|x=aandx=b}

@© C={a,b,cd, e} d D={x |x*-4=0;x eI}
Solution: Given that A ={x | x> - 7x + 12 = 0;x € N}

Therefore A=1{3,4}
ie., |A] =2

Similarly B={x|x=aand x = b}

= {a, b}

ie., |B| =2

Also C=la,b,c,d,e}
ie., |C| =5

Again D={x|x®*-4=0;x¢e I} ={2,-2}
ie., |ID| =2

Therefore, |A| = |B| = |D| =2# |C| =5; So A, B and D are equivalent.
Example 23 For all Sets A and B prove that (A NB) v(B-A) =B.
Solution: ANnB)UB-A)=(AnB)U(BNA"

=(AnB)UuB)N(ANnB)UA" [Distributive law]
=BNn((AnB)UA° [Absorption law]
=BNn(AUA )N (BUA) [Distributive law]
=Bn(Un(BUA) [Complement law]
=Bn(BUA")

=B [ Absorption law]

Example 24 By applying properties of sets prove that (A—B) N (B -A) = ¢ for all sets A and B.
Solution: (A-B)n(B-A)=(AnB )N (B NA°

=ANnB°N(BNA) [ Associative law]
=An((B°NnB)NA°) [ Associative law]
=ANn(dNAY [ Complement law]
=(An¢) [Bound law]

=0 [Bound law]
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Example 25 For all sets X, Y and Z prove that X Nn(Y-7Z) = (X NY) - (X NnZ).
Solution: xeXn(Y-7)

= xe Xandxe (Y-Z)

& xeXand(xe Yandx ¢ Z)

= (xe Xandxe Y)and (x € Xand x ¢ Z)

= xe XnY)andx ¢ XNZ)

P xeXNY)-Xn7Z)

Therefore, XNnXY-2)=XnY)-Xn7Z)
Example 26 For all sets X, Y and Z prove that X — (Y UZ) = (X-Y) NnZ“.
Solution: xeX-YuZz)

& xe Xandxe¢ YUZ)

& xeXand(x¢ Yandx ¢ Z)

= (xe Xandx¢ Y)andx ¢ Z

= xeX-Y)andx e Z°

& xe X=-Y)NnZ

Therefore, X-YuZ)=X-Y)nZ".

Example 27 Determine the equality for the following pair of sets.
A={1,2,3)and B={x|x e N;x’ - 6" + 11x- 6 =0}
Solution: Given A = {1, 2, 3} and
B={x|xe N;x*-6x%+11x—6 =0}
={x|x e N; (x — D(x — 2)(x — 3) =0}
=1{1,2, 3}
Therefore, sets A and B are equal as A c B and B c A.
Example 28 Express A (B - C) as the union of fundamental products.

Solution: The figure given below represents the Venn diagram for A U (B — C). From this it
is clear that A U (B — C) consists of the five areas of the Venn diagram corresponding to the
fundamental products (AnB N C),(AnBNC),(AnB°nC),(A"B N Cand (AnB° " C.

/ 7 AN B—\

A i \ \
— [ —_ )
t 3 ] ]
X as 7

A U (B-C)isshaded
Thus, AuB-C)=(ANBNC)UANBNCHIYUANBNC) UA°NBNC) UANB* N C.
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10.

11.

EXERCISES ®

. Express the following sets in tabular form.

(@ A ={x]| xis aletter in the word MATHEMATICS}
b)) B={x|x=2n+1;1<n<5;ne N}

(¢) C={x| x =Book and x = 1 and x = @ and x = Pen}
(d) D ={x| xis an even integer and 1 <x < 15}

) E={x| x e Iandx®+x —20 =0}

. Express the following sets in set builder form.
(@ A=1{1, 8,27, 64, 125} b) B={a,e,i,o0,u}
() C=(2,9, 28, 65, 126} (d) D={a,b, 2,4, 6, Book}
e) E={1,2,3,4,5,6,7, ...... 1 " F=A1, 3}
. Find the power sets of the following sets.
(@ {0} ®) {&k, 1, m,n}
© x| xe N and % — 4x + 3 = 0} d {1,1{1,2}, 11,2, 3}}

(e) {x| x is a letter of the word wolf}

. Let the universal set U=1{1,2,3,4,5,6,7,8,9,10}, Let A={1, 2, 3, 4, 5}, B={2, 4, 6, 8}

and C = {1, 4, 7, 10}, then find the followings.

@ (AuB) @) (AuB)NnC

@) (AUB)N(AUC) (v) AnB)UANC)
) A-BuC() (vi) (AnB)-C

(i) B°=(C-A) (viii) A°NB°

(ix) AB (x) A°

(i) C-B (xii) (AUB)-(C-B)

. Draw the Venn diagram and indicate the region for the given sets.

@ AuBnOC) b) AnBuUC)
(c) A°-B (d) (AuB)-B
(&) (A°UB)N(C°-A) » BN(CUA)

@ BuC)-A (h) (AUBUC)

. In a group of 1000 people, there are 800 people who can speak English and 500 people

who can speak German. Except 100 people in the group, each person speaks at least one
of English and German. Find how many people can speak both English and German.

. IfP={a,c,e},Q=1{100,101, 102} and R = {m, c, e, 101}, then compute (PUR) - (PN R)) x Q.
. IfG = {p, q, r}, H=1{20, 70, 90} and K = {r, 70, s}, then compute (G — K) x (K- H).
. Let X ={a, b,c} and Y = {1, 2}, then compute the followings.

(@) XxY b) YxX
) YxXY d) XxX
e XAY)xY

IfB, B, ..... , B, and A are sets, then prove that A — ﬂBi = U(A - B,

i=1 i=1
IfB,, By, ..... , B, are sets, then prove the following de Morgan's laws.

(@ [LnJ ],zﬁB{ ) [ Bi]/zi_LnJIBL

1l ’3
[
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12,
13.

14.

15.

16.

17.

18.
19.

20.

21.

Let X, Y and Z be three sets. Show that X - (Y NZ) =X -Y) v X -72).

In a class of 120 students, 80 students study Mathematics, 45 study History and
20 students neither study History nor study Mathematics. What is the number of
students who study both Mathematics and History?

Let A =1{1, 2}, B ={a} and C = {«, B}, then compute the followings.
(@ AxBxC () AxBxB
(¢) BxAxC (d) AxAxA
(e) (A-B) xC.
Examine the comparability with the following sets.
@) A={a,b,c} @) B={a,e, i,o0,ul
@) C=1{b,c,o0,u} ) D=1{b,c,i,0,u,k}.

In a class containing 100 students, 30 play tennis; 40 play cricket; 40 do athletics;

6 play tennis and cricket; 12 play cricket and do athletics; and 10 play tennis and do
athletics; while 14 play no game or do athletics at all. How many play cricket, tennis
and do athletics?

If in a city 70% of the residents can speak French and 50% can speak English, what
percentage of residents can speak both the languages, if 10% residents cannot speak
any of these two languages?

Let X, Y, Z and T be four sets. Then prove that X NnZ) x(Y "T) =X xY) n(Z xT).

Write the following sets as the union of fundamental products.
@ AnBul) b)) AN(B Ul
© AuBnC) d) AuB-0).

Identify the smallest set X containing the sets.
{Book, Pen}; {Pen, Pencil, Box}; {Book, Box, Ball}.

One hundred students were asked whether they had taken courses in any of the three
subjects, Mathematics, Computer Science and Information Technology. The results
were given below. 45 had taken Mathematics; 18 had taken Mathematics and Computer
Science; 38 had taken Computer Science; 21 had taken Information Technology; 9 had
taken Mathematics and Information Technology; 4 had taken Computer Science and
Information Technology and 23 had taken no courses in any of the subjects. Draw a
Venn diagram that will show the results of the survey.
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Binary Relation
@

H 3.0 INTRODUCTION

After the development of set theory we shall try to develop another concept based on it. In this
chapter we will introduce an important modeling in mathematics known as relation. This has
tremendous application in Computer Science. The relations which are used in Mathematics and

» <« ” &«

Computer Science are “less than”, “is a subset of”, “is perpendicular to”, “is equal to”, and so on.

Table

Student Names Subjects Taken
Mary Computer Science
Smith Mathematics
Loreena Computer Science
Finzi Human Resource
Adams Marketing
Brown Mathematics
Mary Mathematics

A relation can be thought of as a table. Consider the Table given above in which the first
column represent the student names and the second column represent the subject taken by
the students. From the table it is clear that Mary is taking Computer Science and Mathemat-
ics, Loreena is taking Computer Science whereas Smith is taking Mathematics. This is
nothing but a set of ordered pairs. We define a relation to be a set of ordered pairs.

Mostly the relations we come across are defined with two entities. We call such relation as
binary relation or simply relation.

H 3.1 BINARY RELATION

Let A and B be two sets. Then any subset R of the Cartesian product (A x B) is a relation
(binary relation) from the set A to the set B. Symbolically R c (A xB).

ie., R={(x,y) | x € Aandy € B}
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If (x, y) € R, then we write x R y and say that x is related to y. If (x, y) ¢ R, then we write
x R y and say that x is not related to y. If A = B, then R is a relation (binary relation) on A.
Consider the example A = {1, 2, 3,4, 5} and B={5, 6, 7, 8, 9} and let the relation R from the
set A to the set B as
R={(x,y) | xe Aandy =2x + 3 € B}
ie., R=1{(1,5),(2,7),(3,9), 4, 11), (5, 13)}
ie., RcAxB

3.1.1 Domain of a Relation

Let R be a relation from the set A to the set B. Then the set of all first constituents of the
ordered pairs present in the relation R is known as domain of R . Denoted by dom. R or D(R).

Mathematically,
DR) = {x| (x,y) € R, forx € A}
ie., DR) cA

3.1.2 Range of a Relation

Let R be a relation from the set A to the set B. Then the set of all second constituents of the
ordered pairs present in the relation R is known as range of R. Denoted by rng.R or R(R).

Mathematically,
RR)={y| (x,y) € R, fory € B}
ie., RR)cB
Consider the example: Let A = {a, b, ¢,d} and B = {5, 6, 7}. Let us define a relation R from the
set A to the set B as below.
R ={(a, 5), (a, 6), (c, 6), (d, 6)}
So, DR) ={a, ¢, d} and R(R) = {5, 6}

B 3.2 INVERSE RELATION

Let R be a relation from the set A to the set B. Then the inverse of the relation R is a relation
from the set B to the set A. It is denoted by Rland is defined as

R'={(y,x) | (x,y) e R}
Consider the example: Let A={1, 2, 3, 4, 5}
and B=1{4,9, 16, 17, 25}
Let us consider the relation R from the set A to the set Bas R={(2, 4), (3, 9), (4, 16), (3, 17)}
Therefore, R ~'={(4, 2), (9, 3), (16, 4), (17, 3)}.

3.2.1 Theorem
If R be a relation from the set A to the set B, then (/) D(R) = R(R™!) and (i) R(R) = D(R™D).
Proof: Given that R be a relation from the set A to the set B. i.e., R < (A x B). Thus
R={(x,y) | xe€ Aandy e B}
Let x € D(R). Then there exists x € A and y € B such that
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(x,y)e R
This implies (y, x) € R™*
ie. xe R®R™)
So, xe DR =>xe RRD
Thus, DR) cR®R™ (D
Again let x € R (R™}). Then there exists x € A and y € B such that (y, x) e R™.
This implies (x,y)e R
ie., x € D(R)
So, x e RR™')=xe DR)
Thus, R®R™ cD®R) .2

Therefore from equations (1) and (2) it is clear that D(R) = R (R™)
Similarly, let y € R(R), Then there exists x € A and y € B such that (x,y) € R
This implies (y, x) € R}

ie., y € DR™)
So, ye RR)=ye DR
Thus, RR) cDR™) G

Again let y € D (R™), Then there exists x € A and y € B such that (y, x) ¢ R™
This implies (x,y) € R

ie., y € R(R)
So, ye DR =yeRR)
Thus, DR cRR) (@)

Therefore from equations (3) and (4) it is clear that R(R) = D(R™)
Note: Let R be a relation from the set A to the set B. Then (R™) "!=R.
Proof: Given that R be a relation from the set A to the set B.i.e. R < (A x B)

Let (x,y)e RH™

= (y,x)e R?

= (x,y)e R

So, x,ye RHTo@,yeR

Therefore, (R™!) =R

B 3.3 GRAPH OF RELATION

Let R be a relation from the set A to the set B; that is R is a subset of (A x B). Since (A x B) can
be represented by the set of points on the coordinate diagram of (A x B), we can picture R by
emphasizing those points in the plane which belong to R. The pictorial representation of the
relation R on the coordinate diagram of (A x B) is known as graph of the relation.

Consider the example: Let A={-3,-2,-1,1,2,3}and B={1, 2, 3,4, 5,6, 7, 8, 9} and
x Ry such that y = x? . Thus we have

R={-1,1,1Q,1),(-2,4),(2,4),(-3,9), (3,9}

So, the graph of R is represented on the coordinate diagram of (A x B) as shown in the
following Fig. 1.
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Figure - 1
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Consider another example: Let A = {x| x is a real number} and x R y such that 2x + 3y <6.
Thus, we have R = {(x,y) | 2x + 3y <6 andx,y € A}.

So, the graph of R is represented on the coordinate diagram of (A x A) as shown in the
following Fig. 2.

Figure - 2
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N 3.4 KINDS OF RELATION

In the study of database systems, kinds of relation play a vital role. In order to get a clear idea
on database systems, here we discuss different kinds of relation. A relation R from a set A to
a set B may be of four kinds.

(@) One-One (b) One-Many

(¢) Many-One (d) Many-Many

The relation R from the set A to the set B is said to be One-One relation if (x;, y;) € R,
(x9, ¥9) € R, then y; = yy = 27 = x4

The relation R from the set A to the set B is said to be One-Many relation if (x;, y;) € R,

(x1,¥9) € R for some x; € Aandy,,y, € Bwithy,; 2y,

The relation R from the set A to the set B is said to be Many-One relation if (xq,y;) € R, (x,
y1) € R for some y; € B and x; , x5, € A with x; #x,

The relation R from the set A to the set B is said to be Many-Many relation if (x;, y;) € R,
(x1,¥9) € R, (x9,¥1) € R, and (x5, y5) € R for some x1,x, € A and y;,y, € Bwithx; #x,and y; 2y,
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H 3.5 ARROW DIAGRAM

We use arrow diagrams to represent relations. Write down the elements of the set A and the
elements of the set B in two disjoint sets, and then draw an arrow from x € Atoy € B
whenever xRy.

Consider the example: Let A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8}. Let us define the relations
from the set A to the set B as

R, = {(1, 2), (3, 6), (4, 8)}
R, = (2, 4), (2, 6),(2,8), (1, 2)}
R, ={(1, 4), (2, 4), (3,4), (5, 8)}

and R, =1{(1,4),(2,4),(1,8),(2,8), (5, 2)}

A Rs

The arrow diagrams for the above relations are given above. From the above diagrams it is
clear that R, Ry, R; and R, are One-One, One-Many, Many-One and Many-Many relations
respectively.

H 3.6 VOID RELATION

A relation R from a set A to a set B is said to be a void relation or empty relation if R = ¢.
Consider the example: Let A=1{3,5,7};B={2,4,8}; RcAxBandx Ry | x dividesy; x € A,
y € B. Hence, we observe that R = ¢ < A x B is a void relation from the set A to the set B.

N 3.7 IDENTITY RELATION

Let R be a relation on a set A; that is R is a subset of (A x A). Then the relation R is said to be
an identity relation if (x, x) € R. Generally denoted by I,. Mathematically,

Iy, ={(x,x) | xe A}
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Consider the example: Let A = {a, b, ¢} and I be a relation on A such that I, = {(a, @), (b, b),
(¢, ¢)}. This is an identity relation on A.

B 3.8 UNIVERSAL RELATION

A relation R from a set A to a set B is said to be an universal relation if R is equal to (A x B).
That is R = (A x B).

Let A ={1, 2, 3} and B = {a, b}. Therefore the universal relation R from the set A to the set
B is given as

R={(1,a),(1,0),(2,a),(2,0b),(3,a), (3, b)}.

H 3.9 RELATION MATRIX (MATRIX OF THE RELATION)
A matrix is a convenient way to represent a relation R. Such a representation can be used by
a computer to analyze the relation.

Let A={a,a9,ag, .... ,Qjy ..., 0}
and B =1{by, by, b3, .... , b}, ...., by}
be two finite sets and R be a relation from the set A to the set B. Then the matrix of the
relation R, i.e., M(R) is defined as

M®R) = [mij] of order (k& x 1)

1, ifae, Rb;

0; ifa; Rb;

In other words label the rows of rectangular array by the elements of A and the columns by

the elements of B. Each position of the array is to be filled with a 1 (one) or 0 (zero) according
as a € A is related or not related to b € B. Consider the example:

LetA={1,2,3};B={a,b,c,d,e}and R c (A xB) suchthat R={(1, a), (1,d), (2,b), (3,¢), (3,d)}.
So the matrix of the above relation R is given as

where m;; = {

a b c de

111 0 0 1 0
MR)=2(0 1 0 0 O
3[0 01 10

H 3.10 COMPOSITION OF RELATIONS

Let R, be a relation from the set A to the set B and R, be a relation from the set B to the set
C. That is R, is a subset of (A x B) and R, is a subset of (B x C). Then the composition of R, and
R, is given by R R, and is defined by
RR,={(x,2) € (AxC) | for somey e B, (x,y) € R; and (y, 2) € Ry}
Consider the example: Let A = {1, 2, 4, 5, 7};
B={a,b,c,d,e}

and C =11, 4, 16, 25}

Consider the relations R;: A —» B and Ry: B — C as
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R, ={1,0a),(1,0),(2,d), (2,e), (5, d)} and Ry = {(c, 1), (d, 4), (e, 25)}. The arrow diagram is
given as

So, RiR, =1{(1, 1), (2, 4), (2, 25), (5, 4)}

3.10.1 Composition of Relations and Relation Matrix

Let R, be a relation from the set A to the set B and R, be a relation from the set B to the set
C. That is R, is a subset of (A x B) and R, is a subset of (B x C). Then the composition of R, and
R, is given by R;R, and the matrix of the composition R;R, is defined as
M®R;Ry) =M (R)) M (Ry)
and replace all nonzero entries by 1in M (R;R,), where M (R,) is the matrix of the relation
R, and M (R,) is the matrix of the relation R,.
Consider the same example stated above; we have

1 01 0 0] 0 0 0O
0 0011 0 00O
M®R)=(0 0 0 0 OjandM(Ry)=(1 0 0 O
0 0010 0100
0 0 0 0 O] 0 0 01
SO, M (Rle) =M (Rl) M (Rz)
(1 01 0 0][0 O 0 O 1 000
0 001 1{|0 0 0O 01 01
=0 0 0 0 O0{|1 0 O O|=|/0 0 0 O
0 001 0|01 00O 0100
|0 00 0 0/|0O 0 01 0 00O
Therefore, R;R, = {(1, 1), (2, 4), (2, 25), (5, 4)}.

3.10.2 Theorem

Let R, and R, are relations from the set A to the set B. Let R; and R, are relations from the set
B to the set C. If R; c Ry and R; € R, then R;R; c RyR,.

Proof: Given R, and R, are relations from the set A to the set B. R; and R, are relations from
the set B to the set C.

Suppose that R, cRyand Ry c R, .
Let (x,2) € R{ R;

Then for some y € B, we have (x,y) € R; and (y, 2) € Ry . Therefore we have (x,y) € R; c R,
and (y,z) € Ry c Ry.
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ie., (x,y) e Ryand (y,2) € R,.
This implies (x,2) € RyRy.
Hence (x,2) e RiIR3 = (x,2) e Ry R,
ie., RiR; cRoR,.

3.10.3 Theorem

Let R, be relation from the set A to the set B and R, be a relation from the set B to the set C.
Then,
-1 g -
(RiRy) =R, 1R1 g
Proof: Let R, be a relation from the set A to the set B and R, be a relation from the set B to
the set C.

Our claim: (R;R;)" =R;'R, ™.
ie., (RiRy) "' cR;'R;and R;'R,c (R,R,) ™"
Let (x,2) e (R1R2)71
This implies (z, x) € R{R,. Then for some y € B we have
(z,y) € Ry and (y,x) € R,

= (y,2) € R, and (x,y) € Ry!
ie., (x,y) € Ry'and (y,2) e R; !
This implies (x,2) € Ry'R;™
Therefore, (x,2) € (RRy )_1 = (x,2) e Ry'R;™!
ie., (R;R;) " cR;'R;™ D)

Again let (x, 2) € Ry'R;™%. Then for some y € B we have
(x,y) € Rytand (y,2) e R;™!

= (y,x) € Ryand (z,y) € R
ie., (z,y) e Ryand (y,x) € Ry
This implies (z,x) € RiR,
Le., (x,2) € (R;Ry "
Therefore, (x,2) € Ry'Ry 1= (x,2) € (RyRy) ™
ie., R;'R; ' < (RiR,) ™ ..(Gi)

Thus from equations (i) and (ii) we get (R1R2)71 =R;'R, .

B 3.11 TYPES OF RELATIONS
This section discusses a number of different important types of relations on a set A that are

important for the study of finite state systems.

3.11.1 Reflexive Relations

A relation R defined on a set A is said to be reflexive if (x, x) € R for every element x € A.
ie., xRx VxeA
Consider the following relations on the set A = {1, 3, 5, 7}

R, =1{(1,1),(1,3), (1, 5),(5,5), (5, D}
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R, =1{(1,3),(1, 5),(5,7), (3, N}
Ry ={(1,1),(1, 3),(8,3),(5,5),(5,7),1,7),(7, D}
From the above relations it is clear that R is a reflexive relation. R; is not a reflexive
relation as (3, 3) ¢ Ry and (7, 7) ¢ R,. Similarly, R, is also not reflexive.

3.11.2 Symmetric Relations

A relation R defined on a set A is said to be symmetric if (x, y) € R then (y, x) € R.
lLe., xRy=yRux.
Consider the following relations on the set A = {1, 3, 5, 7}
R, =1{1,1),(,3),(3,5),(3, 1), (5,3),(5,5)}
R, ={(1,1),(1, 3),(8, 1), (3, 5),(5,3),(5,7), (7, D}

From the above relations it is clear that R, is a symmetric relation, but R, is not a symmet-
ric relation as (5, 7) € Ry = (7, 5) ¢ R,,.

3.11.3 Transitive Relations

A relation R defined on a set A is said to be transitive if (x, y) € Rand (y, z) € R then (x, z) € R.
Le., xRyandyRz=xRz
Consider the following relations on the set A = ({1, 3, 5, 7).
R, ={(1,1,(1,3),(1,5),(1,7),(3,3),(,5), (3,7, (5,3), (5,5), (5, N}
R, =1{(1,1),(1, 3), (3, 5), (5,5), (7, N}

From the above relations it is clear that R, is a transitive relation. The relation R, is not
transitive as (1, 3) € Ry, (3,5) € Ry = (1, 5) ¢ R,

3.11.4 Anti-Reflexive Relations
A relation R defined on a set A is said to be anti-reflexive or irreflexive if (x, x) ¢ R for every
element x € A.
Le., xRx VxeA
Consider the following relations on the set A = {1, 3, 5, 7}
R, =1{1,1),(1,3),1,7),(3,3),(5,5),(5,7), (7, 7)}
RQ = {(17 3)’ (1a 5)’ (57 7)7 (3’ 7)}
R'g = {(17 1), (1a 3)’ (17 5)7 (7’ 7)}

From the above relations it is clear that R, is an anti-reflexive relation. R is not an anti-
reflexive relation as (1, 1) € Ry and (7, 7) € Rg. Similarly, R, is not an anti-reflexive relation.

3.11.5 Asymmetric Relations

A relation R defined on a set A is said to be asymmetric if (x, y) € R then (y, x) ¢ R.
te, xRy=yRx
Consider the following relations on the set A = {1, 3, 5, 7}
R, =11, 3),(3,5),(3, 7, (5, T}

Ry =1{(1, 3), (3, 5), (3,7, (5, 3), (5, D}
From the above relations it is clear that R; is an asymmetric relation. R, is not an asymmet-
ric relation as (3, 5) € R, = (5, 3) € R,.



50 Fundamental Approach to Discrete Mathematics

3.11.6 Anti-Symmetric Relations

A relation R defined on a set A is said to be anti-symmetric relation if (x, y) € R and (y, x) € R,
then x = y.
ie., xRyandy Rx =>x=y.
Consider the following relations on the set A = {1, 3, 5, 7}
R, =1{(1,1),(, 3), (3, 5), (5, 5), (5, T}
R, ={(1, 1), (3, 3), (7, 1}
R; =13, 3), (3, 5),(5,3),(5,7),(7,5), (7, )}
From the above relations it is clear that R; and R, are anti-symmetric. R; is not an anti-
symmetric relation as (3,5) € R and (5, 3) € R, but 3 #5. Similarly (5, 7) e Rand (7, 5) € R, but
5#17.

B 3.12 TYPES OF RELATIONS AND RELATION MATRIX

Let A=f{ay, a9, ..., Q4 oo s @y o , @, } be a non-empty set and R be a relation defined on the
set A. Hence the matrix of the relation R relative to the ordering a4, ay, ... , @, .... , @;
a, is defined as

M) = [ 1,1, ..
{1 ifa,Ra;

where =00 ifa; Ra,

y

3.12.1 Reflexive Relations

The relation R is said to be reflexive if m;; =1V 1<i<n
i.e., all elements of the main diagonal in the relation matrix M(R) are 1.

3.12.2 Symmetric Relations

The relation R is said to be symmetricif m;;=m; V1<i<n and1<j<n.
In other words the relation R is said to be symmetric if M(R) = [ M(R)]?, where [M(R)]®
represents the transpose of the relation matrix M(R).

3.12.3 Transitive Relation
The relation R is said to be transitive if m;;=1and my, =1, thenm, =1for1<i<n;1<j<n
and 1<k <n.

In other words the relation R is said to be transitive if and only if R?c R. i.e. Whenever
entry i, in [M(R)]? is non-zero, entry i, j in M(R) is also non-zero.

Let R be a relation on the set A and R is transitive.
Let (x,z)e R2=R'R.

So, there exists y € A such that (x,y) e Rand (y,z) € R

Thus (x,z)e R [ -+ Ris transitive]
ie., (x,z)e R?= (x,2)e R

Therefore, R?cR.
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Conversely, suppose that R c R.
Let (x,y)e Rand (y,z) e R

This implies (x,z) e R-R=R?
ie., (x,z) e R?cR
ie., (x,z) e R

Therefore, R is transitive.

3.12.4 Anti-Reflexive Relations

The relation R is said to be anti-reflexive if m;; =0V 1<i<n

i.e., all elements of the main diagonal in relation matrix M(R) are 0 (zero).

3.12.5 Asymmetric Relations

The relation R is said to be asymmetric if m;; = 1, then m;; = 0 and m;; = 0.

3.12.6 Anti-Symmetric Relations

The relation R is said to be anti-symmetric if a; # a; then either m;; = 0 or m; = 0 and

m;; = 1=m; implies q; = a;.

Consider the following relations on the set A = {1, 3, 5, 7}

R, ={1,1),(1,3),(1,7),(3,3),(3,7),(5,5), (5,7, (7, 1}

R, =1{1,1),(1,5),(1,7),(3,5),3,7),(5,1),(5,3),(7,1), (7, 3)}
R;=1{(1,1),(1,3),(1,5),(1,7),3,1),(3,3),(3,5), (3,7, (5 N}
R, =1{(1,3),1,7), 3,7, 5,1, (7, D}
R;=1(1, 3),3,5),(5,7),(7,1),(7,3)}

R6 = {(171)9 (17 7)5 (7’ 5), (7’ 3)7 (57 3)}

Relative to the ordering 1, 3, 5, 7, we get

MR,) =

>

SOoOoOH
SO
OoOHOO

1
1

1
M(R,) = 1l
0

SO
SO
SO+

r
L

M(R;) =

b

HOOO
HOoOOM
SOoO+HO

M(Ry) =

M(R4) =

M(Ry) =

HOoOOoOO HEOH

SooH-

H=OO

oo+

H=OO

OO OO OO

HOOO

O [= Y=Y =

SooH+

K

From the above matrices it is clear that m; = 1 in M(R;) and m;; = 0 in M(R,) and M(R;). Thus
the relation R, is reflexive whereas the relations R, and R; are anti-reflexive. Again
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MR, = = M(R,)

== O
==O O
oOOoOHKH
OO M

So, the relation R, is symmetric. Also [M(R,)]T # M(R,), and hence the relation R, is not
symmetric. Similarly it can be shown that the relations R3, R4, R; and R4 are not symmetric.

Now in M(R,), M(R,), M(R;) and M(Rg), we see that m; # 0, so the relations R, Ry, R; and Rg
are not asymmetric. In M(R,) we see that m,; = 0, but m, = 1 = m,;. This violate the conditions
of asymmetric relation hence not asymmetric. It is also observed that in M(R;), m;; = 0;
Mmyg=1,my;=0;my3=1,mgy=0;mgy =1, my3=0;my; =1, my, =0 and myy, = 1, my, = 0. Thus
the relation R; is asymmetric. Again

1111111172223
> 1111|1111 |22¢23
MR =15 0 0o 1/lo 0 0 1|[7[0 0 0 ©
000 0[oo0O0O| |0000

We see that whenever i, j in [M(R;)]? is non-zero, entry i, j in M(R;) is also non-zero. So the
relation Ry is transitive. It is also cleared that [M(Ri)]2 ¢ M(R) fori=1, 2, 4,5, 6. Thus the
relations R;, Ry, Ry, R; and Rg are not transitive. Also it can be shown that the relation Ry is
anti-symmetric.

B 3.13 EQUIVALENCE RELATION

The concept of equivalence relation is of great importance in knowledge representation and
artificial intelligence. Here, in this section we discuss the concept of equivalence relation.
A relation R defined on a set A is said to be an equivalence relation in A if and only if R is
reflexive, symmetric and transitive.

Consider the relation R in the real numbers defined by x =y i.e.,x Ry:x =y
Reflexive: For all xe R
x=x
ie., xRx
i.e., R is reflexive.
Symmetric: Suppose x R y

le., x=y
le., y=x
le., yRx

i.e., R is symmetric.
Transitive: Supposex Ry andy Rz
Le., x=yandy=z
This implies x = z
ie., xRz
i.e., R is transitive.
So, the relation R in the real numbers defined by x = y is an equivalence relation.

3.13.1 Theorem

If R be an equivalence relation defined in a set A, then R is also an equivalence relation in
the set A.
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Proof: Let R be an equivalence relation defined in a set A. Thus R is reflexive, symmetric and
transitive.

Our claim: R ! is an equivalence relation in the set A.
Reflexive: Forallxe A

(x,x)e R [*- Risreflexive]
= (x,x)e R~1
So, (x,x)e R"1Vxe A
Symmetric: Suppose (x,y)e R~}
= (y,x) e R
= (x,y)e R [ - Ris symmetric]
= (y,x)e R~1

i.e., R~!is symmetric.
Transitive: Suppose (x,y)e R 'and (y,z)e R™!

= (y,x)e R and (z,y) e R

Le., (z,y)e Rand (y,x) e R
= (z,x)e R [ -~ Ris transitive]
= (x,z)e R7!

i.e., R™!istransitive.
Therefore, R ~! is an equivalence relation in the set A.

H 3.14 PARTIAL ORDER RELATION
Let R be a relation defined on a set A. Then the relation R is said to be a partial order relation
in A if R is reflexive, transitive and anti-symmetric. It is of great use while studying lattices.
Consider the relation R in the real numbers defined by x <y.i.e.,x Ry:x <y.
Reflexive: Forallx e R, x <x
ie., xRx
i.e., Ris reflexive.
Transitive: Suppose thatx Ry andy Rz

Le., x<yandy<z
This implies x<z
iLe., xRz

i.e., R is transitive.
Anti-symmetric: Suppose thatx Ry andy Rx
Le., x<yandy<x
This implies x=y
i.e., R is anti-symmetric.
So, the relation R in the real numbers defined by x <y is a partial order relation.

3.14.1 Theorem

Let A be a set and R be a partial order relation on A. Then R is also a partial order relation
on A.
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Proof: Let R be a partial order relation defined in a set A. Therefore R is reflexive, transitive
and anti-symmetric.

Our claim: R7!is a partial order relation.
Reflexive: Forallx e A
(x,x)e R [*- Risreflexive]
This implies (x,x)e R7!

i.e., R ~1is reflexive.
Transitive: Suppose that (x,y) e R 'and (y,z)e R~}
This implies(y, x) € Rand (z,y) € R

ie., (z,y)e Rand (y,x) e R
This implies (z,x) e R [*- Ristransitive]
le., (x,z) e R7!

i.e., R ~!is transitive.

Anti-symmetric: Suppose that (x,y) € R 'and (y,x) e R !

This implies(y, x) € R and (x,y) € R

This implies x=y [+ Ris anti-symmetric]
i.e., R ~1is anti-symmetric.

Therefore, R ~! is a partial order relation in the set A.

H 3.15 TOTAL ORDER RELATION

Let R be a relation defined on a set A. Then the relation R is said to be a total order relation in

A if R is a partial order relation and for any two elements x, y in A eitherx <y, x =y orx >y
holds.

Consider the relation R in D(6) defined by x <y, where D(6) is the set of all positive divisors
of 6.
Therefore, D®6)=1{1,2,3,6}and x Ry :x <y
Le., R={(1,1),(1,2),(1,3),Q1,6),(2,2),(2,3),(2,6),(3,3),(3,6), (6, 6)}
So, R is reflexive, transitive and anti-symmetric. i.e. R is a partial order relation in D(6).

Besides this for any two elements x, y belongs D(6), one of the relations x <y or y < x holds.
Thus the relation R in D(6) defined by x <y is a total order relation.

Consider another relation Rin A ={1, 2, 3, ...., 10} defined by x is a multiple of y.
Le., x R y: x is a multiple of y
Reflexive: Forallx e A

x is a multiple of x
ie., xRx
i.e., R is reflexive.
Transitive:Supposex Ry andy R z
i.e., x is a multiple of y and y is a multiple of z
= x=K;yandy =Ky zfor K;, K, € I; K;, K, #0
= x=KiKyz; K, Ky e I; KiKy#0
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l.e., x is a multiple of z
e, xRz
i.e., Ris transitive.
Anti-symmetric: Supposex Ry andy R«
i.e., x is a multiple of y and y is a multiple of x

= x=K;yandy=KyxforK;, K, e I; K;, K; #0

= x =K Kyx

= KK, =1

= K =K;=1 [ K, Kyz0and K, K, e I]

So, x =y, i.e., R is anti-symmetric. Therefore, the relation in A defined by x is a multiple of
y is a partial order relation.

Now R =1{(1,1),(1, 2),(1, 3),(1,4),(1,5),(1,6),(1,7),(1, 8),(1,9), (1, 10), (2, 2), (2, 4), (2, 6),
(2, 8), (2,10, (3, 3), (3, 6), (3,9), (4, 8), (5, 10)}

Again for 2 and 5 belongs to A either of the relations 2 <5 or 2 > 5 do not hold because 2 is
not a multiple of 5. Therefore, R is not a total order relation.

B 3.16 CLOSURES OF RELATIONS

If R be a relation defined on A, then the closure of the relation R is the smallest relation R’ that
includes all the pairs of R and possesses the required properties of the closure.

3.16.1 Reflexive Closure

Let R be a relation defined on the set A. Then, the reflexive closure r(R) is defined by
(@) If (x,y) € Rthen (x,y) e r(R)
@) Ifx e A, then (x,x) € r(R)
(zir) Nothing is in r(R) unless it is so follows from (i) and (7).
Consider the following relation on the set A = {2, 4, 6, 8}
R=1{(2,2),(2,4), (6, 8), (6, 6), (6, 4)}
Therefore, rR) =1{(2, 2), (2, 4), (6, 8), (6, 6), (6, 4), (4, 4), (8, 8)}

3.16.2 Symmetric Closure

Let R be a relation defined on the set A. Then, the symmetric closure s(R) is defined by
(@) If(x,y) € Rthen (x,y) € s(R)
@) If(x,y) e R, then (y, x) € s(R)
(#it) Nothing is in s(R) unless it is so follows from (7) and (i7).
Consider the following relation on the set A = {2, 4, 6, 8}
R=1{(2,2),(2,4),(2,6),4,2),4,6),(6,4),(6,8),(8,2)
Therefore, s(R)={(2, 2), (2, 4), (2, 6), (4, 2), (4, 6), (6, 4), (6, 8), (8, 2), (6, 2), (8, 6), (2, 8)}

3.16.3 Transitive Closure

Let R be a relation defined on the set A. Then the transitive closure #(R) is defined by
(@) If(x,y) e R, then (x,y) € t(R)
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@) If(x,y) e R, (y, z) € Rthen (x, 2) € t(R)
(tit) Nothing is in #(R) unless it is so follows from (i) and (i).
Consider the following relation on the set A = {2, 4, 6, 8}
R=1{(2,2),(2,4), 4, 6), 4, 8),(2, 8)}
Therefore, tR) =1{(2, 2), (2, 4), (4, 6), (4, 8), (2, 8), (2, 6)}

B 3.17 EQUIVALENCE CLASSES

The study of equivalence classes are used in knowledge representation and finite state
systems. Apart from these two, it has many applications in computer science. Here, we discuss
the basic idea of an equivalence class.

Let A be a non-empty set. R be an equivalence relation in A. For each x € A, the sets [x] are
called equivalence classes of A given by the relation R defined as

xl=ye A|yRx}
Consider the equivalence relation R defined on the set A =1{1, 3, 5, 7, 9} as
R=1{(1,1),(1,3),(1,5),(3, 1), (3, 3),(3,5), (5, 1), (5, 3), (5,5), (7,7, (7,9), (9, 7), (9, 9}
So, the equivalence classes are given as

1] =[3] = [5] =11, 3, 5}

[71 =191 ={7, 9}

3.17.1 Theorem

Let R be an equivalence relation defined on a non-empty set A and x, y be arbitrary elements
in A. Then

(@) x € [x] and (it) If y € [x], then [x] = [y]
Proof: Let R be an equivalence relation defined on a non-empty set A.

(i) Letx € A. Therefore, [x]={ye A |yRux«}
As R is reflexive in A, we have x R x. i.e., x € [x]

(i1) Suppose that y € [x]
= yRx [By definition]
= xRy [+ Ris symmetric]

Let a € [x]; this implies a R x
So, aRxandx Ry

This impliesa Ry [* Ristransitive]
Le., ac [yl

Therefore, ae lxl >aelylie., [x] clyl (3]

Similarly, Let & € [y]

This implies 6 Ry [By definition]

So, bRyandyRx.

= bRx [ Ristransitive]
ie., b e [x].

Therefore, be [yl =b¢€ [x]i.e., [yl clx] ...

Therefore from equations (i) and (i), we have [x] = [y].
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3.17.2 Theorem

Let A be a non-empty set and R be an equivalence relation defined in A. Let x, y be two
arbitrary elements of A. Then [x] = [y] if and only if x R y.
Proof: Let R be an equivalence relation defined in A, and let x, y € A. Assume that [x] = [y].
Our claim is x R y.

As R is reflexive, we have x R x

ie., x € [x]

x € [x] = [yl
N x € [yl
i.e xRy

Conversely, suppose that x Ry,

Le., y Rx [+ Rissymmetric]

Our claim is [x] = [yl

Let a € [x] thisimplies aRx
Le., aRxandx Ry

This implies aRy [*- Ristransitive]
ie., ae€ [yl

Therefore, a € [x] implies a € [yl, i.e., [x] < [y] (3]
Again a € [y] this impliesa Ry
Le., aRyandy Rx

This implies aRx [* Ristransitive]
ie., a € [x]

Therefore, a € [y] implies a € [x], i.e., [y] < [x] ...

Thus, from equations (i) and (if) we get [x] = [y].

3.17.3 Theorem

Let A be a non-empty set and R be an equivalence relation in A. Let x, y € A. Then the
equivalence classes [x] and [y] are either equal or disjoint.
Proof: Let A be a non-empty set and R be an equivalence relation defined in A. Let x, y € A.
Assume that the equivalence classes [x] and [y] are not disjoint, i.e., [x] N [y] # ¢
Thus, there exists at least one element a in [x] N [y] .

ie., ae [x] Nyl

ie., aRxanda Ry

Le., xRaanda Ry [+ Ris symmetric]
This implies xRy [ - Ristransitive]

Hence by previous theorem 3.17.2, it is clear that [x] = [y]. Therefore, it is clear that if two
equivalence classes [x] and [y] are either disjoint or equal.

H 3.18 PARTITIONS

In real life, changing data into knowledge is not a straight forward task. A set of data is
generally disorganized whereas knowledge is just the opposite, but expressed by means of a
proper language. In order to get better knowledge, one should have better classifying power.
Therefore, partition plays a vital role in knowledge representation.
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Let A be a non-empty set. A partition P of A is a collection {A;} of non-empty subsets of A with
the following two properties.

@ | JAi =Aand

@ ANnA=¢ for AzA;

In other words a partition of A is a collection of non-empty disjoint subset of A whose
union is A.

Consider the relation x =y (mod 3) defined on the set of integers 1. The above relation is an
equivalence relation in I. The set of three equivalence classes are [0], [1] and [2]. Where

0 ={.,-6,-3,0,8,6,0, ...... )
M={..,-5-21,47110,...}
2 ={..,—4,-1,2,5,8 11, ...}

Itis clear that [0], [1] and [2] are non-empty subsets of I with [0] U [1] U [2] =1, and [0], [1] and
[2] are pair-wise disjoint. Thus {[0], [1], [2]} is a partition of L.

@ SOLVED EXAMPLES @

Example 1 Show that the relation x =y (mod 5) defined on the set of integers I is an equiva-
lence relation.

Solution: Given that the relation is x =y (mod 5)

Le., (x —y) is divisible by 5

Le., (x—y)=5k; kel

Le., xRy:(x—-y)=5bk;jkel
Reflexive: For all x € I we have (x —x) =0

Le., (x—x)=5k;k=0¢€cl

ie., xRx

ie., R is reflexive.

Symmetric: Suppose that x R y

Le., (x—y) =5k
= (y—x)=-5k

ie., (y —x) =5(—k)

Le., yRx
So, x R y implies y R x.

ie., R is symmetric.
Transitive: Suppose that x Ry andy Rz

ie., (x—y)=5k;and (y —2) =5ky; ky, kg e 1
= x—y)+(@y—2)=5k +ky; (ki+ky el
N (x—2)=5(ky +ky)

ie., xRz

i.e., R is transitive.
So, the relation R on I defined by x =y (mod 5) is an equivalence relation.
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Example 2 Is every relation which is symmetric and transitive on a set A, always reflexive?
Why or why not?
Solution: Let R be a symmetric and transitive relation on A.

Let x,ye Randx Ry

As R is symmetric, x Ry=>y Rx

Againx RyandyRx=>x R« [* Ristransitive]

Therefore R is reflexive, but the argument is not true.

Consider an example: A = {1, 2, 3, 4, 5}

Let R be a relation defined on A such that

R={(2,3),3,4),(2,4), 3, 2),4,3), 4,2),(2,2),3,3), (4, }

Which is symmetric and transitive but not reflexive. Therefore every relation which is
symmetric and transitive on a set A is not always reflexive.
Example 3 Let R be the relationin A =(1, 2, 3, 4, 5, 6} defined by ‘x and y are relative prime’.
Find the relation R and draw R on a coordinate diagram of (A xA).
Solution: Given A ={1, 2, 3,4, 5, 6} and R < (A x A) defined by x Ry : x and y are relative
prime.

e, R=1{(1,1),Q1,2),@1,3),1,4),1,5),1,6),(2,1),(2,3),(2,5), (3, 1),(3,2),(3,4),(3,5),

(4, 1), (4, 3), (4, 5), (5, 1), (5, 2), (5, 3), (5, 4), (5, 6), (6, 1), (6, 5)}
The coordinate diagram of R is given below.

Coordinate Diagram

7
6 * *
5 * * * * .
< 4 * * *
3 * * * *
2 * * *
1 * * * * * *
0 T :
0 2 4 6 8

Example 4 Prove that a relation R on a set A is symmetric if and only if R ! = R.
Solution:  Suppose that a relation R on a set A is symmetric. Our claim is R~ = R.

Let (x,y)e R~1
= (y,x) e R
= (x,y)e R [- Ris symmetric]
ie., (x,y) e R_1:>(x,y)e R
ie. R !cR .. @)
Again, let (x,y)e R
= (y,x)e R [+ Ris symmetric]
= (x,y) e R!

ie., x,y)e R=>(x,y)e R~!
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ie. RcR™! N (7)
Hence, we have R=R"!
Conversely, suppose that R=R ~!.
Our claim is R on A is symmetric.
Let (x,y) e R =(y,x)e R"'=R
i.e., R is symmetric.
Example 5 Let N be the set of all natural numbers. R be a relation in N defined by x Ry if and
only if x + 83y = 12. Examine the relation for (i) reflexive, (i) symmetric and (iii) transitive.
Solution: Let R be a relation in N defined by
xRy x+3y=12
Reflexive: Assume that x + 3y = 12 for y = x.
This implies 4x =12
ie., x=3
i.e., x R x for x = 3 only.
Le., xRxVxeN
Hence R is not reflexive.
Symmetric: Assume thatx Ry
ie., x+3y=12
l.e., ¥ + 3x may or may not equal to 12.
Le., y R x.
Hence R is not symmetric.
Transitive: Assume thatx Ry and y R z.

ie., x+3y=12andy + 3z = 12
This holds only whenx =y =2=3€¢ N

ie., x+3z2=12

ie., xRz

So, R is transitive.
Example 6 For a relation Ronaset A =1{1,2, 3, 4, 5} givenby R ={(1, 3), (1, 2), (2, 2), (3, 4)},
find reflexive closure, symmetric closure and transitive closure of R on the given set A.
Solution: Given A ={1, 2, 3, 4, 5} and the relation
R=1{(1, 3), (1, 2), (2, 2), (3, 1)}.

Therefore, r(R) ={Q1, 3),(1, 2), (1, 1), (2, 2), (3, 3),(3, 4), (4, 4),(5, 5)}

s(R) =1{(1, 3),(1, 2), (2, 2),(3, 4), (3, 1), (2, 1),(4, 3)}

tR) =1{(1, 3),(1, 2), (2, 2), (3, 4), (1, 4)}
Example 7 Let N be the set of all natural numbers. R be a relation in N defined by x R yif and
only if x + y = 18. Show that R is symmetric but neither reflexive nor transitive.

Solution: Let R be a relation in N defined by
xRy:x+y=18
Reflexive: Assume that x +y = 18 fory = x
= 2x =18
= x=9
i.e.,x Rx for x = 9 only. So, R is not reflexive.
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Symmetric: Suppose that x R y

Le., x+y=18
= y+x=18
Le., y R x, i.e. R, is symmetric.

Transitive: Assume thatx Ry andy Rz
ie., x+y=18andy +z=18
i.e., (x +z) may or may not equal to 18.

For example let x = 4, y = 14 and z = 4. Hence, we have (x + y) = 18 and (y + z) = 18, but
(x+2)=8=18

Therefore, x R z, i.e. R is not transitive.
Example 8 A relation R defined on the set of natural numbers N by x R y if and only if
(x-y) >0 forx,y € Nis an equivalence relation.
Solution: Given R be a relation in N defined by

xRy:(x.y)>0forx,ye N
Reflexive: For all x € N we have
(x-x)=x2>0

i.e., x R x. Thus R is reflexive.
Symmetric: Suppose that x Ry

= (x-y) >0
= (y-x)>0
Le., yRx

Thus, R is symmetric.
Transitive: Suppose thatx Ry andy Rz

Le., (x-y)>0and(y-2z)>0
This implies x-y)y-2)>0
ie., (x-2)y*>0

Asy%*> 0 for ally € N we have (x- z) > 0.
ie., xRz

Hence,x RyandyRz=xRz

Thus, R is transitive.

Therefore, the relation R in N defined by (x - y) > 0 is an equivalence relation.
Example 9 Let A=1{2, 4,6, 8);B=1{(1,5,7 9} and Let R be a relation from A to B defined as
x Ry if and only if x <y. Find the domain, range and inverse of the relation R.
Solution: Giventhat A=1{2,4,6,8};B=1{1,5,7,9} and R be a relation from A to B defined as
x Ry if and only if x < y.

Therefore, R = {(2, 5), (2, 7), (2,9), (4,5), (4, 7), (4,9), (6, 7), (6, 9), (8, 9)}

Thus, D(R) = {2, 4, 6, 8}); R(R) = {5, 7, 9} and R = {(5, 2), (7, 2), (9, 2), (5, 4), (7, 4), (9, 4),
(7, 6), (9, 6), (9, 8)}
Example 10 Let I be the set of all integers and R be a relation defined on I such that x R y if
and only if x >y. Show that R is reflexive, transitive but not symmetric.
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Solution: Given R be a relation in I defined by
xRy:x>yforx,yel
Reflexive: For all x € I we have
x2x
le., x Rx.
Thus R is reflexive.
Transitive:Suppose thatx Ry andy Rz

ie., x>yandy 2>z
This implies x>z
ie., xRz

Thus R is transitive.
Symmetric: Suppose that x R y
Le., x>y
This implies y 2 x
le., y R«
Thus R is not symmetric.
Therefore the relation x > y defined in I is reflexive, transitive but not symmetric.

Example 11 Show that the relation x <y defined on the set of integers is a partial order
relation.

Solution: Let R be a relation in I defined by
xRy:x<yforx,yel
Reflexive: For all x € I we have
x<x
ie., x R x.
Thus R is reflexive.
Transitive: Suppose thatx Ryandy Rz

Le. x<yandy<z
This implies x <z
ie., xRz

Thus, R is transitive.

Anti-symmetric: Suppose thatx Ry and y R x
Le., x<yandy<x

This implies x =y

Thus, R is anti-symmetric.

Therefore, the relation x <y defined in I is reflexive, transitive and anti-symmetric. So,
x <y is a partial order relation.
Example 12 Let R be the relation on the set {1, 2, 3, 4, 5} defined by the rule (x, y) € R if
x +y <6. Find the followings.

(@) List the elements of R (b) List the elements of R !
(¢) Domain of R (d) Range of R
(e) Range of R 1 (/) Domain of R ™!

Check that domain of R is equal to range of R ~! and range of R is equal to domain of R .
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Solution: Let A=1{1,2,3,4,5}and R={(x,y)e R | x+y<6;x,y € A}
@ R={(1,1),(Q1,2),(@1,3),(1,4),(1,5),(2,1), (2, 2), (2, 3),(2,4), (3, 1), (3, 2), (3, 3), (4, 1),

(4,2), (5, 1)}

® R~'={1,1),(,1),(3,1),4,1),(5,1),(1,2),(2,2),(3,2),(4,2),1,3),(2,3),(3,3), (1, 4),
(2,4),(1,5)}

(¢) Domain of R ie., DR) =11, 2, 3, 4, 5}

(d) Range of R ie., RR) =11, 2, 3,4, 5)

(e) Range of R 1 ie., RR™DH=1{1,23,4,5)

(f) Domain of R ~! ie., DR™)=1{1,2,3,4,5)

From this it is clear that D(R ) = R(R ") and R(R) = D(R Y.
Example 13 Consider a relation R on {1, 2, 3, 4} as R = {(1, 3), (1, 4), (2, 2), (3, 3), (4, 1}.
Examine the relation for reflexive, symmetric and transitive with the help of relation matrix.

Solution: Given that the relation R = {(1, 3), (1, 4), (2, 2), (3, 3), (4, 1)}. Relative to the
ordering 1, 2, 3, 4 we get

0011
0100
MRI=19 0 1 0
1 0 0 0
From the above matrix it is clear that m; # 1 and m 44 # 1. So, the relation R is not reflexive.

Again R is not symmetric because

0001
M =9 39 Omm)
100 0
Also we have
001 1[0 01 171010
> o1 00[o100/ 0100
MBI =19 0 1 oflo 0 1 0/Tl0 0 1 0
1000|1000 ]00171

From this it is clear that the 1st row and 1st column entry in [M(R)]? is non-zero whereas
the 1st row and 1st column entry in M(R) is zero. Therefore the relation R is not transitive.
Hence the relation R is neither reflexive nor symmetric and transitive.
Example 14 Let A=1(1,2, 3,4, 5/; B={a, b, ¢, d}) and C ={1, 4, 9, 16, 25}). Consider the
relations R; from A to Band R, from Bto Cas R; ={(1, a), (1, b), (2, ¢), (2, d), (3, b), (5, d)} and
Ry ={(a, 1, (d, 4), (b, 9), (d, 25)}. Find the composition R;R, with the help of relation matrix.
Solution: Let A=1{1,2,3,4,5}; B={a,b,c,d} and C=(1, 4,9, 16, 25}. Given R, c (A x B) and
R, c (B x C) with

R, =11, a), (1,b), (2,0), (2,d), (3, b), (5, d)}

and R, =1{(a, 1), (d, 4), (b, 9), (d, 25)}.

Therefore, we get

1100 10000
0011 00100

M(R1)=0100andM(R2)=00000
0000 01001
000 1

So, M®R,R,) = MR, M(R,)
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110 0] g000] L0100
0011 01001
_ 0010 0

=(0100/lg 000000100
00000706001l |00000
0001 01001

Thus, R;Ry ={(1, 1), (1, 9), (2, 4), (2, 25), (3, 9), (5, 4), (5, 25)}.
Example 15 Let R; and R, be the relations on {1, 2, 3, 4} given by R,={((1, 1), (1, 2), (3, 4),
(4, 2)Jand Ry, ={(1, 1), 2, 1), (3, 1), (4, 4), (2, 2)] List the elements of R;R, and R,R;. Show that
R,R, #R,R;.
Solution: Given R, and R, be relations on {1, 2, 3, 4} as

R, ={(1, 1), (1, 2), (3, 4), (4, 2)} and R, ={(1, 1), (2, 1), (3, 1), (4, 4), (2, 2)} Relative to the
ordering {1, 2, 3, 4} we have

1100 1000
=[98 8 lananary=|1 4 8 8
0 1 0 0] 0001
Therefore, M(R;R,) = M(R;) M(R,)
1 1 0 0|1 0 0 0] [21 00
_/00 0 0|1 1 0 0[_|0O O 0 O
~/0 0 0 1|1 0 O O|"|0 O O 1
|0 1.0 0J]|0 0 01 1100
1100
Replacing all non-zero entries by 1 in M(R;R,) we have M(R;R,) = 8 8 8 (1)
1100
ie., RiR, =1{(1,1),(1,2),(3,4), (4, 1), (4, 2)}
Similarly, M®R,R,) = M(R,) M(R,)
100 0/(1 100 1100
_/11 0 0/|0 O O O0|_|1 1 0 O
“/1 0 0 0|0 O O 1|7|1 1 0 O
0001|001 0O0 (0100
ie., RoR, =1{(1, 1), (1, 2),(2, 1), (2, 2), 3, 1), (3, 2), 4, 2)}

Therefore, R Ry #RoR;

Example 16 Let R be the relation on the set {1, 2, 3, 4, 5} defined by the rule (x, y) € R if
x =y — 1. Find R in terms of relation matrix. Check the relation R for symmetric and irreflexive.

Solution: Let A=1{1,2, 3,4,5}

and R={x,y):x=y—-1x,ye A}

ie., R=1{(1,2),(2,3), (3, 4), (4, 5)}
Relative to the ordering {1, 2, 3, 4, 5}, we have

MR) =

SOoOOOO
SOoOOoOoOH+
SOoOOoO+HO
OO OO
OHOOO
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Now, [M@®R)]T = #M(R)

SOoOO+HO
OOHOO
OHOOO
HOOOO
SOoOOOO

So, R is not symmetric. It is clear that R is irreflexive as m;; = 0 for all 1 <i = 5. Therefore,
R is irreflexive but not symmetric.

Example 17 Let R and S be the following relationson A ={2,4, 5, 6}. R={(2, 4), (2, 5), (2, 6),
4,2), (4, 49} and S = {(5, 1), (5, 5), (5, 6), (6, 2), (6, 4)}. Find (R S)° and R®.
Solution: Given R ={(2, 4), (2, 5), (2, 6), (4, 2), (4, 4)} and S = {(5, 4), (5, 5), (5, 6), (6, 2), (6, 4)}

@ RuS)=1{(2,4),(2,5),(2,6),4,2),(4,4),(5,4),(5,5),(5,6), (6, 2), (6, 4)}
This implies (R U S)° = {(2, 2), (4, 5), (4, 6), (5, 2), (6, 5), (6, 6)}
(&1) Relative to the ordering 2, 4, 5, 6, we have

0111

_|/11 00

|0 0 0 0]

So, M®R? =M®R) MR)
(0 1 1 1][0 1 1 1 1100
/110 0|1 1 00O0_|1 211
~10 0 0 0|0 O O O|7|0 O O O
|0 0 0 0J[0 O 00O 0 00O

Replacing all non-zero entries by 1 in M(R?), we get

1 1 0 0]

2v_ (1 1 11

MRY=10 0 0 0

0 00O

So, R*=1{(2,2),(2,4), 4,2),4,4),(4,5),4,6)
Example 18 Let R be the relation on the set {2, 3, 4, 5, 6} defined by the rule (x, y) € R if
x + 2y <12. Find the relation R. Also find the reflexive, symmetric and transitive closure of R.
Solution: Let A=1{2,3,4,5,6}and R={(x,y) e Rifx + 2y <12;x,y € A}
e, R=1{(2,2),(2,3),(2,4),(2,5),(3,2),(3,3),(3,4),4,2),4,3), 4,4),(5,2),(5,3),(6,2), (6,3)

The reflexive closure of R i.e., r(R) = {(2, 2), (2, 3), (2, 4), (2, 5), (3, 2), (3, 3), (3, 4), (4, 2),
(4, 3), (4,4), (5, 2), (5, 3), (5, 5), (6, 2), (6, 3), (6, 6)}

The symmetric closure of R i.e., s(R) = {(2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 2), (8, 3), (3, 4),
(3, 5),(3,6), 4, 2),(4,3),4,4),(5,2),(5,3), (6, 2), (6, 3)

The transitive closure of R i.e., t(R) = {(2, 2), (2, 3), (2, 4), (2, 5), (3, 2), (3, 3), (3, 4), (4, 2),
4, 3), (4,4), (5, 2), (5, 3), (6, 2), (6, 3), (3, 5), (4, 5), (5, 4), (5, 5), (6, 4), (6, 5)}
Example 19 Let R be the relation in the integers I defined by (x —y) is an even integer. Prove
that R is an equivalence relation and find the disjoint equivalence classes.
Solution: Let R be the relation in the integers I defined by (x — y) is an even integer. i.e.,
(x —y) is divisible by 2.

Reflexive: For all x € I we have (x —x) =0
(x—x)=2k;k=0€e1
xRxVuxel

ie.,
ie.,
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i.e., R is reflexive.
Symmetric: Suppose that x R y
i.e., (x —y) is divisible by 2

ie., x—y)=2k;kel
R (y—x) =2 —k);—k el
i.e., yRx

Thus, R is symmetric.
Transitive: Suppose that x Ry andy Rz
i.e., (x —y) and (y — z) are even integer.
ie., (x—y)=2k;and (y—2) =2k, ; Ry, kg € L.
= x—y)+ @y —2) =2k +ky); (ki +ky) e 1
i.e., (x—z)is an even integer.
ie., xRz
Thus, R is transitive.
Therefore, the relation R on I defined by (x —y) is even integer is an equivalence relation.
The disjoint equivalence classes are
0] ={..... ,—4,-2,0,2,4,6, ...}
i ={..,-3-1138517,..... )
Example 20 Let R be a relation defined in A =(1, 2, 3,5, 7, 9/as R ={(1, 1), (1, 3), (1, 5),

(1,7),(3,1),(3,3),(3,5),(3,7),(5, 1), (5,3),(5,5), (5, 7), (7, 1), (7, 3), (7, 5), (7, 7), (9, 9), (2, 2)}.
Find the partitions of A based on the equivalence relation R.

Solution: Given A={1,2,3,5,7,9} and
R={(1,1),(1,3),(1,5),1,7),(3,1),(3,3),(3,5),(3,7), (5, 1), (5, 3), (5,5),(5,7), (7, 1), (7, 3),
(7,5),(7,7),(9,9), (2, 2)}
The disjoint equivalence classes are
1] =11, 3, 5, 7}; [9] = {9} and [2] = {2}.
Obviously
(©) The sets [1], [2] and [9] are non-empty
@) N2l =¢; 11 N[99 =¢and [2] " [9] =0
@) Mul2lul9=A
Hence, { [1], [2], [9]} is a partition of A.
Example 21 Find the number of relations from the set A to the set B if |A|=m and|B|= n.
Solution: Given |A| =m and |B|=n
Therefore, | A x B| = mn.
A relation R from the set A to the set B is a subset of (A x B). So, the number of subsets of
(A x B) is equal to 2 ™. Therefore total number of relations from the set A to the set B is 2™".

o EXERCISES J

1. Let A ={p, q, r, s} and R be an universal relation on A. Write down the relation R. Find
out the smallest and largest subset of the universal relation which is an equivalence
relation.




Binary Relation 67

U

10.

11.

12.

Let A=1{1, 2, 3,4, 5} and B ={1, 2, 4, 6, 7}. Find the relation from A to B defined by

(@) Greater than (b) Less than

(¢) Greater than equal to (d) Less than equal to

(e) Equalto
For the above No. 2, determine the domains and ranges of each of the cases.
For the above No. 2, determine the inverse relation in each of the above cases.
Prove that the relation x = y mod(3) on the set of integers Z is an equivalence relation.
Give an example of a relation which is

(@) Reflexive, Symmetric but not Transitive.

(b) Reflexive, Transitive but not Symmetric.

(¢) Symmetric, Transitive but not Reflexive.

(d) Reflexive but not Symmetric and Transitive.

(e) Symmetric but not Reflexive and Transitive.

() Transitive but not Reflexive and Symmetric.

(g) Neither Reflexive nor Symmetric and Transitive.

(h) Reflexive, Symmetric and Transitive.

(z) Symmetric and Anti-symmetric.

(/) Anti-symmetric but not Reflexive.
Prove that the relation on the set of natural numbers N determined by x R y if and only
if x divides y is reflexive, transitive but not symmetric.
Consider the relations R; and R, on {a, b, ¢, d, e} as R; = {(a, b), (a, ¢), (b, b), (c, d), (c, ¢),
(c,e)} and R, = {(a, @), (a, d), (d, ), (d, e), (d, d), (e, c)}. Find the reflexive, symmetric and
transitive closures of R; and R,
Write the following relations as a table

@ R;=1{(1,1),(2,4),(3,9), 4, 16), (6, 36), (7, 49)}

®) Ry=1(2,5),(5,8),(8,11), (11, 14)}

() Ry=1{(8,1),(,10),4,0),(1,0v), 4,e), (0, u)}

(d) R,={(Bapa, Comp. Sc.), (Megha, Math), (Suni, Math)}
Let R be the relation in the natural numbers N defined by (a — b) is divisible by 8. Show
that R is an equivalence relation.
Let L be the set of lines in the Euclidean plane and let R be the relation in L defined by
l; R 1, if and only if /; is parallel to /,. Show that R is an equivalence relation.
Write the following relations as a set of order pairs.

Cloth | Pricein Names Course
Material | Rupees Mary Comp. Sc.
fo‘it"nt Zg Smith | Math
eri co -
@ Woolen 50 ®) Smith | Comp. Sc.
Fanc YT Finzi | Chemistry
Y Loreena | Economics
Number | Square Alphabet | Number
5 25 a 1
4 16 ¢ 3
3 9 5
© ) ©
2 4 zZ 26
1 1 m 13
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

217.

28.

29.

30.

Let A=1{5,6,7,8,9;B=1{x,y,2,p,q,r}; C={5,7, 25, 36, 81} and let R, = {(5, p), (5, ),
(6,2),(7,y), (9,x), (9, 2)} and Ry = { (p, 25), (x, 81), (2, 36), (v, 7), (r, 5)}. Find the composi-
tion R;R, with the help of relation matrix.

For the relation R on the set {5, 6, 7, ,8, 9} defined by the rule (x, y) if x + 2y < 20. Find
the followings.

(@) Elements of R () Elements of R 7!

(¢) Domain of R (d) Range of R

Let S ={1, 2, 3, 4, 5} and let R be a relation defined by a rule (x, y) if (x —y) is an even
natural number. Find the followings.

(@) Elements of R (b) Inverse relation of R

(¢) Domain of R (d) Range of R 1.

Let R be a relation defined on the set S = {1, 2, 3, 4, 5} by a rule (x, y) if x* + y*> < 16. Find
the reflexive, symmetric and transitive closures of R.

Let R be a relation on {a, b, ¢, d} defined as R = {(a, a), (a, b), (a, ¢), (b, a), (b, b), (b, ¢),
(c, a), (¢, b), (c, ¢), (d, d)}. Show that the relation R is an equivalence relation using
relation matrix.

Let N be the set of all natural numbers. Define a relation R in N by x R y if and only if
(x —y) = 34. Show that R is anti-symmetric.

Let R be a relation defined by a rule A R B if and only if A ¢ B. Show that R is a partial
order relation.

Test the following relations on N for being reflexive, symmetric and transitive.
Let x,y € N.

(@) x +yis even ®) Lisa power of 2. () x+y<20

Examine the following relations on the set of integers I for partial order relations.
Let (x, y) € R if and only if

(@ x=y (b) x>y (¢) x =y d) x<y.

Let R; and R, be relations on the set S. Show that (R; UR,) is reflexive if both R; and R,
are reflexive.

Let R, be an anti-symmetric relation on the set S. Prove that R™ is also an anti-symmet-
ric relation on the set S.

Show that if R; and R, be transitive relations on a set A, then (R; U R,) is not necessarily
transitive on A.

Find the equivalence classes determined by the equivalence relation R on Z defined by
a R b if and only if a = b mod (5) for a, b € Z.

Sketch each of the following relations on R.

@ x*>+y?><25 b) x2+4y*=16 () ¥*-4y*’=16 () 3x+2y>6
Let R be a relation in the natural number N defined by a R 6 if and only if ‘a is a multiple
of &’ for a, b € N. Examine the above relation for reflexive, symmetric, anti-symmetric,
transitive and anti-reflexive.

Let R be a relation in the natural number N defined by x R y if and only if %? = y* for
x, y € N. Examine the above relation for reflexive, symmetric, anti-symmetric, tran-
sitive and partial order.

Let A be the set of non zero integers and R be a relation in A defined by (a, b) R (¢, d)
if and only if a + d = b + c. Prove that R is an equivalence relation.

Let A be the set of non-zero integers and R be a relation in A defined by (e, ) R (c, d) if
and only if ad = bc. Show that R is an equivalence relation.
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H 4.0 INTRODUCTION

One of the most important concepts in mathematics is that of a function. It is being used in our
day-to-day life. At every moment by knowingly or unknowingly. German Mathematician
Leibnitz was first to use the term function (1646—1716). The terms mapping, map and transfor-
mation mean the same thing. Computer Science has many applications of function. Hashing
function is one of that.

Consider a computing device that accepts any real number, multiplies it by 5 and adds 3
with the product, and gives the output.

o Stage 1
INPUT »| Multiplies by 5

\
Adds 3 [—>{0UTPUT]
Y OUTPUT

(Computing Device)

If the input is 1, then the output is 8. If the input is %, then the output is 4. If the input is

10, then the output is (10 x5 + 3) = 53. This clear indicates that if the input is x, x € R, then the
output is (5x + 3). As a result the computing device pairs off the element x € R as (x, 5x + 3) in a
definite way or principle. This is nothing but a function.

H 4.1 FUNCTION
Let A and B be two non-empty sets. A relation f from the set A to the set B is said to be a
function if it satisfies the following two conditions.

@ D(f)=A and

(@) if (x4, y1) € fand (xq, y9) € f, then y; = y,.
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In other words a relation f from the set A to the set B is said to be a function if for each
element x in A there exists unique element y in B. A function from A to B is sometimes
denoted as f: A — B.

Consider the following relations from the set A = {1, 2, 3, 4} to the set B={1, 4, 6,9, 16, 18}.
f1=11,1),(2,6),4,9), (4, 18)}
f=11,1),(2,6),(3,9),4,9), (4, 16)}
f=11,1),(2,4),(,9), 4, 16)}
and fi=1{1,1),(2,4),(3,9), 4, 9)}
Now, D(f)) = {1, 2, 4} # A. Therefore f; is not a function from the set A to the set B. Further
D(,) =1(1, 2, 3, 4} = A; but (4, 9) € f, and (4, 16) € f, with 9 # 16. This implies £, can not be a
function from the set A to the set B.

Again D(f;) = {1, 2, 3, 4} = A and for every element x € A there exists uniquey € B. Therefore
f51s a function from the set A to the set B. Similarly £, is also a function. The arrow diagrams
are given below.

Note: From the above discussions it is clear that One-Many and Many-Many relations are not functions.
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4.1.1 Domain and Co-domain of a Function

Suppose that fbe a function from the set A to the set B. The set A is called the domain of the
function f where as the set B is called the co-domain of the function f.

Consider the function f from the set A = {a, b, ¢, d} to the set B ={1, 2, 3, 4} as

f=1a, 1), b, 2),(c, 2),(d, 1)}
Therefore, domain of f = {a, b, ¢, d} and co-domain of f= {1, 2, 3, 4}.i.e., D(f) = {a, b, ¢, d} and
Co-domain = {1, 2, 3, 4}.

4.1.2 Range of a Function

Let f be a function from the set A to the set B. The element y € B which the function
f associates to an element x € A is called the image of x or the value of the function f for x.
From the definition of function it is clear that each element of A has an unique image on B.
Therefore the range of a function f: A — B is defined as the image of its domain A. Mathemati-
cally,

R(f)orrng () ={y=fx):x € A}
It is clear that R (f) < B.
Consider the function f from A = {a, b, c} to B=1{1, 3, 5, 7, 9} as f = {(a, 3), (b, 5), (c, 5)}.
Therefore, R(f) = {3, 5}.

N 4.2 EQUALITY OF FUNCTIONS

If f and g are functions from A to B, then they are said to be equal i.e., f = g if the following
conditions hold.

(@ D(f)=D(g) () R(f)=R()

(e) flx) #gx) Vx e A.

Consider f(x) = 3x%> + 6:R > R and g(x) = 3x® + 6:C — C, where R and C are the set of real
numbers and complex numbers respectively. Now it is clear that D(f) # D(g). Therefore
flx) 2g(x).

Let us consider A=1{1,2,3,4};B=1{1,2,7,8, 17,18, 31, 32} and the function f: A — B defined
by £=1(1, 2), (2, 8), (3, 18), (4, 32)}. Consider another function g:A — N defined by g(x) = 2x2.
Now it is clear that D(f) = {1, 2, 3, 4} with f(1) = 2, f(2) = 8, f(3) = 18, f(4) = 32.

Similarly D(g) = A =11, 2, 3, 4} with g(1) = 2, g(2) = 8, g(3) = 18, g(4) = 32. Therefore, we get

(@ D(f)=11, 2, 3,4} =D(g) ®) R(f)=12,8, 18,32} =R(g) and

() flx)=glx) Vx e {1,2,3,4}.

This implies f and g are equal. i.e., f = g.

H 4.3 TYPES OF FUNCTION

In this section we will discuss different types of function that are highly useful in computer
science and its applications. These are basically one-one, onto, one-one onto and into functions.
4.3.1 One-One Function

A function f: A — B is said to be an one-one function or injective if f(x;) = f(x,), then x; = x, for
Xq, %o € AL L., xq Zxg = [loxq) #[(xy)
Consider a function f: Q — Q defined by f(x) = 4x + 3; x € Q.
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Suppose that flx;) = flx,) for x4, x5 € Q.

= 41+ 3 =4x5+ 3
= x1:X2

e, flxy) =[xy = x;=2%49.S0,flx)=(4x +3): Q —> Q is One-One.

Consider another function f: R — R defined by f(x) = x%; x € R. Suppose that fley) = flag)

= x2=x)

= Xy = %X

= Xq # Xy
i.e., flay) = flxy) = x1 # xo. It is also clear that (1) = 1 = f(-1); but 1 # —1. Therefore f(x) = x?:
R — R; x € R is not One-One.

4.3.2 Onto Function

A function f: A — B is said to be an onto function or surjective if for every y € B there exists at
least one element x € A such that f(x) = y.

In other words a function /: A — B is said to be an Onto function if f{A) = B. i.e., range of f is
equal to co-domain of /.

Consider a function f: Q — Q defined by f(x) = 4x + 3, x € Q. Then for everyy € co-domain set
Q there exists x = J ; 3

belongs to domain set Q. Therefore, f(x) = 4x + 3 is an Onto function.

4.3.3 One-One Onto Function
A function f: A — B is said to be an one-one onto function or bijective if f is both one-one and
onto function.

Consider a function f: Q — Q defined by f(x) = 4x + 3, x € Q. From the above discussions it
is clear that f(x) = 4x + 3, x € Q is an one-one onto function.

4.3.4 Into Function

A function f: A — B is said to be an into function if for at least one y € B there exists no element
x € A such that f(x) = y. In other words

A function f: A — B is said to be an into function if f(A) c B, i.e., range of fis a proper subset
of co-domain of f.

Consider a function f: Q — R defined by f(x) = x + 4, x € Q. Hence, it is clear that fory = \/3 € R

there exists no element x = V3 — 4 € Q. Therefore, f(x) = x + 4 : Q — R is an into function.

B 4.4 GRAPH OF FUNCTION

Let fbe a function from A to B i.e., for every x € A there exists unique y € B such that y = f{x).
Further note that using the functional notation, f can be expressed as
f =1x, flx)) : x € A}
This representation is known as the graph of the function f.
Consider the functions f;: R — R defined by fi(x) =x + 1; and
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-2 ifx>0
2 ifx<0
The graphs of above functions are given below.

f2: R = {— 2, 2} defined by f5(x) = {
Y

fi (x) = x +1

A

<«
\/
X

Y -2if x>0
A
fa(x) = _
< -2if x<0
< » X

Now consider the relations f;: [- 4, 4 1 — [ — 4, 4] defined by [f,(x)]* = 16 —x% x € [ 4, 4]
and f, : R — R defined by [f,(x)]? = 16x; x € R. The graphs of above relations are figure-1 and
figure-2 respectively. These are nothing but a circle and parabola respectively, where in figure
-1,y =f1(x) and in figure — 2, y = f5(x). From the graph it is clear that for one value of x in the
domain set leads to two values in the range set. Hence, these relations are not functions.

AY

()P =16-x°

(-4,0) (4,0)

A
\/

\

Figure — 1
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Figure — 2

H 4.5 COMPOSITION OF FUNCTIONS

Let f be a function from the set A to the set B and g be a function from the set B to the set C.
Then the composition of the functions f and g is given as (g , ) or gf. This is a function from
the set A to the set C. It may also be noted that domain of g is equal to co-domain of f.

f g

(9,f)
As fis a function from the set A to the set B, then for every x € A there exists uniquey € B
such that y = flx). Similarly g is a function from the set B to the set C, then for every y € B

there exists unique z € C such thatz =g(y). Again (g, ) is a function from the set A to the set
C, so we get g,f)x)=zforallx e A.

Le., g, 1) (x)=g()
ie., g, 1) x)=g(fx))
Consider two functions f(x) = 2x + 5 and g(x) = 3x.
Therefore (g , f) (x) = g (flx))
=g(2x+5)
=3(2x +5)
ie., gof)x)=6x+15
Similarly, (f, 8 ) =f(gkx)
=f(3x)
=2(3x) +5
Le., (f,8)(x)=6x+5
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4.5.1 Theorem

Letf: A — Bandg:B — C be two functions. Then (g , ) is one-one if both f and g are one-one
and (g , /) is onto if both f and g are onto.

Proof: Let f: A - B and g : B — C be two functions. Since f is a function from the set A to the
set B, then for every x € A there exists unique y € B such thaty = f(x). Similarly g is a function
from the set B to the set C, then for every y € B there exists unique z € C such that z = g(y).

Suppose that f and g are both one-one. Our claim is (g , f) is one-one.
Since f:A—>Bandg:B — Cwehave(g,f):A—C.

Letx;,xo€ Aand (g, 1) (xy) =(g, f) (xy)

This implies g(f(xy)) =g (f(xy)
ie., fxy) = flxy) [ gisone-one]
ie., X =Xg [+ fis one-one]

Therefore, g(f (x)) = g( flxy)) implies x; = x,. So (g , ) is one-one.

Suppose that both f and g are onto. Since g is onto, for every z € C there is at least one
y € B such that g (y) =z. Again as fis onto, for every y € B there exists at least one x € A such
that f(x) = y.

As a result for every z € C there is at least one x € A such that (g , ) (x) = z. Therefore

(g, f) is onto.

4.5.2 Theorem

IfftA-B;g:B—>Candh:C—D,thent (g,f)=(h,g),f, ie., composition of functions
holds the associative law.
Proof:Letf: A— B,g: B — C and h: C — D be three functions. So, (g , ) : A — C. Therefore
h,(g,f):A—>D.

Further (2 ,8): B—> D. So, (A , g) ,f: A — D. Therefore both & ,(g ,f) and (h ,g) , f are
functions from A — D.

Since : A — B, then for every x € A there exists unique y € B such that f(x) = y. Further
g : B — C, then for every y € B there exists unique z € C such that g(y) =z. Again h: C - D,
then for every z € C there exists unique ¢ € D such that A(z) = ¢.

Then ho@o,f)@=h(g,fx)
=h (g (fx)))
=h(@W))=h(@ =t

Further, (h o8 of x)=(h,g)f(x)
=(h,8) )

=h(@gWy)=h(2)=t
Therefore forx € Awehaveh ,(g,f) W =", 8 ,f@forallxe A.ie,h g, N=0,8,f
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N 4.6 INVERSE FUNCTION

Let f: A — B be a bijective function. Then the inverse of £, i.e. f ! be a function from B to A.
Since fis a function from A to B, for every x € A, there exists unique y € B such that f(x) = y.

f

Since f~!: B — A for every y € B there exists unique x € A such that f ~1(y) = x, i.e.,

@) =x.

4.6.1 Theorem

Iff: A — B is bijective, then the function f posses inverse mapping.

Proof: Suppose that f: A — B is not bijective and posses an inverse mapping, i.e., (i) fis onto
but not one-one. (ii) fis one-one but not onto or (ii7) f is neither one-one nor onto.
Case (i) Suppose that fis onto but not one-one.

As fis onto, so for every y; € B there exists at least one x; € A such that f(x;) = y; and
R(f) = B. Again as f'is not one-one we have x; # x,, x1, X9 € A implies y; = flx;) = flxg) = ys.

Sincef"1:B 5 A, s0 DY) =R (f) =B, i.e., D~ 1) = B . Also (x4, ¥,), (%o, y5) € fimplies
(1, %1), (79, %9) € [~ 1 with x; #x, as y; = y,. Hence, f~! can not be a function.

Case (it) Suppose that fis one-one but not onto.

As fis not onto, so for at least one y; € B there exists nox; € A such that flx;) =y; and R ()
#B. Since, f"1: B - A, so

D(f Y =R(H =B, i.e., D{f 1) =B. Hence f~ ! can not be a function.

Case (iii) Similarly it can be proved that f ~! can not be a function if f is neither onto nor
one-one.

Therefore, it is a contradiction. So our supposition is wrong. Hence, f: B — A must be
bijective to posses a inverse mapping.

4.6.2 Theorem

Letf: A — B and g:B — C be two functions. If both f and g are invertible, then
(gof)_l :f_log_l-

Proof: Suppose that both f and g are invertible. This indicates that both f and g are bijective
functions. So by theorem 4.5.1, (g , /) is also bijective and hence invertible.

Asf:A—>Bandg:B—>Cwehave(g,f):A—Cie,(g,f) 1:C>A Alsof ':B—->Aand
gl:Co>Bwehavef ' g ':C oA

Hence first of all it is evident that both (g , )~ Laref=1! - ! are functions from the set
C to the setAand(gof)_l(z) =xforze Candx € A.
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Again g =1 C - B, so for every z € C there exists unique y € B such that g7\(z) = y.
Similarly, /=% B — A, so for every y € B there exists x € A such that £~ (y) = x. Further
g @=f1e'e)=f"y=x
ie., fl.,e M@ =x=(, X2). Therefore (g , /' =f",g7".

4.6.3 Theorem

If £ A - B is a bijective function, then f~: B — A is also a bijective function.

Proof: Let f: A — B is a bijective function, i.e., f'is one-one and onto function. Since fis one-
one and onto, for every y € B there exists unique x € A such that f(x) =y. Again f~ % B - A
such that £~ 1(y) = x.

Lety,,y,€ B Withf_l(ﬁ) =f_1(3’2)

This implies X1 =Xy
Le., flxy) =flxy) [+ fis one-one]
ie., Y1=Y2

ie.,f Yy =f "y, =y, =y, Thus, f~lis one-one. Besides this R(f ") =D() = A.i.e., R(f 1)
= A. This indicates that ! is onto. Therefore /™! is both one-one and onto. i.e., = ! is bijective.
H 4.7 SOME IMPORTANT FUNCTIONS

In this section we will discuss some important functions that are useful in the context of
computer science and applications.

4.7.1 Identity Function

Let A be a set. The function f: A — A is said to be an identity function if for every x € A,
f(x) = x. Mathematically flx) =x V x € A.

A B
4.7.2 cConstant Function

The function f* A — B is said to be a constant function if for every x € A there exists unique
y € B such that f(x) = y. Mathematically,

f)=y Vxe A
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Consider a function f: R — I defined by f(x) = 2 for x € R. Which is a constant function.

4.7.3 Absolute Function
The absolute function or absolute value function f(x) = | x| is defined as

x| = x; ifx=0
T l-x; ifx<0

The graph of f = {(x, |x|): x € R} is shown in the following figure.
Y

4.7.4 Greatest Integer Function

The greatest integer function f(x) = [x] is defined as the greatest integer less than or equal to
x. The value of f(x) = [x] isequal tonifn<x<(n +1);n € Z.

Consider the examples [5] = 5; [5.7] = 5; [- 3.9] =—4; [- 2.2] = -3 and [6.1] = 6.

4.7.5 Floor and Ceiling Function
The floor function f(x) = | x| is defined as the greatest integer less than or equal to x. The
ceiling function f(x) = [x] is defined as the least integer greater than or equal to x.
Let x be any real number, then x lies between two integers called floor of x and ceiling of x.
Consider the following examples. | 35| =3;| 5] =5;| -7.2| =-8;[35] =4;[5]| =5;[-72] =-T.

Note: From the above discussion it is clear that [x] = | x | + 1 ifx is not an integer otherwise [ x| =| x|.

4.7.6 Even and 0dd Functions

A real function y = f(x) is said to be even if f(— x) = f(x) and odd if f(— x) = — f(x).

Consider the function f(x) = 5x° + 2x* — x2.

Therefore, f=x) =5(=2)°% + 2(—0)* — (—x)? = 5x® + 20 * — 2% = f(w).

Hence, fx) = 5x® + 2x*— x? is an even function.

Similarly consider another function f(x) = sin x — 5x°.

Therefore, f(—=x) = sin (- x) — 5(— x)3= — sin x + 52 = — (sin x — 5x%) = — f(x).
Hence, fx) = sin x — 5x%is an odd function.

Note: It is to be noted that a function can neither be even nor odd. Consider the example
o) = x*+x% + 5% —x.
Therefore, f(— x) = (- 0 + x? + (- x2 - (=x) =x* - x® + 22 + x. This implies neither
f(=x) = f(x) nor f(—x) = — f(x).

Therefore, f(x) = x* + x® + x? — x is neither even nor odd function.
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4.7.7 Characteristic Function

Suppose A be any subset of the universal set U. The characteristic function of Ai.e., y, is areal
valued function y,: U — {0, 1} defined by

(x) = 1, ifxeA
XA =00, ifxe A

Consider the example where A = {2, 5, 7} and U = {1, 2, 3, 4, 5,7}. Then we have y,(1) =0,
Xa (2) =1, xa(8) = 0, x2(4) =0, xa(5) = 1, xa(7) = 1. The arrow diagram is given below.

4.7.8 Remainder Function

Let x be a non-negative integer and y be a positive integer. We define x mod y or R, (x) to be the
remainder when x is divided by y. Thus R is a function on Z.
Consider the following examples
8 mod 2 = 0, 15 mod 4 = 3, 251 mod 2 =1, 177mod 3=0
i.e.,Ry(8)=0, R, (15) =3, R, (251) =1, R; (177) = 0.

4.7.9 Signum Function

The signum function sgn(x) on R is defined as

0, ifx=0
Sgn®)=7.% " eyug
||

The range of this function is {-1, 0, 1}.

B 4.8 HASH FUNCTION

Suppose that we have cells in a computer memory indexed from 0 to 16. This is given in the
following figure.

0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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We wish to store and retrieve arbitrary positive integers in these empty cells. One way is to
use a hash function. A hash function takes a data item to be stored or retrieved and computes
the first choice for a location for the data item by the relation

H(n) = n mod k.
Where n is the data item (number) to be stored or retrieved. % is the size of the computer
memory (preferably prime). If the first choice for a location is already occupied, then we say

that a collision has occurred. To handle collisions, a collision resolution policy is required. One
simple policy is to find the next highest unoccupied cell.

If we want to locate a stored value n, compute m = H(n) and begin looking at location m. If
n is not at this location, move forward in the next highest location. In this context we used one
collision resolution policy. Besides this there are several other methods to handle collision,
which is beyond the scope of this Book.

Consider an example in which the data item 15, 286, 77, 18, 5, 572, 102, 257 and 55 are to be
stored in order in a computer memory indexed from 0 to 16. Here £ = 17. It is clear that

H(15) = 15 mod 17 = 15, H(286) = 286 mod 17 = 14. Similarly H(77) =9, H(18) = 1, H(5) = 5,
H(572) =11, H(102) = 0, H(257) = 2, H(55) = 4. Thus the allocation in the computer memory is
given in the following figure.

[102 [18 [ 257 | |55 |5 [89 | | [ 77 ] [ 572 ] | | 286 | 15 | |

0 1 2 3 4 5 6 78 9 10 11 12 13 14 15 16

Now suppose we want to store 89. Since H(89) = 89 mod 17 = 4, 89 should be stored at
location 4; but this position is already occupied. If we use the collision resolution policy dis-
cussed earlier, we would store 89 at location 6, which is as shown in the above figure.

® SOLVED EXAMPLES J

Example1 LetA=/{a, b, c, d}and B ={7, 8, 9). Find whether the following subsets of (A xB)
are functions from A to B.

@ fi=1a,7),(®,8),(8)
i) fo={(a, 7), (a, 8), (b, 9), (c, 9), (d, 9)}
i) f3=1{(a, 7), (b, 8), (c, 9), (d, 9)}
(v fy=1{a, 7), (b, 7), (c, 9), (d, 8)}
Solution: Given that A ={a, b, ¢, d} and B = {7, 8, 9}.

@) Given =A@, D), ®,8), (c, 8)
This implies D(f;) = {a, b, ¢} # A. Hence f; can not be a function.
(@) Given fo=1(a, 1), (a, 8), (b, 9), (c,9), d, 9}

This implies D(f;) ={a,b,c,d} =Aand (a,7) € f;, (a, 8) € f, with 7 # 8. Thus, f; can not
be a function.

(@Zii) Given fs=1{@, ), b, 8),(c9),(d, N
This implies D(f3) = {a, b, ¢, d} = A and there is no such order pair (x,y) € f5, (x, 2) € f5
such that y = z. So f5 is a function.

() Given f,={(a,7),®,7),(c,9),d,8)
This implies D(f,) = {a, b, ¢, d} = A and there is no such order pair (x,y) € f;, (x,2) € f,
such that y = z. So f} is a function.
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Example 2 Give an example of a function which is

(@) Injective but not surjective. (b) Surjective but not injective.

(c) Bijective (d) Neither injective nor surjective.
(e) Constant.

Explain with the help of arrow diagrams.

Solution: (a) Let A ={a, b, ¢, d,eland B = {1, 2, 3, 4, 5, 6}. Consider a function f; from A to B as

fi={a, 1), (®,2),(c, 3),(d,4), (e, 5)}
Now R () = {1, 2, 3, 4, 5} = B. Hence f is not a surjective function but injective. The
arrow diagram is given below.
b) Let A={a,b,c,d,e}and B=1{1, 2, 3}
Consider a function f; from A to B as f;, = {(e, 1), (b, 2), (¢, 3), (d, 3), (e, 3)}
Here R(f;) ={1,2,3} =B and (¢, 3) € f5, (d, 3) € f,, (e, 3) € f; such that ¢ #d #e.
Thus f; is surjective but not injective. The arrow diagram is given below.
(c) Let A={a,b,c}and B={1, 2, 3}
Consider a function f; from A to B as f5 = {(a, 2), (b, 3), (¢, D}. Here R (f3) = {1, 2, 3} =
Therefore f; is bijective. The arrow diagram is given below.
(d) Let A={a,b,c,d}and B={(1, 2, 3, 4, 5}.
Consider a function f; from A to B as f, = {(a, 2), (b, 3), (¢, 4), (d, 4)}.
Here R(fy) = {2, 3,4} #B and (c, 4) € f4, (d, 4) € fy such that ¢ #d.
Therefore, f, is ne1ther injective nor surjective. The arrow diagram is given below.
(e) LetA={a,b,c,d}and B=1{1, 2, 3}
Consider a function f; from A to B as f; = {(a, 2), (b, 2), (¢, 2), (d, 2)}. This implies
f5 (x) = 2 for every x € A. Therefore f; is constant. The arrow diagram is given below.
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Example3 Iff:x —2x; g:x »x”and h:x —(x + 1), then find (f ,g), h and f, (g , h). Show that

Fo8oh=1Fo@&,N.
Solution: Let f: x — 2x; g: x > «? and h: x — (x + 1).

ie., fx)=2x,g(x) = x2and h(x) =x + 1.
So, (f o 8)x) =f(g(x))
= (x?) = 22
Therefore, (fo8)ohx) =(f @) hx) =, 8 x+1)=2 @+ 12
Again (g o h)(x) = g(h(x))
=glc+ 1) =(+17
Therefore fol@ M@ =Ffx+1?=2@+ 1%
Hence Fo8)oh=Fo(goh).

is always an even

Example 4 Let f(x) be any real function. Show that g;(x) = %ﬁ—x)

function whereas gy(x) = W is always an odd function.

Solution: Let g1x) = W
Therefore gi-x) = W =g(x), i.e., g(—x) =g, (x).
Also let gal) = M
Therefore gy(— x) = . (_x)z_ [ _ _[&) _zf (=%) _ _ ¢,(x). This implies g,(x) is an even

function whereas g,(x) is an odd function.
Example 5 Find the composition (f ,g8) and (g , ) in the following cases.
G) f(x)=sin®x  and gx) =x"+1
(@) flx) =é* and g(x) =x°
(i) f(x) =24 +x and gx) =x"+1
Hence show that (f ,8) #(g , .
Solution: (i) Let f(x) =sin?x and g(x) =22+ 1
Therefore (fo8)x)=f(gx))
=f(x*+1)=sin® x*+ 1)
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Similarly €,Nx) =g (f(x) =g (sinx) =sin*x + 1
So, (fo8) 2 (g 1)

(ii) Let f) = ¢* and g(x) = x°
Therefore (Fo8)x) = f(g) = f(®) = &
Similarly (g, N) = g(fx) =gle") = (%)% = ™.
So, (f,g) =@, .

(1) Let fx)=2x>+xand glx) =22 + 1
Therefore (f,8)x) =f(glx)) = f&?+1)

=20+ D2+ (¥ + 1) =2x" + 52 + 3
(€ N) =g(fx) = g(2x® + x) = (2%* + x)* + 1
=dxt+ 4P+ 2+ 1
So, (fo8)x) (g, f) (x).
Example 6 Determine whether the given functions are one-one, onto or bijective.
(@ f:R"™ > R*defined by f(x) = | x|
b) f: 1 - R* defined by f(x) =2x + 7
(¢) f: R — R defined by f(x) = | x|
Solution: (a) Given f: R* — R* defined by f(x) = |x]|.
Suppose that ) =f(xy)
= |xq| = |xq]; L€, Xy =Xg
So, f:R™ — R" defined by f(x) = | x| is one-one. Again flx) = |x|; x € R*
This implies y = |x| =« [*- x € R']. This indicates that for every y € R" there exists x € R*
such thaty = f(x) = |x|. Hence, f:R* — R defined by f(x) = |x|is onto. Therefore, bijective.
®) f: 1 - R* defined by f(x) = 2x + 7

Assume that f(x;) = f(x5)

This implies 201+ T =2x9 + T; i.e., X1 = Xg.
So, flx) =2x + 7; x € 1, is One-One.
Again fx)=2x+T;xe 1
= y=2x+17 [y =f(x)]
= k=21
2

It is clear that for y = 5 we get x = —1 ¢ I (Set of positive integers). Hence f(x) = 2x + 7 is not
onto. Thus flx) = 2x + 7 is One-One only.

(c)Given f: R — R defined by f(x) = | x|
Suppose that f(x;) =f(x,)

= || = |xg]
—1 ix1=.7C2
=% x1¢x2.

So, f: R — R defined by fix) = | x| is not One-One. Again for f(x) =y = — 5 in the co-domain R
there exists no element x in the domain R. Hence f: R — R defined by fix) = |x| is neither
One-One nor onto.

Example7 LetA=(1,2,34,B={x,y,z,t}and C={2,4,9). Let f={(1, x), (2, 2), (3, y), (4, t)}
and g ={(x, 2), (v, 2), (z, 4), (t, 9)} be two functions from A — B and B — C respectively. Find the
composition (g , f).
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Solution: Let A=1{1,2,3,4}, B=1{x,y,2,t} and C = {2, 4, 9}. Let f = {(1, x), (2, 2), (3, y), (4, )} and

g =1, 2),(y, 2), (z,4), & 9)}
Therefore, g , f = {(1, 2), (3, 2), (2, 4), (4, 9)}. Which is a function from A — C . The arrow
diagram is given below.

(9,9

Example 8 Let Q be the set of rational numbers. Show that the function f: @ — @ defined by
f(x) =2x + 7, x € Q is a bijective function. Find f~1(0), f~1(1) and f~1(2).

Solution: i Q — Q defined by flx) =2x + T;x € Q
Let x4, x5 € Q such that f(x;) = flxy)
= 200+ 7 =2x9+ 7
=% xl = xZ.

Le., flx)) = flxg) = %1 = x9. So, f(x) = 2x + 7; x € Q is One-One. Again for every y € Q

in the domain set Q such thaty =f(x) = 2x + 7. Hence [ (x)

= 2x + 7 is onto. Therefore f(x) = 2x + 7, x € Q is a bijective function.
To compute the inverse we have £~ 1(y) = x

-7
ie., F =2

x—7 ;xe Q. Hencewehavef‘l(O)z;,f‘l(l):—Sandf‘l@):_?5_

Example 9 Let A=R - {3} and B =R - (1}, where R is the set of real numbers. Let f: A - B
defined by f(x) = - ;, x € A. Show that f'is One-One and onto. Find the inverse function of f.
Solution: Let Ax=_R — {3} and B = R - {1}, where R is the set of real numbers. Let f: A — B
defined by f(x) = ad 2 ,x € A. Let x4, x5 € A such that f(x;) =f(xy)

(co-domain set) there exists x = 4

In general f~'(x) =

X1 -2  x9—-2

= =
X1 -3 x9-3
= X1Xg — 2%9 — 3% + 6 =x1X9 — %9 — 21 + 6
= —2x5—3x; = — 3x9 — 2%4
= X1 = Xg
ie., floey) =1 (xq)
= X1 =Xg
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So, f(x) is One-One.

3y_2inAsuchthaty=f(x)= x-2

Again for every y € B, there exists x = .
y—1 x—3

Hence, flx) = X is onto.

Therefore, f(x) = X

3’ x € A is a bijective function. To compute inverse we have £~ X(y) = x.

ie., Fly) = 3y_—12 In general £~ Xx) = 8x - ;x€ B

y— x—1
Example 10 Let A=1{1,2, 4,6/, B=1(3,5,7 9}, C={1,2, 4, 6/ and f: A — B defined by
f=1{1,3),(2,5),4,7),(6,9)},g:B —Cdefinedbyg=1{(5,6),(3,2), (7, 1), (9, 4)} be two functions.
Find the compositions (f , g) and (g , f). Show that (f ;8) #(g , -
Solution: Let A ={1,2,4,6}; B=1{3,5,7,9and C = {1, 2, 4, 6}. Also given f = {(1, 3), (2, 5),
4,7, (6,9)) with g ={(5, 6), (3, 2), (7, 1), (9, 4)}. Consider the arrow diagram to compute (g , f).

(9,9
Therefore, (g , /) = 1{(1, 2), (2, 6), (4, 1), (6, 4)}.

Similarly, to compute (f , g) the arrow diagram becomes
[¢] f

Therefore, (f , g) = {(5,9), (3, 5), (7, 3), (9, 7)}. Hence, it is clear that (f ,g) # (g , -
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Example 11 Let f: R — (- 1, 1) defined by f(x) = IL x € R. Find the inverse of above

+x?’
function if exists, where R is the set of real numbers.

Solution: Let f: R — (- 1, 1) defined by f(x) = 1%, x € R. Let x4, x5 € R such that f(x;) = f(xy)
+x

x x
= > 2 = > 2
1+x7 1+4x;
2 2 _
= X1+ XXy —Xg—X9x{ =0
= (xl —xz)(]. —xle) = 0
= X7 = xq or (1/ x9)

x
So, f(x) = 1—2, x € R is not One-One, hence not bijective. Therefore, inverse does not
+x

exists.

Example 12 Find the characteristic function for the set A. Where the universal set
U=1(12,3,4,56,7,8 and A=1{1,4,7, 8}

Solution: Given universal set U={1,2,3,4,5,6,7, 8t and A={1, 4, 7, 8}. The characteristic

function for the set Aisgiven as A(1) =1, % 4(2) =0, x A(3) =0, a(4) =1, % o(5) =0, x A(6) =0,
X A(7) =1, % A(8) = 1. The arrow diagram is given below.

Example 13 If f(x) and g(x) are both even or both odd, then prove that f(x) g(x) is even.
Solution: Suppose that f(x) and g(x) are both even.

i.e., f(=x) =f(x) and g(—x) = g(x).
Let A(x)=f(x)g(x)
Therefore, h(—x) =f(—x) g(—x) =f(x) g(x) = h(x).

This indicates that f(x) g(x) is even. Similarly it can be proved that if both f(x) and g(x) are
odd, then f(x) g(x) is even.



Function 87

Example 14 Sketch the graph of

1 .
flx) = ;; if x#0
0, ifx=0

L. if x#0
Solution: Given that f(x) = { .’ nx#0.
0; ifx=0

It is clear that if x is very large, then f(x) is nearly equals to 0 and f(x) is very large when x
is nearly equals to zero. The graph is given below.
Y
8 .

6
4

5
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Example 15 Let f(x) and g(x) are both even functions. Prove that (f , g) is also an even func-
tion.

Solution: Suppose that f(x) and g(x) are both even.

Le., f(=x) =f(x) and g(—x) = g(x).
Now (fo &) —x)=f(g(=x)) =f(gx) =(f, g)x)
ie., (f o 8)(—x) = (f , 8)x). Therefore (f , g)(x) is an even function.

Example 16 Prove that (f , g)(x) is an odd function if both f(x) and g(x) are odd functions.
Solution: Suppose that f(x) and g(x) are odd functions.

ie., f(=x) =—f(x) and g(— x) = — g(x)

Now (fo8)(—x) =f(g(-x)
=f(—gx)) [+ g(x)is an odd function]
=—f(gk)) [; f(x)is an odd function]
=—(f,8)x)

Le., (f,8)(—x)=—(f,g) (x). Therefore (f , g)(x) is an odd function.

Example 17 Ifg(x) = e* and (f , g) is an identity function, prove that f(x) = In x.
Solution: Let g(x) = e and (f , g) is an identity function. i.e., (f,g) (x) = x

Le., flgx)) =«

ie., f(*)=x=1n ()

Therefore, in general f(x) = In x.
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Example 18 Let f(x) =2x + 1 and g(x) =x° + 2. Find the values of (g @) and (f,g) (4. Show
that they are not equal.

Solution: Giventhat  f(x)=2x+ 1and g(x)=x>+2

Therefore, (g,f)4) =g(f(4)=g(9) [ f(d=24)+1=9]
=83 [+ g(9)=9%+2=283]
Again (fo8)(4) =f(g(4) =f(18) [ g4)=4>+2=18]
=37 [~ A(18)=2(18)+1=37]
Therefore, (f,8)4) =g, f)4)

Example 19 Letf: R — R be defined as f(x) =x° - 3x, if x <2 and x + 2, if x >2. Find f(5), f(2),
f(0) and f(- 2 ).

Solution:
Given that fx) :{xz 3% %f x<2
x+2; ifx>2
So, fB)=5+2=17
f0=0-0=0
f(=2)=(-2)?-3(-2)=10
f2)=2+2=4.

Example 20 Find the domain D(f) of each of the following functions. (i) f(x) = /16 — xZ;

(i) flx) = %; (iii) fix) =x° - 5x + 6
. —

Solution: (i) Given f(x) = 1/16 — x? ; it is clear that f(x) is not defined for 16 —x?<0.i.e., —4<x
< 4. So, f(x) is not defined for x € [- 4, 4]. Therefore D(f) = R — [- 4, 4].

(ii) Given f(x) = ﬁ ; it is clear that flx) is not defined for (x —4) = 0, i.e., f(x) is not defined

x —_—

at x = 4. Therefore D(f) = R — {4}.

@ii) Given f(x) = x®> — 5x + 6. It is clear that f(x) is defined for every real number R.
Therefore, D (f) = R.
Example 21 Find the graph of the following functions.

3x-1 ifx>3

@ fx)=<x*>-2 if -2<x<3 ®) f(x)={
2¢+3 ifx<-2

x+6 ifx<-1
5—-x ifx>-1
Solution: (¢) Given that

3x-1 ifx>3
f)=4x2-2 if-2<x<3
2x+3 ifx<-2

The graph of above function is given below.
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T T T T X
4 -2 2 4
-3 ]
. x+6, ifx<-1
(b) Given that f(x) = {5 Cx ifx>-1
The graph is given below.
\6;
5
4
3 -
.
1
* o) X
-6 -4 -2 0 2 4 ™
@ EXERCISES o

1. Let A={1,2,3,4,5,6} and B = {a, b, ¢, d, ¢, f}. Determine whether each relation given
below is a function from A to B. If it is a function, find domain, range. Draw the arrow
diagram of each relation.

(@ {(1,d), (1,e),(2,a),(3,b),(4,e), (5,e), (6, N}
b) {(3,d), (4,e), (5,e)}
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10.

() {(1,d),(2,0d),(3,c),4,c), (5,1, (6, H

d) {1, 0),(2,0),(3,0),4,c),(5,c),(6,c)

(e) {(1,a),(2,b),(3,0), 4, d), (5,e), (6,

® {1, ), (2,b), (3, 0),(3,d), (3, H

© {(1,e),4,e),(5,e),(6,e)}
Let f be a function from the set R to the set R, where R is a set of real numbers. Deter-
mine whether the following are One-One, Onto or both.

(@) f(x)=cosx b)) fx)=Tx+3
©) fx)=a>+27 d) fx)=3x2-3x+1
(e) flx)=3"+2 P flx)=e"—-4
2x +3
@ flx)= e 4

Let f and g be functions from I to I, where I is the set of positive integers. Find the
compositions (f , g) and (g , ).

(@) flx) =2x +7; g(x) = cosx ®) fx)=x>+2;g(x)=3"+5

(¢) flx) =log x; g(x) = 5x + 2 d) f)=x+4;8x) = |x|

) flx) =2%+ 2; g(x) = x>
Let A={a,b,c,d},B=1{1,2,3},C=1{4,5,6} and f: A — B defined by f = {(a, 1), (b, 1),
(c, 2), (d, 2)}; g: B — C defined by g = {(1, 4), (2, 5), (3, 6)} be two functions. Find (g , /). Is
(f , &) defined?
Let A =1{1, 8,27,64}); B=1{a, b,c, d, e}; C ={1, 8, 27, 64} and f: A — B defined by
f={1,a),(8,d), (27,b), (64, e)}; g : B— C defined by g = {(a, 1), (b, 64), (c, 8), (d, 27), (e, 8)}
be two functions. Find both (f, g) and (g , ). Show that (f ,g) = (g , ).
Let U = {a, e, I, 0, u} be the universal set. Find the characteristic function for the set
A={e,o0,ul.
Sketch the functions given below on R — R.

@ f&)=1[x];—2<x<3 ®b) fx)=3"
2if x>0
=3x+2 d =0
@ = e DI {Gifx<0

2x+1 if 0<x<2
(&) flx)=1-2 ifx<0
x+4 ifx>2
Find the domain of each of the following functions.

1 1

= - b = -
@ @)= =59 ®) fl)= ——0
©) flx)=x%—Tx +12 d fx)=x%;0<x<2

(e) f(x)= 36—
Let f: R — R defined by f(x) = 2% + x — 6. Find f~1(14) and £~ (- 8).
Draw the graph of following functions.

@ fx)=x>—3x+2 ®) fx)=x*—10x%+9

@fm=§+1
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11.

12.

13.
14.

15.

16.

17.

18.

If f(x) = 2x — 3 and g(x) = x* + 3x + 5, find (f , g)(5) and (g , /)(5). Show that they are not
equal.

If f(x) = 2x — 3 and g(x) =x% + 2x + 1. Find the compositions (f,8) and (g, /). Find (f ,g)(2)
and (g ,)(2).

If f(x) = 5x + 1. Find a formula for the composition function f. [Hint : /2 = (f oo )]
Let A = {x, y, z} and B = {2, 4, 6, 8}. State whether or not each diagram given below
defines a function from A into B.

(b)

(d)

A B

Let/: R — R defined by f(x) = 2x + 5. Show that f(x) is invertible. Find the values of f~1(2),
f Y4 and f~1(5).

Let f and g be functions from the positive integers to the positive integers defined by
f(x) =3x + 1, and g(x) = 2x + 1. Find the compositions (f, f), (f,2), (g ,f) and (g , ).

LetA=R-{2}and B=R - {%}, where R is the set of real numbers. Let f: A — B defined
3x -9
by f(x) = 510
For each Hash function, show how the data would be inserted in the order given in
initially empty cells. Use collision resolution policy if required.
(@) h(n)=n mod 11; cells indexed 0 to 10; data 55, 15, 285, 743, 375, 22, 10, 800.
(b) h(n) =n mod 13; cells indexed 0 to 12; data 714, 635, 26, 775, 42, 30, 10, 136, 509.

; x € R. Show that fis bijective and hence find the inverse of f.
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19.

20.

21.

22,

23.

Show that the inverse of f(x) = x? — 1 does not exists in general, but f: [ 0, ) — [-1, o) has
an inverse given by f~ ) = \/m and f~ L= 1,) = [0, ).

Let f be a function from X — X; X = {1, 2, 3, 4, 5, 6} defined by f(x) = 3x mod 5. Write the
function and draw the arrow diagram.

Letf: X -5 X; X =1{0, 1, 2, 3, 4, 5, 6} defined by f(x) = 4x mod 5. Write the function fas a
set of order pairs. With the help of arrow diagram check whether or not f is one-to-one
or onto.

Let f: A — B be a function. Show that fis injective if and only if /= 1( £ (X)) = X for all
X cA.

Let f: R—{0} - R — {0} defined by f(x) = l Show that fis bijective and its inverse is given
x
1
by f~ (x) = =.
x
Show that the function flx) = : R — R is neither one-one nor onto.

x2+1



O

Generating Function and
Recurrence Relation
o

H5.0 INTRODUCTION

Function that we have discussed in Chapter 4 is a binary relation that assigns a unique value
to each element in the domain. The class of functions whose domain is the set of natural
numbers and range is the set of real numbers is known as numeric functions or discrete
numeric functions. These numeric functions are highly useful in digital computation. In this
chapter we discuss generating functions, recurrence relations, solutions to recurrence
relations and its application to computer science.

B 5.1 GENERATING FUNCTIONS

An important idea in discrete mathematics is to establish a relation between two fields so as to
apply knowledge in one field to the other field. This leads to the development of generating
function. This generating function is an alternative way of representing the numeric functions.
These are important tools in discrete mathematics to solve various types of counting problems
and it is not limited to solve the recurrence relations. It was introduced by famous
mathematician de Moivre.

The generating function for the sequence of real numbers a,,q,,a,,...,a,,... is the expression

G(x) which usually contains infinitely many non-zero terms such that

Gx)=a,+ax+ax” +...+a,x" +...

=Y ax
i=0

We call the above expression G(x), where x is an indeterminate, as generating function
because in some sense it generates its coefficients. It deviates from a polynomial in the fact

that the coefficients a; are all zero after a certain point.
For example the generating function of the arithmetic sequence 4, 9, 14, 19, ... is given as

Gx)=4+9x+14x* +19x% + ...
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5.1.1 Properties of Generating Function

In this subsection we will discuss the important properties known as shifting properties of
generating function.

1.

Let G(x) = @, + a,x + a,x* +...+a,x" +... be a generating function. Thus, xG(x)=ax+a x*+

n+1

ax’+ax’.. . +a x"+... It indicates that, if G(x) generates the sequence , @),q,0...,,,...,
then xG(x) generates the sequence 0,a,,a,,q,,...,@,,.... Similarly, x?G(x) generates the
sequence0,0,a,,a,,a,,...,a,,.... In general, x*G(x) generates the sequence, 0,0,...,0,q,,a,,
ay,...,Q,,..., where there are k zeros before a,.

Let G(x)=a,+ax+a,x”+...+a,x" +...be a generating function. Therefore, G(x)-a, =
a,x+a,x” +...+a,x" +.... It indicates that, if G(x) generates the sequence a,,a,,q,,...,q,,...,
then G(x) — a, generates the sequence 0,a,,a,,...,q,,.... Similarly, we have G(x)-a, —a,x
generates the sequence 0,0,aq,,...,a,,.... Proceeding in this manner we will get
G(x)-a, —a,x—...—a, ,x*" generates the sequence 0,0,...,0,a,,q,.,,a,,,,..., where there
are k zeros before a,.

G(x) - a,

Let Gx)=a,+ax+ax*+..+ax"+.. be a generating function. Thus, =
x

a, + a,x +azx” +...+a,x"" +.... Therefore, dividing by powers of x shifts the sequence to

G(x) - a,
n —— "0
x

the left. It implies that if G(x) generates the sequence q,,q,,q,,...,q,,..., the

generates the sequencea,,a,,...,q,,... . Similarly, we have L‘;ﬁ)_“lx generates the

x
k-1
sequence a,,q,,...,a,,.... In general Glx)-ay,—ax—...—a, x , generates the sequence

xk

Qs Q15 Qprgse- fOr p>1.

5.1.2 Addition of Two Generating Functions

Two generating functions can be added term by term as in the case of polynomials. This
operation addition provides us to create a new generating function from old ones. Let G(x) and
F(x) be two generating functions such that

Gx)=a, +ax +ax’ +...+a,x" +...
F(x)=b, +bx +bx” +...+b,x" +...
The addition of two generating functions G(x) and F(x) is defined as

G(x) +F(x) = (a, + b)) + (a, + b)x + (a, + b,)x* +...+ (a, + b )x" + ...

= i(ai +b)x'

=0
For example, if F(x) =2+ 3x +5x?and G(x) =4 + 6x + 8x*, then
Fx)+G(x)=(2+4)+ (3+6)x+(5+8)x> =6+ 9x +13x>.
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5.1.3 Multiplication of Two Generating Functions

Two generating functions can be multiplied term by term as in the case of polynomials. This
operation multiplication provides us to create a new generating function from old ones. Let
G(x) and F(x) be two generating functions such that

G(x) = ay + ax + a,x* +...+ a,x" +...
F(x) = b, + byx + byx® +...+ b x" + ...

The multiplication of two generating functions G(x) and F(x) is defined as
G(x)-F(x) = ayb, + (a;b, + a,b,)x + (a,b, + a,b, + a,b,)x’

k
3 k
+ (ayb; + a,b, + a,b, + a,by)x"+ +( E aibk_i]x +...
i=0

oo k
= z (2 aibk_i] x*
E=0\i=0

For example, if F(x) =2+ 3x+5x” and G(x) =4 + 6x + 8x2, then
F(x)G(x) = 8+ 24x +54x” + 54x® + 40x*.

5.1.4 The Exponential Generating Function

The basic idea of exponential generating function is developed from binomial expansion for
positive integral index. The exponential generating function E(x) for the sequence of real

numbers a,, a,, ,,..., @ is given as

my e

2 3 n
x x
Ex)=a,+ax+a,—+ a,—+-+a,—+ -

2! 31 n!
oo xk
- Yo

k=0

H5.2 PARTITIONS OF INTEGERS

Partitioning of integers is very rich and quite deep. Covering every aspect of partitions is
beyond the scope of this book. In this section, we provide an overview of partitions, and discuss
a powerful tool generating function dealing with partitions.

A partition of a positive integer, n, in number theory is a way of representing n as a sum of
positive integers where the order of the addends is immaterial. For an integer n, we denote
the partition function P(n) as the number of partitions of n. For example P(4) = 5, since

4 =4
=3+1
=242
=2+1+1
=1+1+1+1
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Similarly, it can be shown that P(1) = 1, P(2) = 2, P(3) = 3, P(5) = 7 and P(6) = 11 etc. A
recursive procedure to find the partition of a given integer n is given below.

5.2.1 Generating Function for Partitions

In number theory many methods are available to find the partitions of an integer. In this sub-
section we will discuss how generating function is used to compute the value of P(n) for an
integer n. On introducing generating function to compute P(n) can reduce the difficulty of
complex problems. This is because generating function can be manipulated more easily than
combinatorial quantities. The concept is based on power series and was first applied to
partitions by Euler. This is because the coefficient @, of x", in the power series

G(x) = 2 aixi =q,+ax+ a2x2 +...+a,x" +...represents the number of ways that the event n
i=0
can happen.

In order to find a generating function for the number of partitions of a number n, our aim is
to find out the number of ones, twos, threes and so on are there in the partition. In each

partition, one can occur 0, 1, 2, ... times; thus contributing a factor of (1+ x+x2 +x%+...) to
the generating function G(x). Again, two can occur 0, 1, 2, ... times; thus contributing a factor
of 1+x%+x* +x° +...)to G(x). Similarly, three can occur 0, 1, 2, 3, ... times; thus contributing

afactor of (1+ x® + x% + x° +...) to G(x). Proceeding in this manner, we find that the generating
function for the number of partitions of an integer is:

CG)=AQ+x+x2+2+.)A+ 22 +x* +28 +.)A+ 23 + 8 +2° +..0)...
1 1 1 1
= 5 - —. ¥ <1
1-x) 1QA-x) QA-x) Q-x%)

= 1
:k_l—(l—xk); |x|<1

The above function G(x) generates the sequence P(0), P(1), P(2), P(3), ... , where we define

P(0) = 1. It implies that, if we consider the generating function G(x)= H a ! 5
k=1L =X

fixed m, then the coefficient of x" is the number of partitions of n into summands that do not
exceed m. Some values of the partition function are given below in the form of a table for
reference.

for some

n |1|2|3|4|5|6 |7 |89 |10
Pin)|1|2|3|5|7|11|15|22|30 |42

For example, to get the value of P(3), we have to compute the coefficient of x% in the

3
generating function G(x)= H 1

- . Thus we have
poi(1—x")
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G)=Q+x+x+2° +.)A+x>+x* +.)A+x> +25+..)

=1+2x+2x% +3x° +4x* +...

Therefore, P(3) = 3.
H 5.3 RECURRENCE RELATIONS

Recurrence relation begins with some very elementary relations that are intuitively effective.
It provides a few methods for constructing more complicated relations based on simpler
relations. For example, if we ask a person about the age of his oldest son Blake, then he could
tell us, 17 years directly or he could tell us he is 5 years older than his second son Smith
whereas Smith is 4 years older than his only sister Loreena. When he tells us that his only
daughter is 8 years old then we have no difficulty to calculate the age of his oldest son Blake,
who is 17 years old. Therefore, a recurrence relation expresses the nth element of a sequence
in terms of its predecessors. In this section we discuss an introduction to recurrence relations
that are highly useful in design and analysis of algorithms.

A recurrence relation for the sequence s;,s;,s,, :--,s, is an equation that expresses s, in

terms of its predecessors s,,s;,s,, :-,s,_; for all integer n > m , where m is a positive integer.

Thus, it is clear that a recurrence relation is defined with certain conditions known as initial
conditions or boundary conditions of recurrence relation. A recurrence relation is otherwise
known as difference equation.

For example, the recurrence relation of the sequence <7, 12, 17, 22, ...> is

s, =S, ,+5, n=2; s, =2

n

The condition s; =2 is known as initial condition.

B 5.4 MODELS OF RECURRENCE RELATION

Recurrence relation can be used to model variety of real life problems both inside and outside
computer science. In this section we will discuss few important real world problems that use
recurrence relation.

5.4.1 Towers of Hanoi

The puzzle Towers of Hanoi is fashioned after the ancient Tower Brahma ritual as shown
below. According to legend, at the time the world was created, there was a diamond tower
(Tower A) with 64 golden disks. The disks were of decreasing in size from bottom to top. Apart
from this, there were two other diamond towers (Tower B and C). Since the time of creating,
Brahman priests have been trying to move the disks from tower A to tower C using tower B
for intermediate storage. The disks are so heavy that they can be moved only one at a time
and a larger disk cannot be placed over a smaller disk. According to legend, the world will
come to an end when the priests have completed their task.

In this model our aim is to transfer the disks from one peg A to another peg C through
intermediate peg B by moving one disk at a time. The only restriction is that a larger diameter
peg can not be placed over a smaller diameter peg. The idea of the above model can be cleared
from the following figure.
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£ b4

Tower A Tower B Tower C

A very elegant solution results from the use of recursion. Let us consider the number of
disks at tower A is n. Our aim is to get the larger disk at the bottom of tower C. In order to get
this, we move the remaining (n — 1) disks to tower B and then move the largest disk to tower
C as shown in the figure given below. Now we have to move the disks from tower B to tower
C. In order to get this we have tower A and C available. Therefore, our solution for an n disk
problem leads to two (n — 1) disk problems.

e L

TowerA Tower B Tower C

Let s, denotes the number of moves required to solve the n disk puzzle. It is also clear that,
if there is only one disk then we simply move it to the tower C. Therefore, we have the
recurrence relation

s,=2s, ,+1, n>1 withs, =1
We can use an iterative approach to solve this recurrence relation. Therefore, we get
s, =2s, ;+1
=22s, ,+D+1=2%, ,+2+1
=2%(2s, ;+D+2+1=2%s, ,+2°+2+1

2°(2s, ,+D+2°+2+1=2%, ,+2°+2°+2+1

=2 s 420 428 4224241
=2 g 42" 24420 427 1241

=2 42" 274224241 [s, =1]
—o 1
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From the above formula, the number of moves required to move 64 disks from tower A to
tower C is equal to

Ses = 2% —1=18, 446, 744, 073, 709, 551, 615.

5.4.2 Rabbits and Fibonacci Numbers

A young pair of rabbits, one of each sex, is placed on an island. A pair of rabbits does not bread
until they are two months old. After they are two months old, each pair produces another pair
each month. Our aim is to find out number of pairs of rabbits on the island after n months,
assuming that no rabbits ever die. This famous problem was posed by Leonardo di pisa, also
known as Fibonacci.

A very elegant solution results from the use of recursion. First we consider tabulation and
then we fit a recurrence relation. The tabulation of reproduction is given below.

Month Reproduction Young Total

(n) Pairs Pairs Pairs(s,)
1 0 1 1

2 0 1 1

3 1 1 2=1+1
4 1 2 3=2+1
5 2 3 5=3+2
6 3 5 8=5+3

Let s, denotes the number of pairs of rabbits after n months. From the above table it is clear
that, at the end of the first month, the number of pairs of rabbits on the island is one i.e., s,=1.
This is because this pair does not bread during the first two months. Therefore, s,=1. In the
third month the first pair produces one more pair of rabbits. So, the number of pairs is 2 i.e.,

s; =2=s, +s,. Therefore, the number of pairs of rabbits after » months is equal to the sum of

members of rabbits in the previous month (s,_;) and the number of new born pairs (s, _,).
Therefore, we get the recurrence relation as

s, =8,..+8,_, with
s;=1,8=1

The above recurrence relation is otherwise known as Fibonacci sequence.

5.4.3 Compound Interest

Another important real application of recurrence relation is to compute compound interest
when principal, rate of interest and number of years are given. Suppose that Mr. Smith has
deposited amount s, in a savings account at a bank. Our aim is to compute the total amount
after n years if the rate of interest per year is r percent.

A very elegant solution results from the use of recurrence relation. Let s, denote the
amount in the account after n years. The amount in the account after n years is equal to the
sum of amount in the account after (n — 1) years and the interest paid in the n'" year. Therefore,
we get
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r r
S, =S, 1 +(—)sn1 = (1+—)sn1
100 100

We use an iterative approach to solve this recurrence relation. Therefore,
100
r r r Y
= (1+—)(1+—)sn_2 = (1+—) S,_o
100 100 100
rY r rY
= (1+—) (1+—)Sn_3 = (1+—) S,_3
100 100 100

Hence, the amount in the account can be computed by using the above recurrence relation
once the values s, r and n are known.

H 5.5 LINEAR RECURRENCE RELATION WITH CONSTANT COEFFICIENTS
A linear recurrence relation with constant coefficients is of the form
CoS, +C1S, 1+CyS, ,+CS, 5 +...+¢s, ., =[(n)

where, c¢;,i =0, 1, 2, ..., k are constants. If both ¢, and ¢, are non-zero, then the above equation

s Lo
is known as an £ order recurrence relation.

If f(n)=0, then the above recurrence relation is termed as %" order linear homogeneous
recurrence relation with constant coefficients.

5.5.1 First Order Recurrence Relations

A first order linear homogeneous recurrence relation with constant coefficients is of the form
S, =¢,8,_; (n>0) with s, =A
where, c,,c, are constants with the initial condition s, = A . The above equation can also be
written as
s, =1 8,1, (n>0) with s, =A
On applying recurrence repeatedly we get
S, =T 8, ,=r’s, ;=78 _4=.. .. =r"s, = Ar"
Therefore, the general solution to the recurrence relation is a geometric sequence with
ratio r, i.e., s, = Ar"

Similarly, a first order linear non-homogeneous recurrence relation with constant
coefficients is given as

€S, =¢S, ;+¢, (n>0)

with Sp =A
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where, ¢, ¢, ¢, are constants with the initial condition s, = A . The above equation can also
be written as

s,=r s,_;+tc, (n>0) with s, =A

On applying recurrence repeatedly, we get

_ — .2
s,=r s,_,+tc,=r’s,_,+trc,_,tc,
n n
=r so+2r” "¢ =Ar"+2r”" c;
i=1 i=1

If ¢, is constant, (say &) then the solution is given as

r'-1
r—

=A+kn if (r=1

if r#1)

s, =Ar"+k

B 5.6 DIFFERENT METHODS OF SOLUTION

In this section we discuss the basic fundamental methods such as backtracking, forward
chaining and summation method to solve first order linear recurrence relation with constant
coefficients.

5.6.1 Backtracking Method

The fundamental technique to solve a recurrence relation is backtracking. In this method, to
solve a recurrence relation we start with s, and move backward towards s, to get a pattern by

substituting s,_;, S,_,, ... and so on. For example, consider the recurrence relation
s, =8,_,+t2 with s, =3.
Thus, we have s, =8, ;+2

=(s, ,+2)+2=5s, ,+2x2
=(s,_ ;+2)+2x2=5s, ,+3%x2
=(s, ,+2)+3x2=s,_,+4x2

=Sn7(n—1)+(n_1) 2
=5 +2n-1)
=3+2(n-1)

Therefore, s, =3+2(n—-1)
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5.6.2 Forward Chaining Method

Another basic technique to solve recurrence relation is forward chaining. In this method, we
start from initial condition and move forward towards s, until we get a clear pattern. For
example, consider the recurrence relation
s, =8,_;+2 with s, =3.

Thus, we have 8, =5, +2

83 =8+2=(5,+2)+2=5 +2x2

S, =8, +2=(s,+2%x2)+2 =5 +2%x3

S;=8,+2=(5,+2%x3)+2=5,+2x4

Sg=8+2=(s,+2x4)+2 =5, +2%5

s, =85, ,+2=(5;,+2(n-2))+2=s,+2(n-1)

Therefore, s, =3+2(n—-1)

5.6.3 Summation Method

Another way of solving first order linear recurrence relation with constant coefficient is
summation method. In this method, we rearrange the given recurrence relation in the form
s, —ks,_; = f(n) and then backtrack till the initial condition. As a result we get a number of
equations and then add these equations in such a manner that all intermediate terms get
cancelled. Finally, we get the required solution to the recurrence relation. For example,
consider the first order recurrence relation

s, =8,_,+2 with s, =3.

Thus, we get the following set of equations.

Sn - sn—l = 2

sn— 1 Sn—Z = 2

Sn—2 - sn—3 = 2
sn— 3 Sn— 4 = 2

Sy —8 =2

On adding these (n — 1) equations we get s, —s; = 2(n -1),

Therefore, the solution to the recurrence relation is s, =3+2(n-1).

H 5.7 HOMOGENEOUS SOLUTIONS

The total solution of a linear recurrence relation with constant coefficients is the sum of
homogeneous solution and particular solution. In this section, we discuss how to get the
homogeneous solution of a linear difference equation with constant coefficients. The
homogeneous solution to the linear difference equation with constant coefficients is obtained
by making f(n) = 0. Consider the homogeneous linear difference equation

CyS, T €S, _1+CyS, _o+C8, _3+...+¢s,_, =0
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A homogeneous solution of a linear difference equation with constant coefficients is of the

form Ar* , where r, is called a characteristic root and A is a constant obtained by the boundary

conditions. On substituting s, = Ar" in the above difference equation, we get

CoAT" + e, Ar" T+, Ar" P + e Art T + L+, Ar" TP =0

Le., Artle, +ert +er? +er? .+ r =0

ie., [c, +er ' +e,r? +e,r® + .+ c,r 1= 0; [ Ar" #0]
. k k-1 k-2 k-3 _

ie., [eor® +eyr " +er™ ™ +er" + .+ r+c,1=0

The above equation is known as characteristic equation of the difference equation.
Therefore, if r; is a root of the characteristic equation, Az is a homogeneous solution to the
difference equation. The above characteristic equation is of 2™ degree and thus it has %
characteristic roots. So, there arise two cases, distinct roots and multiple roots.

Case - 1 If the roots of the characteristic equation are distinct, then the homogeneous
solution to the difference equation is given as,
sh= A+ A A+ A

where, r, 1,, .-+, 1, are distinct characteristic roots and the constants A,, A,, ---, A, are to
be determined by the given boundary or initial conditions.
Case - 2 If some of the roots of the characteristic equation are multiple roots, then the
homogeneous solution to the difference equation is given as,
st=(A+An+ A+ +A 0" O + By + By ..+ B,
where, r; be a root of multiplicity m and rest of the roots n,, 73, ..., 7;,_,,,; are distinct. The
constants A, A,, ..., A, B,, B,, ... ,B, ,, are to be determined by the boundary conditions.
Consider the recurrence relation for the Fibonacci sequence
8, =8,11%S8,
ie., 8, —=8,1-8,,=0, 122 5,=1, 5 =1

The characteristic equation is given as
r’-r-1=0
On solving the above equation, we get the characteristic roots , and r, as

1+5 1-5
1 2 and r2=T

They are distinct real roots and the ratio 1+

is known as the Golden ratio. Thus, the

general solution to the recurrence relation is given as

s =A [1+£Jn+A (1“/5Jn

" 2 2
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Using the boundary conditions we get the following equations.

1

J5

A +A,=1and A -A, =

On solving the above equations we get

1+5 _1-5
25 25

Therefore, the general solution to the recurrence relation is given as

)57 (a) (5°)

2J5 2
H 5.8 PARTICULAR SOLUTION

The solution that satisfies the difference equation with f(n) on the right hand side of the
difference equation is called as particular solution. There is no general procedure for
determining the particular solution of a difference equation for every function f(n). However,
in simple cases this solution can be determined by the method of inspection called as trial
sequence method. We consider a trial function depending on certain forms of f(n). The
unknown constants associated with the trial function are to be determined by substituting the
trial function in the recurrence relation. We present a table for trial function based on f(n) to
get the particular solution of the difference equation.

A=

and A, =

1+5
2

1+45
25

o

f(n) Trial
Function
k, where k is a constant P (Constant)
a, where a is a constant but not a Pa”
characteristic root
ar, where a is a constant but a Pn"a"

characteristic root of multiplicity m.

m m-1 m-2
Qyn +a1n +a2n +~~+am

.3
Ex:aypn’ +an+a,

Pn" +Pn" "+ + P,
Ex:Pypn® +Pn® +Pyn + P,

a"(apn™ +an™ ' +an™ % +---+a,)
Ex: bna"

a"(Pyn" +Pn" " +--+P)
Ex:a"Pn+P)

c"(an™ +an™ " +a,n™ % +---+a,) where
¢ is a characteristic root of multiplicity
m.

c'n™(Pyn™ +Pn™ 1+ +P,)

a" +b" +c,where a, b and c are
constants.

Pa" +Pp" +P,
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H5.9 TOTAL SOLUTION

The discrete numeric function that is the sum of homogeneous and particular solution, is
known as total solution. Let s” be the homogeneous solution to the difference equation
whereas s is the particular solution. Therefore, we get

oSt o8t +eyst ,test g ++es! =0 and

coSf + clsj_1 + 0235_2 + 033,{7_3 4t Cksf_k = f(n)
From the above equations on adding we get

Co(sh +8)+ ¢ (s)y +50)+e e+ (sh_, +50,)=fn)

Thus the total solution to the difference equation is s, = s,}f +sP. Tt is observed that, the

particular solution alone will not, in general, satisfy the boundary conditions, however, we can
adjust the homogeneous solution so that the total solution satisfies the difference equation
and boundary conditions.

Consider the difference equation, s, —5s, , +6s, , =4, n>2 ..(@)
with s, = 1, s; = 3. The characteristic equation is given as

r’—5r+6=0 ie, r=2, 3
The homogeneous solution is given as

sh=A, @2 +A,@3)
Let the particular solution be s? =P. Therefore, from equation (i), we get

P - 5P + 6P = 4; ie, P=2
Thus, the total solution to the difference equation is given as

s, =s'+s"=A,(2"+A,(8)" +2
Using initial conditions we get

{Al +A,=-1 for n=0

2A,+3A,=1 for n=1
On solving these equations we get A, =—4 and A, = 3. Therefore, the total solution to the
difference equation is given as

s, =—4(2 +313)" +2=3"-2""+2

H5.10 SOLUTION BY GENERATING FUNCTION

We can find a closed form for a linear recurrence relation by using generating function. Once
the generating function is strong-minded, an expression for the value of the numeric function
can be obtained. We illustrate the technique by the following example.

Consider the recurrence relation



106 Fundamental Approach to Discrete Mathematics

s, +3s, ,—4s, ,=0, n=2

6 =3, 5 = 2 (i)
Multiplying both sides of equation (i) by x", we get

s,x" +3s,_x" —4s,_,x" =0 - (i1)
Summing equation (ii) for all n, n > 2, we get

2 s, x" + 2 3s, ,x" - 2 4s, ,x" =0 o (iid)

n=2 n=2 n=2

Note that G(x) = 2 s,x". Therefore, equation (iit) reduces to

n=0

(G(x)_ Sy — slx)+3xz snilxn_l _4x2 z snizxn—z — 0
n=2 n=2

ie., (G(x)— sy — 8,2) + 3x(G(x) — 5,) —4x*G(x) = 0
ie., G(x)1+3x—4x*) =5, + 8,2+ 3s,x = 3+ Tx
G(x) 3+Tx 3+Tx 2 1

= = = +
1+3x—-4x* (A-x)1A+4x) 1-x 1+4x
=20 +x+x2+..)+Q—-4x+dx)?-..)

=23 2"+ Y (~4xy
n=0 n=0

On equating the coefficient of x" both sides, we get

s, =2+(-4)", n>20

H 5.11 ANALYSIS OF THE ALGORITHMS

Recurrence relation is quite useful in computer science. We use recurrence relation to analyze
the time complexity of several algorithms. The technique is to develop a recurrence relation
and initial conditions that define a sequence s,, s,, s,, s,, ..., where s, is the time required
for an algorithm to execute an input of size n. We can determine the time required for an
algorithm by solving the recurrence relation. In this section, we discuss selection sort, binary
search, insertion sort and Strassen’s matrix multiplication. Once, the idea is clear more
complicated algorithms can be solved.

5.11.1 Selection Sort

This algorithm sorts the given sequence in increasing order. This technique finds the largest
item and places it at the last position. After placing the largest item at the last position, the
algorithm sorts the remaining elements recursively. Let us consider the input sequence of
length n as a,, a,, a,, a,,..., @,. Our aim is to get the sequence in increasing order. Now, we
present the algorithm.
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Algorithm

1. selection _sort (a, n)
2. if (n=1) then

3. return

4. else

5. max_index =1

6. for i=1 to n do

7 if (@, > Qo inae) then
8 max_index =1
9 swap(a,, .. index)

10. selection _sort (a, n—1)

In order to compute the time complexity, we count the number of comparisons s, at line 7
required to sort n items. Here, immediately we obtain the initial condition s, = 0. In order to
obtain the recurrence relation, we count the number of comparisons at each line and then add
these numbers to get the total number of comparisons s,. From the algorithm it is clear that
the number of comparisons at lines 1 — 6 is zero. Again, we have (n — 1) comparisons at line 7.
Similarly, there is no comparison at lines 8 — 9. Line 10 again repeats the same algorithm with
input size (n — 1). But this algorithm requires s, , comparisons for input size (n — 1). Therefore,
the total number of comparisons is given as

s, =s,,+(m-1) withs,=0.
This is the required recurrence relation. On solving this by iteration, we get
s, =s, ,+(n-1)

=s, ,+(n-2)+(n-1)

=5, ,+(n-3)+(n-2)+(n-1)

=5 +1+-+(n-3)+(n-2)+(n-1)
=1+-+(n-3)+(n-2)+(n-1)

_ (n-Dn _

8(n?)

It is to be noted that the best-case, worst-case and average-case times are all the same for
this algorithm.

5.11.2 Insertion Sort

This algorithm sorts a given sequence «q,, a,, @, @,,..., @, in increasing order by recursively
sorting the first (n — 1) elements and then inserting n'™ element in the correct position. So,
the algorithm takes different amount of time to sort two input sequence of the same size. It is
noted that, the algorithm works very firstly on less elements. Here, we present an algorithm
for input sequence of length n.
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Algorithm
1. Insertion _sort (a, n)
2. if (n=1) then

3. return

4. Insertion _sort (a, n—1)

5 i=n-1

6. temp=a,

7 while (i=21) and (a;, >temp) do
8 begin

9. Uiy =G

10. i1=1—-1

11. end

12. a;,, =temp

13. end Insertion _sort

In order to compute the time complexity, we count the number of comparisons s, at line 7
required to sort n elements. Here, directly we obtain the initial condition s, = 0. In order to
obtain the recurrence relation, we count the number of comparisons at each line and then add
these numbers to get the total number of comparisons s,. From the algorithm it is clear that
the number of comparisons at lines 1 — 3 is zero. Again, line 4 repeats the same algorithm with
input size (n — 1). But this algorithm requires s, ; comparisons for input size (n — 1). Similarly,
there is no comparison at lines 5 — 6. The total number of comparisons at line 7 is either zero
or maximum of n that depends on the input elements. Again there is no comparison at lines
8 —13. The worst-case occurs only when the elements in the sequence are given in reverse
order, i.e., in decreasing order. So, the total number of comparisons in worst-case is given as

s, =s,,+n withs,=0
This is the required recurrence relation. On solving this by iteration we get
s, =S,,+tn

=s ,+(n-D+n

=5+2+ - H(n-2)+(n-D+n
=2+ - +(n-2)+(n-D+n

_ n(n2+ 1) _1=6n?)

Similarly, the best-case occurs if the elements are already sorted. In this case the body of
while loop at line 7 is never entered. This is because at each time when i has its initial value
of (n — 1) we find that a, < temp at line 7. Thus, s, =1forn =2, 3, ... , n at line 4. Therefore,
the best-case running time is given as 0(n).

5.11.3 Strassen’s Matrix Multiplication

In this section, we discuss a new technique of matrix multiplication called Strassen’s matrix
multiplication. Let A and B be two (r x r) matrices. Our aim is to obtain the product matrix
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AB. Let the product matrix be P. Therefore, P is also a matrix of order (r x r). Here we adopt
a new strategy known as divide-and-conquer to get the product matrix P. For simplicity, we
assume that r is a power of 2, i.e., r = 2". If r is not a power of 2, then find a least suitable
integer m greater than r and is a power of 2. Now, change both the input matrices A and B to
be of order (m xm) by introducing (m— r) number of rows and columns with entities as zero.

Algorithm

1. Partition both the given matrices A and B into (% X %) submatrices. Therefore, we get

All A12 Bll B12

A21 A22 B21 B22

r_r .
where A, A, Ay, Ay, By, By, By, By, areall (EXE) submatrices.

2. Compute fourteen matrices A, A,, ..., A;, B;, B,, ..., B, of order (%x%) r as below.

A = (A +Ay); B, = (B, +By,);
Ay =(A —Ay); B, = (B,, + By,);
A, =(A; —Ay); B, = (B, +Byy);
Ay =(Ap +AL) B, = By,;

Az =(Ay +Ay,); B, = Byy;

Ag = Ap; Bs = (By, —Byy);
A7 = Ag; B, =(B,, =By

3. Compute seven matrices M,, M,, ... ,M, of order (%X%) such that
M,=A,B;,,i=1,2,...,7

4. The product AB can then be expressed as
Pll P12

where P,,, P,,, P,;, Py, are all (% X %) submatrices to be computed such that
P, =M, +M,-M, +M, Py, =M, + M,
P, =M, +M; P,, =M, - M; —M; + M,
A quick count indicates that such an algorithm requires 7 multiplication operations and 18
addition operations of order (% X %) . Let s, denote the total number of arithmetic operations
required to multiply two (rxr)= (2" x 2") matrices. Therefore, we have

s, =17s, ,+18x 2% ~? with the initial condition s, = 1
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This is the required recurrence relation. The above recurrence relation can be written as
s,~Ts, ,=18x4""" s, =1 ()
The characteristic equation is given as
r-7=0 e, r="17
The homogeneous solution is given as

st =A,(7)
Let the particular solution be s? = P4". Thus, from equation (i) we get
P4" —7P4" ' =18-4""" ie., 4" (P —%) =4" (%)

On equating the coefficient of 4" both sides we get P = 6. Therefore, the total solution to the
difference equation is given as

s, =s'+s?=A(7)"+6-4"
On using the initial condition s, = 1, we get A, = 7. Therefore, the total solution to the
recurrence relation is given as
5, =T7-T"+6-4" =T-T%" +6-4""; [-n=Igr]

=778 +6.r% =7.72 8 1 6.p?

Thus, the computing time of the algorithm presented above is 6(r2 ®). So, it takes less
computing time than the ordinary matrix multiplication.

5.11.4 Binary Search

Let a;, a,,;, @5, ... ;a; be a list of elements that are sorted in increasing order. Consider a
problem of determining whether a given element x is present in the list. If the element x is
present in the list, then our aim is to determine the index ” such thata; = x . If the element
is not present in the list, then ’ is to be set to zero. Let P =(n, a,, ... ... ,a;, x) denotes an
arbitrary instance of this search problem, where n is the number of elements in the list
a1,Q;,1,049,---,0;, and x is the element to be searched. Here we present a recursive algorithm
of this binary search.

Algorithm
1. Binary_search (a, i, j, x)
2. if A>J) then

3. return (0)

4. else

5. k=l(l+J)J
2

6. if (x=a,) then
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7. return (k)
8. if (x<a,)
. j=k-1
10. else
11. J=k+1
12. Binary _search(a, i, j, x)

13. end Binary _search

Now, we have to compute the time complexity in the worst case. Let the total number of
elements in the list be n. Denote s, as the worst-case time. If n = 1, then the sequence contains
only one element a; and thus i =j . In worst-case, the element x will not be found at line 6, so
the algorithm will be invoked a second time at line 12. However, in the second call of binary
search we will have i > j and the algorithm will terminate at line 3 by returning value 0.
Therefore, it is clear that the algorithm invoked twice when n = 1. Therefore, the initial
condition is given as

s, =2.

If n >1, then definitely i <j. Thus, the condition at line 2 is false. In the worst-case, the
element will not be found at line 6 and thus the algorithm will be invoked at line 12. So, the
time required by the invocation at line 12 is s,,, where m is the size of the sequence that is

n-1
input at line 12. Thus, the sizes of the left and right sides of the original sequence are l 2 J

n
and \‘EJ respectively. As the worst-case occurs with larger sequence, so we get s, = SV J
2

Therefore, the recurrence relation to the binary search is given as

s, =s,,+1 with s, =2 ..@
H
Such type of difference equations are difficult to solve, however we solve this when n is a

power of 2. Let us take n=2". Therefore, above difference equation (i) reduces to

Sy =Sy +1 ...(11)

with s, =2
Let us take b, = s,,. Therefore, s, =s, =b,. So, the above equation (if) with initial condition
reduces to
b,=b,,+1 with b, =2
On solving by iterative method, we have
b,=b,,+1
=b,,+1+1=5,,+2x1
=b,,+1+2x1=b, , +3x1

=b,,+kx1=b,+k =2+F
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Therefore, we get b, =2+Fk ...(@ir)
On substituting n = 2%, we get lgn = £1g2 = k. Therefore, the above equation (iii) reduces to
b,=2+1g n
ie., s, =2+1g n
If n is not a power of 2, then n lies between two powers of 2. So, we get
2" <n< 2t
Since the given sequence s is increasing, we get
. Sp1 =8, S,
L€ 2+(k-1)<2+1lgn<2+k [vs,=b,=2+kl
Therefore, on combining these in-equations we get

lgn<k+1l=s,,<s,<s, =2+k<3+Ign

Thus, s, = 6(lgn) . This is the worst-case running time of binary search for input of size n.

@ SOLVED EXAMPLES @

Example 1 Find the generating function in closed form for the sequence of real numbers 0, 0,
0,1,1, 1,1, ...

Solution: We know that 1+x+x2+x3+---+x"+---=11 .
—x

1

Therefore, the generating function of 1, 1, 1, ... is . It implies that

—
&

3
=l +at %+ "+

1-x
xS

Hence, the generating function for the sequence of real numbers 0, 0, 0, 1, 1, 1, ...is .
1-x

Example 2 Find the generating function in closed form for the sequence of real numbers 2, 2,
0,22, ..

1
1-x°

2

Solution: We know that 1+x+x” +x° +...+x" +...=

Therefore, 2+ 2x+2x% + 2% +... +2x" +... = 1 .
—x
z 2x". So, the generating function of

2% =24 2x+2x3 +... +2x" +... =
A
A

2
It implies that 1

=0
# 2

2
2,2,0,2,2,...is — —2x".
1-x

Example 3 Solve the recurrence relation s —7s _, +10s, ,=0, n>2. It is given that the

initial conditions are sy =0 and s; = 3.
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Solution: Given that the recurrence relation s, —7s, , +10s, , =0
The characteristic equation is given as
r’=7r+10=0
On solving the above equation, we get the characteristic roots
r=2andr=5
Therefore, the solution to the recurrence relation is given as
s, =A,©2) +A,5)" (D)
On imposing the initial conditions, we get
A +A,=0 [ s, =0]
2A, +5A,=3 [-s, =3l
On solving the above equations we get A, = -1 and A, =1. Therefore, from equation (i), we
get
s, =-1(2)" +5".
Example 4 Solve the recurrence relations,—7s, ,+10s, ,=0, s,=0and s, = 3 by using
generating function where, n > 2 .

Solution: Consider the recurrence relation

s —7s, ,+10s, , =0, n=>2

5,=0, s =3 @
Multiplying both sides of equation (i) by »*, we get
s, x" =Ts, ;x"+10s, ,x" =0 ...(ir)

Summing equation (i7) for all n, n > 2, we get

Y s, x" =Y, s, x" + Y 10s, ,x" =0 (D)
n=2 n=2 n=2

Note that G(x) = Z s,x" . Therefore, equation (iii) reduces to

n>0

(G(x)— Sy — Slx) _7xz sn_lxn—l + 10.762 2 Sn_zxn_z -0
n=2

n=2

ie., (G(x) - s, — 8,%) — Tx(G(x) — 5,) + 10x*G(x) = 0

le., G(x)1-Tx+10x%) = s, + 8,x — Tsyx = 3x

ie., G=—% 3x I S
1-7x+10x" (1-2x)A1-5x) 1-2x 1-5«x

Le., G(x)=-11-22)" +1—-5x)" = -1) 2x)" + Y (5x)"

n=0 n=0
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On equating the coefficient of x" both sides, we get
s, =(-1)2" +5", n=0
Example 5 Solve the recurrence relations, —4s, ;+4s, ,=0,s,=1 and s, =6 by using

generating function where, n>2.

Solution: Consider the recurrence relation
s, —4s, _,+4s, _,=0, n=2 (@)
s5,=1, 8 =6

Multiplying both sides of equation (i) by x" , we get
s, x" —4s, x"+4s, ,x" =0 (7))

Summing equation (if) for all n, n > 2, we get
2 s,x" — 2 4s, x" + 2 4s, ,x" =0 . (i)
n=2 n=2 n=2

Note that G(x) = z s, x" . Therefore, equation (iii) reduces to

n=0

oo

(G(x) -, — Slx)_ 4xz Sn—lxn_l + 4x22 Sn_zxn_z -0
n=2 n

=2

ie., (G(x) — s, — 8,0) — 4x(G(x) — 5,) + 4x’G(x) = 0
ie., Gx)1-4x+4x*) =5, + 8,0 —4syx =1+ 2x
. 1+2x 1+2x -1 2
re ) = a2 1-2x A-20
ie., Gx)=-11-2x)"+2(1-2x)7?
ie., Gx)=-101+2x+2x)% +--)+ 21 +2(2%) +3(2x) 2 +---)
ie., Gx)=-1) 2x)"+2) (n+1)(2x)"
n=0 n20

On equating the coefficient of x" both sides, we get
s, =(-12" +(n+1)2""' =(1+2n)2", n>0
Example 6 Solve the recurrence relation s, —4s, ;+4s, ,=0, s, =1 and s, =6 without using
generating function where, n> 2.
Solution: Consider the recurrence relation
s, —4s, _,+4s,_,=0, n=2 (D)
s,=1, 5 =6
The characteristic equation to the equation (i) is given as

r’—4r+4=0, ie, (r—-2°2=0



Generating Function and Recurrence Relation 115

The characteristic roots are given as r = 2, 2. Therefore, the solution to the recurrence
relation is given as

s, = (A, +A,n)2" ..(10)
On imposing the initial conditions, we get
A =1 [s, =1l
2A,+2A,=6 [-s, =6]

On solving these equations we get A, =1 and A, = 2. Therefore, the solution to the difference
equation is given as
s, =(1+2n)2", n20
Example 7 Solve the difference equation s, —7s, ,+10s, , = 3", given that s, =0 and s, =1.
Solution: Consider the difference equation
s, —7s,,+10s,, =3" (D)
s,=0, s,=1
The characteristic equation to the difference equation (i) is given as
r’—7r+10=0
ie., r-2X(r-5=0

Therefore, the characteristic roots are r = 2, 5. So, the homogeneous solution to the equation
() is given as

st = A2 +A, () .0
Let the particular solution to the difference equation (i) be s? = P3". Thus, from equation (i)
we get

P3" -7P3"' +10P3"* = 3"
ie., 3" (P_E+_10P):3”

3 9
2P

ie., ( 9 )

On equating the coefficient of 3" both sides, we get P = —g . Therefore, the particular solution

9
is given as s? = (—2) 3". Hence, the solution to the difference equation (i) is given as

s, =s"+5” = A2 +A,(5) + (—%)3”
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On imposing the initial conditions, we get
A, +A, zg [+ 5, = 0]
2A, +5A, = % [-s =1]

On solving these equations we get A, =% and A, = 1—61 Therefore, the total solution to the
difference equation is given as
_ 8oy, 11 =vn . [_9)\an

5,= 5@ + Loy +(-3)3
Example 8 Solve the difference equation s, +6s, ,+9s,_, =3, given that s, =0, s, =1.
Solution: Given that the difference equation

s, +6s,,+9s ,=3 ...(@)
The characteristic equation is given as

r’+6r+9=0 ie., r=-3, -3
The homogeneous solution is given as

s" = (A, + A,n)-3)"

Let the particular solution be s? = P . Therefore, from equation (i), we get

i 3
P+6P +9P = 3; ie, P= 16
Thus, the total solution to the difference equation is given as
3

=s'+s” =(A, +A,n)(-3)" +—
Sp =8y + 87 = (A + An)(8)" +

Using initial conditions s, =0, s, =1, we get

A1+%=0 for n=0

(A, +A2)<—3>+%: 1 for n=1

On solving these equations we get A, = —% and A, = —1—12. Therefore, the total solution to

the difference equation is given as
S, = —(3+ 1n)(—3)” + 3.
16 12 16
Example 9 Solve the difference equation s, —2s, ,+s, , =3, given that s,=0, s, =1.
Solution: Given that the difference equation

s, —2s, ,+8,,=3 ...(@)
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The characteristic equation is given as
r’=2r+1=0 ie., r =1 is a root of multiplicity 2.
The homogeneous solution is given as
s =(A, +A,n)Q)"
It is clear that 1 is a characteristic root of multiplicity 2 and 3 can be written as 3.12. Let the

particular solution be s? = Pn?. So, equation (i) reduces to

Pn?-2Pn-1*+P(n-2)?%?=3 ie., P=

N | o

Thus, the total solution to the difference equation is given as
3
s, =s'+sP =(A, +A,n)Q)" + Enz

Using initial conditions s, =0, s, =1, we get

A =0 for n=0
A1+A2+%=1 for n=1

On solving these equations, we get A, =0and A, = _% . Therefore, the total solution to the

difference equation is given as

n 3n°
S, =——+
2 2
Example 10 Show that the total solution of the difference equation

s, +8s,_,+6s _,=24r" is A(-2)" + A,(-3)" +2n° + %n + g

where A, and A, are constants.
Solution: Given that the difference equation
s, +5s, , +6s, , =24r" ..
The characteristic equation is given as
r’+5r+6=0

On solving the above equation we get the characteristic roots r=-2, —3. Therefore, the
homogeneous solution is given as

s = A, (=20 + A,(-3)

It is given that the right hand side of the difference equation is 24r°. This is a polynomial of
degree 2. Therefore, consider the particular solution as s? = P,n” + P,n+ P, . So, equation (i)
reduces to

[Pn® + Pyn+P,1+5P,(n -1 + P,(n— 1)+ P,] + 6 [P,(n — 2 + P,(n — 2) + P,] = 247>
ie., 12P,r? + (12P, — 34P, )r + (29P, — 17P, + 12P,) = 24r”
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On equating the coefficients, we have

12P, = 24 ie, P =2
12P, -34P, =0 ie, P,= %
. 77
(29P, -17P, +12P,)=0 ie., P,= D)
. L ., 17 77

So, the particular solution is given as s? = 2n° + ?n + ITh
Thus, the total solution to the difference equation is given as

5 =5 +5 = A, (<2 +A,(-3) +2n” +1—;n+%

Example 11 Find the total solution of the difference equation s, —s, , =5 , given that s, = 2.
Solution: Given that the difference equation s, —s, ; =5 .. (@)
The characteristic equation is given as

r—-1=0 e, r=1 is a characteristic root.
The homogeneous solution to the difference equation is given as

sh=A,Q)"
It is clear that 1 is a characteristic root and 5 can be written as 5.1". Let the particular solution
be s? = Pn . Therefore, equation (i) reduces to

Pn-P(n-1)=5 ie., P=5
Thus, the total solution to the difference equation is given as

s, =s'+s”=A, +5n
Using initial condition s, =2 we get A, =2. Therefore, the total solution to the difference
equation is given as

s, =2+5n
Example 12 Find the total solution of the difference equation s, — 2s, ,=5.2", given that s, =7.

Solution: Given that the difference equation s, —2s, , =5-2" (@)
The characteristic equation is given as

ie., r—2=0 r=2 1is a characteristic root.
The homogeneous solution is given as s = A,(2)"

Let the particular solution be s? = Pn2". So, equation (i) reduces to

Pn2" -2P(n-1)2"'=5.2"
ie., 2"[Pn-P(n-1)]=5-2"
i.e., P=5
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Thus, the total solution to the difference equation is given as

s, =s"+s”=A(2)"+5n2"
Using initial condition s, =7, we get A, =7. Therefore, the total solution to the difference
equation is given as

s, =7(2)" +5n2".
Example 13 Solve the difference equation s, —4s, ,+4s, , =(n+1)3", given that s, =0 and
5,=2.
Solution: Given that the difference equation

s, —4s,,+4s, ,=(n+13" .0
The characteristic equation is given as

r®—4r+4=0 ie., r=2is a characteristic root of multiplicity 2.
The homogeneous solution is given as s” = (A, + A,n)2"
Let the particular solution be s? = (P, + P,n)3" . So, equation (i) becomes
(P, +P,n)3" —4(P, +P,(n -1))3" " +4(P, + P,(n - 2))3"* = (n + 1)3"

ie., 3"[P1+P2n—§(P1+P2n—P2)+%(P1+P2n—2P2)]:n3"+3”
ie, 3 [§(P1+4P2)+nP2(§)]:n3 +3",

On equating the coefficients, we get P, =9 and P, = -27.
Therefore, the total solution is given as
s, =s'+s”=(A, +A,n)2" +(9n - 27)3"
Using initial conditions s, =0 and s, =2, we get A, =27 and A, =1. Therefore, the total
solution to the difference equation is given as

s, =27+ n)2" +(9n - 27)3".

Example 14 Find the total solution to the recurrence relations, —4s, ,+4s, , =(n’+12",
given that s, =0and s, =2.
Solution: Given that the difference equation

s, —4s, , +4s, _, =(n*+1)2" .0
The characteristic equation is given as

r’—4r+4=0 ie., r =2 is a characteristic root of multiplicity 2.
The homogeneous solution is given as s” = (A, + A,n)2"

As the right hand side of the given difference equation is (n? +1)2" and 2 is a characteristic
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root of multiplicity 2, the general particular solution to the difference equation is
s? = (P, + P,n + P,n*)n*2" . So, equation (i) reduces to

(P, +P,n+P,n*)n*2" —4(P, +P,(n - 1D+ P,(n - 1)*)(n - 1)*2" " +

AP, +P,(n-2)+P,(n-2")(n-2)°2"? = (n® +1)2"

ie., 2"[P,n* +P,n’ + Pyn* - 2P,(n-1)* - 2P,(n - 1)’ — 2P,(n - 1)*
+P,(n-2*+P,(n -2 +(n-2)*1=(n" + 12"

ie., 2'[2P, + (61— 6)P, + (121 — 24n + 14)P,] = (n? + 12"

ie., 2'[(2P, — 6P, + 14P,) + n(6P, — 24P,) + 12n°P,| = (n* + 12"

On equating the coefficients, we get
12P,=1; 6P, -24P, =0 and 2P, -6P,+14P,=1

11 1 1
12 P,=—and P,=—

On solving these equations, we get, P, = 3 19"

Therefore, the total solution is given as

s, =s'+s”=(A, +A,n)2" +(H+ln+in2)n22”

-1
Using initial conditions s,=0 and s,=2, we get A, =0 and A, =§-Therefore, the total

solution to the difference equation is given as

s, = —an" +(H+1n+in2)n22”
3 12 3 12

Example 15 Solve the difference equation

Sn = \/Sn—l + \/sn—2 + Vsn—S + \/_

given that s, = 4.

Solution: Given that the difference equation

s, =\/5,171+\/s,%2+\ls,%3+«/T (@)

On taking n =n — 1, we get

S = \/SH - \/ N (D)

On squaring the difference equation (i) we get

srzl =Sn—1+\/sn—2+ Vsn—3 e

ie., s

= Sn—l + sn—l

=0 ...(iii)

S o SN

ie., s> —2s
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Let us take b, =1gs,. It implies that s, = 2%, So, equation (iii) reduces to

(25 ) —2(21) =0

ie., 22 _gbatl  —

This is possible only when 2b, -5, ; -1=0 ...@Av)

Now, we have to solve this first order, linear and non-homogeneous difference equation (iv).
So, the characteristic equation is given as

2r-1=0 i.e., r=l.
2
Therefore, the homogeneous solution is given as b = A(é) .
Let the general particular solution to the equation (iv) is b = P . So, equation (iv) reduces to
2P-P-1=0 ie., P=1
Thus, the total solution is given as
b,=b'+b"=A1)" +1 ...(v)

Again, we have b, =1gs, =1g4 =2. On imposing this condition we get A+1=5,=2, i.e.,
A = 1. Therefore, the total solution is given as

b, = (l)n +1
2
ie., lgs, = (é) +1
(%Jn+ 1

Example 16 Solve the difference equation s’ —2s, , =0, given that the initial condition s, =4.

Le., s, = 2

Solution: Given that s> -2s,, =0 (@)
Let us take b, = lgs,. It implies that s, = 2*. So, equation (i) reduces to

(2%)? —2(2") =0
ie., 226 _ bl —

This is possible only when 2b, -5, , -1=0 ...(00)

The above equation (i7) is of first order, linear and non-homogeneous and hence can be solved.
So, the characteristic equation is given as

2r-1=0 e, r=l.

Therefore, the homogeneous solution is given as 4" = A(%) .
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Let the general particular solution to the equation (i7) is 7 = P. So, equation (ii) reduces to
2P-P-1=0 ie., P=1.
Thus, the total solution is given as

b, =b'+b? :A(%) +1 ... (iii)

Again, we have b, =1gs, =1g4 =2. On imposing this condition we get, A+1=0,=2 i.e,
A = 1. Therefore, the total solution is given as

b, =(l) +1 ie., lgs, =(l) +1
2 2

Iy
X (5) +1
i.e., s =2

n

Example 17 Find the total solution of the difference equation ns, +ns, ,—s, , = 2"
Solution: Given that the difference equation
ns,+ns,;—s,_, =2"
ie., ns, +(n—-1s, , =2" (@)
Let us take b, = ns,. Therefore, (n—1)s, , =b, ;. Thus, the difference equation (i) reduces to
b,+b,,=2" ... (@)

The above equation (i7) is of first order, linear and non-homogeneous and hence can be solved.
So, the characteristic equation is given as

r+1=0 Le., r=-1
The homogeneous solution is given as b,’j =A(1)".
Let the general particular solution to the equation (it) is ? = P2" . So, equation (ii) reduces to
P2" +P2"" = 2"
On equating the coefficient of 2™ we get P = g Thus, the total solution to the difference
equation (i7) is given as

b =B +b = A1) + (g) D%
n 2 n
The above equation (iii) is the required total solution.

Example 18 Solve the difference equation s, —ns,_; = n!; n 2 1with initial condition s, = 2.

Solution: Given that s, —ns, ;, =n!; n>1 .0
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Let us take b, =s, /n! . Therefore, b, , =s, , /(n—1)!. Thus, equation (i) reduces to
' n! b, —-n(n-1! b, , =n! N
ie., b b =1 (1)

The above equation (i7) is of first order, linear and non-homogeneous and hence can be solved.
So, the characteristic equation is given as

r-1=0 ie,r=1

Therefore, homogeneous solution is given as " = A(1)".
Since, the characteristic root of the difference equation is 1 and 1 can be written as 1", the

general form of particular solution is 4” = Pn . So, equation (ii) reduces to

Pn-Pn-1=1 ie., P=1
Thus, the total solution to the difference equation (i7) is given as
b,=b'+b"=A)" +n ...(@i0)

Again, we have b, = s,/0! = 2. On imposing the condition in equation (iii), we get A = 2. Thus,
the total solution is given as

b, =21)"+n
ie., s, /n!=2(1)"+n
ie., s, =n! (2%1"+n)

Example 19 Compute the product AB by using Strassen’s matrix multiplication algorithm where

(2 4 (1 6
A: =
3 5} and B 3 2:|

Solution: Given that the matrices

A=|--- ¢ ...] and B=]|---

Partition both the given matrices A and B into submatrices of order (1x1). Therefore, we get

the submatrices A,;, A,,, Ay, Ay, By, By, By, By, as below.

AL,=2,A,=4,A,,=3, A,, =5
B,=1, B,=6, B,, =3, B,, =2

Now, compute fourteen matrices A, A,, -+, A;, B;, B,, ---, B, as below
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A=A, +A,,)=T,; B, =(B,; +B,,)=3;
Ay =(Ap —Ap)=-1 B, =(By +By) =5
Ay =(A; —Ay)=-1L By=(B,;+By)=T;
A, =(A;+A,)=6; B, =B, =2

A, =(Ay +A,)=8; B, =B, =1

Ag=A; =2 B; = (B, —By) =4;
A; = Ay =5 B, =(B, -B;;)=2

Compute seven matrices M,, M,, --- ,M; of order (1x1) such that M, =AB,, i=1,2,..., 7.

Therefore, we get
M, =21, M, =-5 M, =-7, M, =12, M, =8, M; =8, M, =10
Now, compute the submatrices P,,, P,,, P,,, P,, as below:

P,=M,+M,-M,+M, =14

P, =M, + M, = 20

P, =M, +M, =18

P, =M, -M, - M, + M, = 28
Therefore, the product AB is given as

Example 20 Solve the difference equation s’ —2s’_, = 1; with initial condition s, = 2.
Solution: Giventhat s>-2s> =1 .0
Let us take b, = s>. Therefore, b, , =s? . Thus, equation (i) reduces to

b, -2b =1 ...(i)

This is a first order, linear and non-homogeneous difference equation and hence can be solved.
So, the characteristic equation is given as

i.e., r-2=0 r=2
Therefore, homogeneous solution is given as b;‘ =A2)".

Let the general form of particular solution is 4? = P. So, equation (i7) reduces to

ie., P-2P=1 P=-1
Thus, the total solution to the difference equation (i7) is given as

b, =b"+b? = A2 -1 ... (i)
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Again, we have b, = s; = 4. On imposing the condition in equation (iii), we get A = 5. Thus, the
total solution is given as
b,=5%2"-1 e, s?=5%2"-1
N v
Example 21 Determine s, ifs, =0, s, =1, s, =4,and s, =12 satisfy the difference equation
s, +¢,8, ;+¢cs, 5, =0.
Solution: Giventhat s, +¢s, ;+¢,5, ,=0 ...(D)
and s, =0, 5,=1s,=4, s, =12.
On putting n = 2 in equation (i), we get
Sy +¢,8 +¢8,=0; ie, ¢ =—4
On putting n = 3 in equation (i) we get
Sy + ¢85, +¢,8, =0; e, 4c +c,=-12
= c, =4
Therefore, equation (i) reduces to s, —4s, ; +4s, , = 0. The characteristic equation is given as

r’—4r+4=0 e, r=22

Thus, the total solution is given as s, = (An + B)2". On imposing the initial condition s, =0

1
and s, =1,weget B=0and A = 9" Therefore, the total solution to the difference equation is

given as

s, =n2"".
Example 22 Solve the difference equation s, +s, ,+s, , =0, given that s, =0 and s, =2.

Solution: Given that s, +s,,+5,,=0 ..
The characteristic equation to the above equation is given as
1.8

r’+r+1=0 ie., r =
2 2

Thus, the homogeneous solution is given as
Sn:Al _1_{_& +A2 _l_ﬁ
2 2 2 2
On using the initial conditions s, =0 and s; = 2, we get
A +A, =0 n=0
4
Al — Az =—=; n= 1

INEN
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and A, = ——. Thus, the total solution is

i3

. . 2
On solving above two equations we get A, = -

i3

Lo 2( 1 aBY 2(1 iBY
"3l 2 2 W3l 2 2

Example 23 Find the total solution of
s, +bs,_,+6s, _,=42-4"

given as

Solution: Given that s, +5s, , +6s, ,=42-4" ...(0)
The characteristic equation of the above difference equation is given as
ie., r’+5r+6=0;, r=-2, -3

Thus, the homogeneous solution is given as
s = A (=2)" + A, (-3)"
Let the general form of particular solution is s? = P4". So, from equation (i) we get
P4" +5P4"" + 6P4" % = 424"
ie., 4”(P+%P+%P):42~4”
On equating the coefficient of 4" both sides, we get P = 16 and hence s? =16-4". Therefore,
the total solution is given as
s, =5 +8"=A(-2)" + Ay(-3)" +16-4"
Example 24 Find the total solution of the following recurrence relation
s, +s,,=3n-2"
Solution: Given that s, +s, ,=3n-2" ..(@)
The characteristic equation of the above difference equation is given as
ie., r+1=0; r=-1
Thus, the homogeneous solution is given as s" = A,(-1)". Let the general form of particular

solution is s? = (P,n + P,)2". Therefore, from equation (i), we get

(Pn+P,)2" +(P(n-1)+P,)2" " =3n-2"

i'e') n2" (gpl) +2" (%P2 —%Pl):3n2"

2
On equating the coefficients and on solving we get P, =2 and P, = . Hence, the particular

3

2\ on
solution is given as S, = (2n + 3)2 - Therefore, the total solution is given as

s, =8"+s” = A, (-1)" +(2n+§)2”
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Example 25 Find the general solution of the difference equation
4s,—20s, ,+17s, ,—4s, ;=0
Solution: Given that the difference equation
4s, —20s, , +17s, ,—4s, ;=0 ...(0)
The characteristic equation of the above difference equation is given as
4r® —20r* +17r-4=0
ie., (r-4)2r-17=0

r=4,r=—, —
Le 2’ 2

Therefore, the general solution to the difference equation is given as
s, =A 4" +(A,n+ A3)(é)n
Example 26 Find the general solution of the recurrence relation
s, +6s, ,+12s, ,+8s, , =0
Solution: Given that the difference equation
s, +6s, _,+12s ,+8s, ,=0 ...(0)
The characteristic equation of the above difference equation is given as
r’+6r’+12r+8=0
i.e., (r+27°=0
ie., r=-2 -2, -2

It implies that r = -2 is a characteristic root of multiplicity 3. Therefore, the general solution
to the difference equation is given as

s, =(An* + An+ A (-2)"

Example 27 Obtain the partial decomposition and identify the sequence having in the following
expressions as generating function.

5+2x 6—29x
(@) G(x) = 147 ) Gx)= m
Solution: (@) Given that G(x)= 2 2
1-4x
N Gx) = 5+ 2x __ 3 N 2
A-2x)2+2x) (A-2x) (A+2x)
= G(x)=31-2x)"+2(1+2x)" ..@

Note that G(x) = 2 s,x". Therefore, equation (i) reduces to
n=0

Y 52 =3 @2y +23 (207"
n=0 n=0 n=0
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On equating the coefficients of both sides we get
s, =3-2"+2(-2)"; n=20

B {5-2" if n is even

. s =
Le. " 12t ifnisodd

(b) Given that G(x) = _ 6-29x
1-11x+ 30>
6 —29x 7 1
= Glx) = S ke e
= G(x) =71-6x)" —(1-5x)" ...(0)

Note that G(x)= 2 s, x" . Therefore, equation (i) reduces to

n=0

2 s, x" = 72 (6x)" — 2 (5x)"
n=0 n=0 n=0
On equating the coefficients of x" both sides, we get
s, =7-6"-5";,n=20

Example 28 Obtain the partial decomposition and identify the sequence having in the following
expressions as generating function.

32-22x 1
Glx)=——"— b) Glx)=
(@) G(x) YRR ) Gx) 5 Gt o
Soluti . Gi h G(x)—w
olution: (a) Given that = 8t

32 —-22x _ 10 N 12
@2-x)1-x) (1-x) (2-x)

= G(x) =
-1
= G(x)=100-x)" +6(1 —g) ...

Note that G(x) = 2 s,x". Therefore, equation (i) reduces to

n=0

2 s, x" = 102 x" +62 (f)
n=0 n=0 n=0 2
On equating the coefficients of x"both sides, we get

s, =10+6(1) ; n=20
2
1

) Given that G(x) = m
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1 1 1

= )= 5 oi0 " dd-n 46-2
Ly ws L(1ox)

= G(x)—z(l—x) +20(1 5)

Note that G(x) = 2 s,x". Therefore, equation (i) reduces to

n=0

SR £ DS IR Y 2N
PREPN +20n_0(5)

On equating the coefficients of x” both sides, we get

s =l+i(l) ; n=0
"4 20\5

Example 29 Solve the difference equation by using generating function.
s,—6s, ,+5s, ,=0,n22;5,=2,8,=2

Solution: Multiplying both sides of difference equation by x", we get
s,x" —6s, ,x" +5s, _,x" =0

Summing equation (i7) for all n, n > 2, we get
2 s, x" — 2 6s, ,x" + 2 Bbs, ,x" =0
n=2 n=2 n=2

Note that G(x) = 2 s,x". Therefore, equation (iii) reduces to

n=0

(Glx) - So = slx) - 6xz ‘S.n—lxn_1 + 5x2 2 Snizxn_2 =0
n=2 n=2

Le., (G(x) — s, — 5,%) — 6x(G(x) — 5,) + 5x°G(x) = 0
ie., G(x)(1-6x +5x%) =5, + 8,5 —6s)x = 2—10x
e, Gu=—210% _ 2 _oq 4

1-6x+52° (1-x)
ie., D sx" =2 «
n=0 n=0

On equating the coefficient of x" both sides, we get s, =2, n>0.
Example 30 Solve the difference equation by using generating function.
s,—bs, ,+6s, ,=0,n=22;s,=2,5,=4

Solution: Multiplying both sides of difference equation by x", we get

n n no__
s,x" —bs,_x" +6s,_,x" =0

@)

@)

..(i0)

..(2)
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Summing equation (i) for all n, n > 2, we get

i s, x" — i bs, x" + i 6s, ,x" =0
n=2 n=2 n=2

Note that G(x) = z s x" . Therefore, equation (ii) reduces to

Le.,

Le.,

ie.,

ie.,

n=0

(G(x) - Sy — 8,%) — 5x2 Sn_lxn—l + 642 2 Sn_zxn_z -0

n=2 n=2
(G(x) — 85 — 8,%) — 5x(G(x) — 5,) + 6x°G(x) = 0
G(x)1-5x+6x”) =5, +8,x —bs,x =2—6x
2-6x 2
1-5x+6x* (1-2x)

i s x" = 22 (2x)"
n=0 n=0

G(x) = =2(1-2x)7"

On equating the coefficient of both x”" sides, we get s, =2"*', n.>0.

Example 31 Solve the difference equation by using generating function.

4s,+3s, ,—8, ,=5,n=22;5,=1,8,=4

n

Solution: Multiplying both sides of difference equation by x", we get

n n n __ n
4s,x" +3s,_x" —s,_,x" =bx

Summing equation (i) for all n, n > 2, we get

ie.,

Le.,

ie.,

ie.,

e.,

ie.,

ie.,

i 4s x" + i 3s, x" — i 8, X" = i5x”
n=2 n=2 n=2 n=2

4 s,x"+3) 5, 1 x" = 3,8, _,x" =50 +x° +at +:+)
n=2 n=2 n=2

4(G(x) — 5, — 8,%) + 3x(G(x) — 5,) — x’G(x) = 5> (1 + x + & + -

G(x)(4 +3x —x*) = 4s, + 4s,x + 3s,x + 5x”(1— x)~"
5x>  4+15x-15x"

G(x)(4+3x—x*)=4+19x +

1-x)  (1-%
4 +15x —15x2 4 +15x —15x2
G(x) = 5T =
A-x)4+3x-x") A-x4-x)1+x)
Glx) = 2 176 13

30-x 15d-x 50+x)

2 176 x)' 13
G =21-20"+—[1-2| -=Z1+x"
(x) 3( X))+ 60( 4) 5( +x)

Since, G(x) = 2 s,x". Therefore, above equation reduces to
n=0

.. @)

..@@)
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oo 2w o M (x) 18
nz:gs”x =3 X7 +15Z(4) 5,;( %)

n=0 n=0

On equating the coefficient of x" both sides, we get
2 44 ( 1 )” 13

s =
" 3 15

4

Example 32 Solve the difference equation by using generating function.

-=(1", n20
5( ), n=0,

s, —bs,_ ;+6s, ,=n+2", n22;s,=1,s,=1
Solution: Multiplying both sides of difference equation by x", we get
s, x" —bs, x"+6s,_ ,x" =nx" +(2x)"

with s, =1, s; =1. Summing above equation (i) for all n,n = 2, we get
Z s, x" — Z bs, x" + Z 6s, x" = Z nx" + Z (2x)"
n=2 n=2 n=2 n=2 n=2
=x[1-2)7 1]+ @201 -2x)"

Note that G(x) = 2 s,x". Therefore, above equation reduces to

nx=0

o B > _x (2x)°
(G(x) — 55 — 8;0) — Bx(G(x) — s5) + 6x°G(x) = A x 1-20
. B o_ X (2x)* B
ie., G(x)(1-5x+6x") = Aap x+ A—2x) + 5, + 5% —bsyx
2
Le., G(x)1-5x+6x2) = Y x4 (2x) +1+x—-5x

1-x) 1-2x)
2-8x+27x" —35x° +14x*  2-8x+27x" —35x° +14x*

e G = A 200 —Br 625 -2’ —22°(1—3%)
ie., G(x) = 5 + 1 5= 3 _ 2 5+ 17
41-x) 20-x)7° (1-2x) (1-2x)° 4(1-3x)
ie., z s, x" = 5 z X"+ 1 Z (n+Dx" - 32 (22)" — 22 (n+1D2x)" + 17 z (3x)"
n>0 4n20 2n20 n>0 n=0 4 n>0

On equating the coefficient of x" both sides, we get

s, :§+M—3-Z”—2(n+1)2"+£'3n, n=0
4 2 4
7 n 17

ie., s, =—+—-——(02n+5)2"+—-3", n=20
4 2 4

..(2)
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Example 33 Solve the difference equation by using generating function.
s, +s, ;=4n-3, n21;s,=1
Solution: Multiplying both sides of difference equation by x", we get
s, x" +s, x" =4nx" -3-x" ...(@)

with s, =1. Summing above equation (i) for all n, n > 1, we get

Y sx"+ Y, s, 2" = ) 4nx" =Y 3x" =4a(l-x)" —3x(1-x)"

n>1 n>1 n>1 n>1

Note that G(x) = Z s,x". Therefore, above equation reduces to

n=0
4x 3x
(G(x) —5,) + xG(x) = m “d-m
4x 3x 4x 3x
he = A T T U em
1-x+4x2 5 2 3
... G = = —_—
hey 0= P irn . 20-m A-f 20+ w0
ie., Y sa" = -5 Y x"+2) (n+Dx" +§ Y (=)
n=0 2 n=0 n>0 2n20

On equating coefficient of x"both sides, we get
-5 3
s, =?+2(n+1)+§-(—1)”, n=0.
Example 34 Solve the recurrence relation by using generating function.
s,—2s, ;+s, ,=7,n=22;5,=2,5 =4
Solution: Multiplying both sides of difference equation by x", we get
s, x" —2s,_x" +s, ,x" =Tx" ...(@)

with s, =2 and s, =4. Summing above equation (i) for all n, n > 2, we get the following
equation.

2 s,x" — z 2s, 2" + z S, X" = z Tx" )

nx2 nx2 nx2 nx2

Note that G(x) = z s,x". Therefore, above equation (it) reduces to

n=0

(G(x) — 55 — 8,0) — 20(G(x) — 5,) + £’ G(x) = Tx*(1 — %)™
T +8, + 8,4 —2x8 =—7x2—2x+2
Q-x) ‘ 1-x)
' -2x+2_ 7T 12 N 7
1-x)° 1-x) A-x* 1-x°

ie., Gx)(1-2x+x") =

ie., G(x) = 7



Generating Function and Recurrence Relation 133

i‘e" 2 snxn — 72 " _122 (n+1)xn +7z (—3)(—4)(—3—n+1)(—x)n
n=0 n=0 n>0 n>0 n!

i.e., zsnx" =72xn_122(n+1)xn+7z (n+2)‘ x"
n=0 n=0 n=0 n=0 2(”)!

On equating coefficient of x” both sides, we get

(n+2) !

—2(n) ! , n>0

s, =7T-12(n+1)+7-

Example 35 Solve the recurrence relation by using generating function.
s,—7s, ,+10s, ,=3",n=22;s,=0,s,=6
Solution: Multiplying both sides of difference equation by x", we get
s, x" =Ts, x"+10s, _,x" =(3x)" ..@)

withs, =0 and s; = 6. Summing above equation (i) for all n, n>2, we get the following

equation.

2 s, x" — 2 7s, X" + 2 10s, ,x" = z (8x)" @)

nx2 nx2 nx2 nx2

Note that G(x) = 2 s, x". Therefore, above equation (ii) reduces to

n=0

(G(x) — 5, — 8,%) — Tx(G(x) — 5,) + 10x°G(x) = (3x)*(1 —8x) "
. B o 9x? B _ 6x-9x?
ie., G(x)1-Tx+10x") = 1-3%) + 8, + 8,6 —Txs, = 1 30
: 6x —9x” -9 7 1
Le., G(x) = = + +

(1-320)1-5x)1-2x) 2(1-3x) 21-5x) (1-2x)

ie., Y s,x" = - Y Bx) + 7 Y 5o + Y (2x)"

n=0 2 n=0 2 n=0 n=0

On equating coefficient of x” both sides, we get
-9 7
=223 +=(56)+©2)"; n=0
i = 3 2( ) +(2)"; n

Example 36 Find the generating function for the sequence 1, 3, 9, 27, ...
Solution: Let G(x) be the generating function for the given sequence.
Therefore, G(x) can be written as
G(x)=1+3x+9x” +27x% +---
=1+3x+Bx)” +@Bx)° +---
=(1-3x)7"
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Example 37 Find the exponential generating function for the sequence 1, 3, 9, 27, ...
Solution: Let E(x) be the generating function for the given sequence.
Therefore, E(x) can be written as

2 3
E(x) = 1+3x+9i+&
2! 3!
2 3
=1+3x+ @ + m +
2! 3!
— eSx
Example 38 Find the closed form of the generating function for the following sequence {s,},
wheres,=n+ 3.
Solution: Given that s, = n+3. On multiplying both sides by x" and then taking summation
over n >0, we get

ZSnx" e an" + 23x"

n>0 n>0 n>0

Note that, G(x) = 2 s,x". Therefore, above equation reduces to

nzo

G(x) = xZ nx" 7 + 32 " =x1-x2)2+31-x)".

n>x1 n>0

Example 39 Find the sequences corresponding to the following generating functions.
(@) (2+x)° b) I+x)?+e"

Solution: (a) (2+x)® = 8+12x + 6x2 + «°

The sequence corresponding to the above generating function is given as (8, 12,6, 1,0, 0, ...).
2 3

(b) A1+x)*+e" =(1+2x+x2)+(1+x+%+%+---)

= 2+3x+(1+l)x2 +(l)x3 +oee
2! 3!
1 1

The sequence corresponding to the above generating function is given as (2’ 3, (1 + 5)’ 3 )

Example 40 Obtain the solution to the following first order linear recurrence relation by using
iterative method.

s, =2s,_,+3 with s, =56
Solution: Given that s, =2s, , +3 and s, = 5. Therefore, by applying the recurrence relation
repeatedly, we have
s, =2s, ,+3
=22s, ,+3)+3=2%, ,+3(1+2)



Generating Function and Recurrence Relation 135

=2%(2s, ,+3)+2x3+3=2% ,+31+2+2%
=2°2s, , +3)+31+2+2%)=2%s, , +3(1+2+2%+2?)

=2"s, +31+2+2%+2° +...4+2")

=" ><5+3(22 _11)=2" x5+3x(2" —1)

=8x2"-3
Example 41 Compute u, =s,* t,. It is given that s, =3", n>0 and t, =5", n>0.

Solution: Given that s, =3", n>0. On multiplying both sides by x" and then taking

summation over n >0, we get

1
Snxn — 3n no_ (3x)n —
ZB ZB ZB (1-3x)
Note that, S(x) = z s x". So, above equation reduces to S(x) = 1 .
Ao (1-3x)

Similarly, ¢, =5", n>0. On multiplying both sides by x" and then taking summation

overn >0, we get

1
tx"= ) 5"x" =) (bx)" =
;;) ,;) ZB (1-5x)
Note that, T(x) = 2 t,x". So, above equation reduces to T(x) = 1 .
730 (1-5x)
Now, we have
1 1 5 3

Note that, U(x) = 2 u,x". So, above equation reduces to.

n=0

> ou,x" = gz (5x)" - g Y (3x)"

n=0 n=0 n=0

On equating the coefficient of x” in the above equation, we get
5 3 1
-z 5n__ 3n — = 5n+1_3n+1
u, 2( ) 2( ) 2( )

In the above solution, we have taken the generating functions S(x), T(x) and U(x) for the
sequences {s,}, {t,} and {u,} respectively.
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®
1.

EXERCISES ®

Find the total solution of the following difference equations.

(@ s,—6s,,—-7s,,=0,given that s, =0 and s, = 2.
®) s,—8s,,+16s, , =0, given that s, =1 and s, =3.
() s,-Ts, ,+bs,,=0,given that s, =1 and s; =3.
(d) s,—8s,,+16s, ,=0, given that s, =1 and s, =3.

(e s,—3s,,+3s,,—5,,=0,given that s, =0, s, =3 and s; =10.

Find the total solution of the following difference equations.
(@ s,—2s, ,+s, ,="17,given that s, =2 and s, =5.

b) s, —4s,,+4s, , =(n+1)2", given that s, =0and s, =4.
() s, —s, ,—6s,_,=3",giventhat sy=1and s, =1.

(d) s, —17s,,+10s, , =6n+10, given that s, =0 and s, = 3.
(e) s, —Ts, ,+5s,,=n"+2,given that s, =2 and s, =6.

Solve the following difference equations.

(@ s,—2s, ,+2s, ,—5,,=0,with s,=2, s, =1

®b) s, +6s, ,+9s, , =3+2",with s, =0and s, =3.

() s,—4s, ,+3s,,=5,with s;=1and s =10.

(d) s,—b5s, +7s, ,—3s, ,="7, with s;,=0, s, =3and s, =6.
(e) s, —10s, ,+25s, ,=5",with s,=1and s, = 6.

Solve the following recurrence equations with the given initial conditions.
(@) s,—9s,,+27s, ,—81ls, ,=2"; s,=2,s,=band s, =38

®) s,-9s, ,+20s, ,=n">+2n+1; s,=land s, =7.

© s,+s,,-6s, ,=(n+1)5"; s,=3 and s, ="7.

d) s, —8s, ,+21s,,-18s, ., =(n*+1)3"; s,=3, s,=5 and s,="17.

() s, +7s, ,+10s, ,=3"+4"; s, =2 and s, =5.

Determine the particular solution of the following difference equations.
(@ s,—b5s,,+6s,,=1

®) s,—2s, ,+s,,=2n+3

() 2s,—-Ts, ,+3s, ,=3"

d) s, +4s, ,+4s, ,=n"-2n+3

(e) s,—6s, ,+8s, ,=3

Obtain an explicit formula for the sequence defined by the difference equation and initial
condition by using backtracking method.

(@ s,-s,,=3 with s, =5

®) s, +s, , =2 with s, =3

() s,=5s,,+Twith s, =2
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10.

11.

12.

13.

14.

15.

16.

Obtain an explicit formula for the sequence defined by the difference equation and initial
condition by using forward chaining method.

(@ s,=s,,+n with s, =4

®b) s,—ns,, =0 with s, =7

Use generating function to solve the following difference equations.

(@ s,+8s,,+s,,=0, n=22 with s, =0 and s, =3.

®b) s,-6s, ,+9s, ,=0, n=2 with s, =2 and s, =5.

() s,—4s, ,+4s, ,=0, n=>22 with s, =1 and s,="7.

d) s,—2s, ,+2s, ,=0, n=22 with s, =1 and s, =4.

Solve each of the following recurrence relations by using generating functions.
(@ s,—b5s, ,+2s, ,=3n"+1, n>2 withs, =0, s, =3.

®) s,—bs, ,+6s, ,=5n, n=22 with s, =0, s, =12.

() s,+8s,,+16s, , =8, n=2 with s, =3, s, =15.

d) s, +6s, ,-T7s,,=2", n2>2 with s, =5, s, =8.

(e) s, —7s, ,+10s,_, =(n+1)2", n>2 with s, =3, s, =5.

Obtain the closed form of the generating function for each of the following sequences.
(@ 2,4,8,16, ... b -2,2,-2,2,-2, ...

(© 0,0,1,3,5,7, ... d 1,2,4,8,16,32,...

Show that the solution of the homogeneous linear recurrence relation

sn+2 - 5Sn+1

+6s,=2"1is s, = (1)5"
6

Show that s, = A2" + B4" is a solution of the recurrence relation

s, —6s, ; +8s, ,=0.

Show that s, = (A +Bn)3" is a solution of the recurrence relation

s, —6s, ,+9s ,=0.

Obtain the solution to each of the following recurrence relation by using iterative method.
(@ s,=s,,+3,5,=5 b)s,=s,,+3n, s,=1

Find the closed form of the exponential generating function for each of the following
sequences.

@ 1,1,1,1, ... ®) 0,0,1,3,5,7, ...

() 2,4,8,16,... @ -1,1,-1,1, ...

Find the closed form of the generating function for each of the following sequence, {s,}
where

(@ s, =2n+3 ® s, =5"

() s, =n(7+3n) d s, =7
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17. Compute the product AB using Strassen’s matrix multiplication.

2 51 5 6 1
(@ A=|0 7 3 B=({0 8 2

7 5 0 7 10 0

7 3 5 2
b A= B=
®) 2 5) 0 8)
© A= 4 3 B 5 3
< 272 1 (1 8

18. Compute the product AB by using 7 multiplications and 15 additions as defined below:

A=Ay + Ay A; =B, -B;; M, =A,Aq
A, =A -Ay, Ag =By —-A; M,=A;B,
Ay =A —Ay A; =By —B, M;=A;,B,,
Ay =A, —A, Ag=As—By M, =AA;
M; = AjA; M; = A,Aq T,=T, +M,
M, =A,B,, T, =M, +M,

The elements of the product matrix C can be computed as below:

C11 =M, +M; C21 =T, -M;
Co=T,+M;+M, C,, =T, +M,

Show that these equations yield the correct result for the following matrices.

@ Aft3 L (53
Y R=9 1 |1 8
(7 3) (5 2)
b) A= B=
2 5 0 8

19. Determine the generating function of the numeric function s,, where
3", if niseven
sn = . .
-3"; if nis odd

20. Compute the partial decompositions and identify the sequence having in the following
expressions as generating functions.

3+ 2 _ 10+5x
(@ G =105 ®) Gw)=1— 0
5+3x _ 15-3x
(¢) Glx)= 16 i (d) Glx)= 5 8re
2
© Ga)=— 2 ) Ga)=—— =

1-6x+x2 1-2x)A+3x)
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21. Obtain the sequences corresponding to the generating function given below:

(@) (2+x)* (b) 5+x)?+@B+x)*
(€) 3x+2x*+e* (d) e* +e*
22, The following algorithm computes x" recursively, where x is a real number and n is a
positive integer.
1. Algorithm Exp (x, n)
2. if n=1, then

3. return(x)

ol

5. return ( Exp(x, m) - Exp(x, n—m) )
6. end Exp
Let s, be the number of multiplications required at line 5 to compute x". Find a recurrence
relation and initial condition for the sequence {s,}. Solve the obtained recurrence relation
if n is a power of 2.
23. The following algorithm computes the maximum and minimum elements in a sequence.
1. Algorithm max_min (a, i, j, max, min)
2. if (G=))
3 max = q;
4 min = g,
5. m=|G+j)/2]
6. max_min (a, i, m, max_Ileft, min_left)
7. max_min (a, m+1, j, max_right, min_right)
8. if (max_left > max_right), then
9. max = max_left
10. else

11. max = max_right

12. if (min_left > min_right), then
13. min = min_ right

14. else

15. min = min_ left

16. end max_min

Let s, be the number of comparisons required at lines 8 and 12 for an input of size n. Find
a recurrence relation and initial condition for the sequence {s,}. Solve the obtained recurrence
relation if n is a power of 2.
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24. Determine ¢, if u, =s,+ t,. It is given that

1 n=0

N = O

and u, =

n

1
s =42
0

S 3 S

0n=1

\%

25. Find u, =s,* t, in the following cases, where s, and ¢, are given below:

@ s = 1if 0sn<2 ‘- 1if 0sn<2
Y50 if ne3 and "0 if n>3
. [ if 0<n<2
=" > =
b) s,=2"; n20 an "3 if n>3
26. Determine u, = s, +¢, in the following cases, where s, and ¢, are given below:
@ s = 1if 0sn<2 . 1if 0sn<2
Y5 =0 if n>3 and "0 if n>3
1if 0sn<2
®) s,=2";n>0 and " g if n>3

27. Compute the product AB using Strassen’s matrix multiplication.

@a=[r *° 0

DA=|o o . B=[0 7 2

59 1

17 590 1
bA= =

v (25) B(3781)
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Combinatorics
@ ®

H 6.0 INTRODUCTION

In one form or the other counting originated with the primitive man. He did not find any
problem as long as it was within the limits of his fingers. As it crossed the limits of his fingers,
he found out other devices and invented the numbers. But counting becomes laborious and
impossible even with numbers. Hence new concepts and ideas are developed which gave rise
to permutations and combinations. In discrete mathematics we frequently encounter the
problem of counting. The branch of Discrete Mathematics dealing with counting problem is
called combinatorics. The different techniques of counting problem are important in computer
science, especially in algorithm analysis and design. In this chapter we will be dealing with
two important aspects, i.e., permutation and combination. Permutation is defined as the
arrangement of elements whereas combination is defined as selection of elements.

H6.1 FUNDAMENTAL PRINCIPLE OF COUNTING

Basically fundamental principle of counting is of two types. These are addition principle and
multiplication principle.

Addition Principle: Ifone event can occur in 4 different ways and another event can occur
in n, different ways, then exactly one of these events takes place in (n, + ny) ways. The above
addition principle can be extended to finite number of events. This addition principle is
otherwise known as principle of disjunctive counting.

For example assume that a student have to choose an elective paper in computer science
from one of the four lists containing 5, 6, 5 and 4 elective papers respectively.

It indicates that the student can choose an elective from the first list in 5 ways, from the

second list in 6 ways, from the third list in 5 ways whereas from the fourth list in 4 ways.
Therefore, the total number of ways that the student can choose an elective paper from the
four lists is equal to (5 + 6 + 5 + 4) = 20.
Multiplication Principle: If one event can occur in n, different ways and another event can
occur in n, different ways then both these events take place in (n4n,) ways. The above principle
can be extended to finite number of events. This multiplication principle is otherwise known
as principle of sequential counting.
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For example consider a cinema hall with 3 entrances and 5 exits. Therefore, the number of
ways that a person can enter and exit from the cinema hall is (3 x 5) = 15.

H 6.2 FACTORIAL NOTATION

The continued product of first n natural numbers is denoted as n! and read as factorial n.
Mathematically,
n!=1.2.3.4....... (n-1).n
={1.2.3....(n-D}.n
=(n-D!'n
For example 5! =5 x4 x3x2x1=120and 4! =1 x 2 x 3 x 4 = 24. Therefore, it is clear that
51=4!x5=24 x5 =120.

H 6.3 PERMUTATION

Assume that, we have 3 digits 1, 3 and 5. Then the two digit numbers that can be formed out
of the given digits if the digits are not repeated as: 13, 15, 35, 31, 51, 53. Therefore, there are
6 possible ways of getting 2 digit numbers out of three digits. This is nothing but the
arrangement of 2 digits out of three digits. Similarly, if we make an arrangement of all the
three digits, then we have 135, 153, 351, 315, 513 and 531 as possible arrangements. The
number of different arrangement or ordering that can be made out of the given number of
objects by taking some or all at a time is called the permutation. If r-objects are arranged out
of n-distinct objects, then we call it as r-permutation.

Theorem The number of arrangements of r different objects out of n distinct objects (r < n)
is denoted by P (n, r) and is call r-permutation of n objects. It is defined as

Pn,ry=nn-1)n-2)....n—-r+1)

n!
“(n-r)!
Proof: Given that there are n distinct objects and we have to arrange r objects. This is same
as the number of ways in which r places can be filled up by n distinct objects.

OO O

From the figure it is clear that any one of the n object can be put in 1% place i.e., the 1%
place can be filled up in n distinct ways. Therefore, we are left out with (n — 1) objects, so the
274 place can be filled up in (n — 1) distinct ways. Since each way of filling up the first place can
be associated with each way of filling up the second place, so by multiplication principle the
first two places can be filled up in n (n — 1) ways. Similarly, for the 3" place we have left out
with (n — 2) objects, so the 3™ place can be filled up by any one of these (n — 2) objects.
Therefore, by multiplication principle the first three places can be filled up in n(n — 1)(n — 2)
ways. Proceeding in this manner the total number of ways in which r places can be filled up is
given as

P(n,r)=n(n-1)(n-2)..r factors
=nn-1)n-2)....(n—-r+1)
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_nn-Dn-2)(n-3)---(n-r+Dn-rin-r-1--1
- 1.2.34..-- (n-r-Dn-r)

_n!
T (n-r)!

6.3.1 Permutation with Repetition

In this case there is no restriction on the number of times a particular object may occur in
r-permutation of n objects. It implies that a repetition is allowed all the r places to be filled up
by any of the n objects. Therefore, by multiplication principle the total number of ways in
which r places can be filled up is given as

NXNXNX...... x n (r-factors)

=n"

For example consider 3 prizes to be given to 4 students. Hence, it is clear that the 1 prize
can be taken by any of the 4 students and similarly the 2*¢ prize can be taken by any of the 4
students and so on. Therefore, by using multiplication principle the total number of possible
ways

=4x4x4=64

6.3.2 Permutation of 7 Things not all Different

Assume that there n objects, among which K, are alike say A, K, are of second type say B. Let
the elements are A,,A,,A;,--,A;, and B,,B,,B;,--,B, . But we know that, if the n objects are
dissimilar, then it can be arranged in n! different ways.

Now, consider the total number of permutations be X. For one of this permutation
A, A, A;,+, Ay, By objects can be arranged among themselves in k,! ways. Therefore, for X
permutations the total number of possible ways are X%,!.

Again for one of these X%,! permutations, the 2, objects B,,B,,B;,---,B, can be arranged in

ky! ways. Therefore, for X%;! permutations, the total number of possible ways are equal to
(XE4! ky!). Therefore, we get
Xk:l! k2 ' = n'

n!
k k!

Note: The above concept can be generalized to any number of objects. Permutation of n objects out of

This implies that X=

which %, objects are of 1°* kind say A, k&, objects are of 2" kind say B, % objects are of 3" kind say C and

soonis given by X = where ki + kg + kg +... = 1.

n!
kR R
6.3.3 Circular Permutation

Arrangement of objects in a circle is called circular permutation. In this case of arrangement
of objects, there is no distinction between the 1% place and the last place. Hence, in circular
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permutation we fix one of the n objects in the first place and arrange remaining (n — 1) objects
among themselves. This can be done in P(n -1, n — 1) ways i.e., (n — 1)\

For example, consider a problem of arranging 5 members for seating on a round table. It is
a problem of circular permutation. Therefore, the total number of ways that the members can
be seated in the round table is (5 — 1)! = 4! = 24.

Notes: 1. If the anticlockwise and clockwise arrangements are different, then the total number of
arrangements is equal to (n — 1)!.

2. If both clockwise and anticlockwise arrangements are same, then the total number of arrangements

1
is equal to E(n -t

6.3.4 Restricted Permutations

Sometimes in arrangement, we restrict some particular objects to be either always occur or
will never occur. Such type of permutations are known as restricted permutations and this
leads to two cases.

Case -1 Permutation of n-objects in r-places when ‘x’ particular objects will always occur. In
such case, first the ‘x’ particular objects can be arranged in r-places and then remaining (r —x)
places will be filled up by the remaining (n — x) objects. Therefore, the total number of
arrangements is equal to P (r,x) x P (n —x, r —x).

Case — 2 Permutation of n-objects in r-places when ‘¢’ particular objects will never occur. In
this case (n — x) objects will fill up the r-places. Therefore, the total number of arrangements
is equal to P (n —x, r).

6.3.5 Interpretation of Factorial 0

The value of zero (0) factorial can be determined with the help of permutation. We know that
Pn,r)=nn-1)(n-2)...(n-r+1)
On taking r = n we get
Pn,n)=n(n-1)n-2)...n-n+1)
=n(n-1)(n-2)...1
=n!
n!

0 =n! and hence 0! = 1.

This implies that
n! 0!

H6.4 COMBINATION

We have seen that permutation is an ordered arrangement of objects. However, it is observed
that order is not significant in some cases. For example, consider an examination and a
student has to answer four questions out of seven questions. In this case, a selection is to be
made irrespective of order. We call it as combination. Assume that, we have 3 objects A, B and
C. If we consider the groups of two objects without taking into account the order then the
different groups are AB, BC and CA. Therefore, the total number of groups is 3. This is nothing
but the selection of 2 objects out of three objects. The number of different selections that can
be made out of given number of objects by taking some or all of them at a time is called the
combination. In combination we do not give importance to the order of arrangement.
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Theorem The number of selections or combinations of r-different objects out of n-objects
(r < n)is denoted by C (n, r) and we call it as r-combination of n-objects. This is defined as

n!
C = —
) =
!
Proof: We know that P(n, r) = L; <
(n—nr)!

As discussed earlier the order of arrangement is not significant in combination. In every
combination there are r-objects that can be arranged among them in r! number of ways.
Therefore, C (n, r) combinations will lead to r! x C(n, r) number of permutations. We call it as
a permutation of r-objects out of n-objects i.e., P(n, r). Hence we get,
r'C(n,r)=P(n,r)
. P(n,r)
ie., C(n,r)= —
r!
n!
S rln-r)!

6.4.1 Important Properties

The important properties of combination are discussed below.
(@ Cn,r)=Cn,n-r)
b Cmn,r):Cn,r-1)=(n-r+1):r

!
Proof: (a) We know that C(n,r) = _n
rl(n—r)!
On taking r = (n —r), we will get
!
Cin,n-r)= n
(n-nrln- (n-r)!
n!
== C
o 1 )
le., Cn,rn=Cn,n-r)
() In order to prove C(n,r): C(n,r-1)=(n —r + 1) : r, consider the L.H.S.
n!
C(n, r) _ rliin—r)!
Cn, r-1 n!

r-Dn-r+1!
n! ><(r—l)! (n-r+1)!

Tl n—-r)! nl
3 n! (r-D! m-r)! (n-r+1)
S r=D!'r (n-nr)! n!

_n-r+l
r
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6.4.2 Pascal’s Identity
Let n and r be positive integers with n>r. Then C(n,r) + C(n,r-1)=C(n + 1, r)

n! n!
+
rl (m-r)! ¢-1! n-r+1)!

Proof: Cn, r+Cn, r-1)=

: n! n!
C(r=1)! r(n—r)!+(r—1)! n-r)! (n-r+1)

3 n! (1+ 1 )
=D m-M\r (-r+1)

_ n! ( n+1 )
=D -\ rin-r+1
:&:C(n_kl’ r)

r! (n-r+1)!

This proves the Pascal’s identity.

6.4.3 Restricted Combination

Sometimes we impose some restrictions that some particular objects to be either always occur
or will never occur. Such type of combination is known as restricted combination and this
leads to two cases.

Case -1 Combination of n-objects taken r’ at a time when ‘x’ particular objects will always
occur. In such case, we keep aside the ‘¢’ particular objects which always occur and then we
choose the (r — x) objects from the remaining (n — x) objects. Therefore, the total number of
combinations is equal to C(n —x, r —x).

Case — 2 Combination of ‘n’ objects taken 7’ at a time when ‘¢’ particular objects will never
occur. In such cases, after removing ‘¢’ objects from ‘n’ objects ‘r’ objects are to be selected
from (n — x) objects. Therefore, the total number of combinations is equal to C(n —x, r).

Notes: 1. On takingr=n, we will get

!
C(n, n)=L=i=1=1
n! (n-n)! 0! 1
Therefore, Cn,n)=1
2. On taking r =0, we will get
!
Cn, n):L:l:lzl
n! (n-n)! 0! 1
Therefore, C(n,0)=1
3. Ontakingr=1, we will get
n! _(n-D!'n_

Cn, D=

1! (n-1! (n-1!
Therefore, Cn,1)=n
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H 6.5 THE BINOMIAL THEOREM

The sum of two distinct terms, say (x + ), is called a binomial. Binomial theorem is defined as
a formula for the power of a binomial, i.e., (x + y)", n € N. The binomial expansion for the case
n = 2 was used by the Greek mathematician Euclid. However, Omar Khayyam the Arab
mathematician is credited with the binomial expansion for higher natural numbers. Later the
great British scientist Sir Isaac Newton generalized the binomial theorem for negative
integral and fractional indices.

Theorem Let n is a positive integer. Then for all x and y,
(x +y)" =C(n, 0)x" +C(n, Dx" 'y +C(n, 2)x" *y* +---+C(n, n)y"
= ZC(n r)x" "y’
r=0
Proof: We will prove this by the method of mathematical induction on n.
For n =1 wehave (x+y)' =x+y=C(1, 0x+C(, Dy
For n = 2 we have (x+y)* = x> + 2xy + y°

= C(2, 0)x*+C(©2, Dx*'y+C(2, 2)y*

So, the statement is true for n =1 and 2. Assume that the statement is true for n = k.
Therefore, we have,

(x+y)* = C(k, 0)x* + C(k, Dx* 'y +C(k, 2x*2y* +---+C(k, k)y*
= ZC(k r)xt "y

r=0
Now, for n =k + 1, we have

Y= (x4 )+ ) = xlx+ y)" + y(x+ y)

k
= xZC(k rx Ty +yY Clk, jx*y

Jj=0

k
= ZC(k, r)xttryr +ZC(k Pty
r=0

(x+y

k
=xk+1+zc(k, r)xk+1 r r+zc(k J)xk Jyj+1

r=1 Jj=0
k+1

k
— xk+1 +Zc(k, r)xk+1 rar +Zc(k r— 1)xk r+1 r [on takng N 1]

+ZC(k r)xk+1 r r+ZC(k r— 1)xk+1 r r+yk+1

r=1
k
= 2"+ Y (Clk, P +Clk, 7 =1)x™ 7y + y*
r=1
k 1 & (k+1 k+1
=x" Z Ck+1, ra™V 7y + y** ;  lon using Pascal’s identity]

Il
=}

k+1
— ZC(k+ 1’ r)x(k+1>—ryr

r=0
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Therefore, the statement is true for n=% +1 and hence the statement is true for all non-
negative integer values of n.

6.5.1 Binomial Coefficient

The natural numbers C(n,r),r =0, 1, 2,..., n are called binomial coefficients. This is defined as
below.

n!

C(n, r)= r=0,1,2 3, .-, n

rl (n-r!’

6.5.2 General Term

If T,,T,,T,, -, T, are the terms in the binomial expansion, then the (» + 1) term T, is called
the general term. This is defined as below.

T, =Cn, r)x""y"

!

n: -
nryr

r! (n—r)!

6.5.3 Pascal Triangle

The geometric arrangement of the binomial coefficients in a triangle is known as Pascal’s
triangle named after Blaise Pascal (1623-1662). It can be constructed in this manner. Write
only the number 1 on the first row. Any coefficient in a row in the triangle is obtained by
adding the coefficients to its immediate left and the coefficient to the immediate right in the
preceding row. If either the one to the right or left is not present, then substitute a zero in its
place. For example, in the figure given below the numbers 1 and 2 in the third row are added
to produce 3 in the fourth row. Generally, this construction uses Pascal’s identity that we
have already discussed.

0 1

n=
n=1 1 1

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 i
n=>5 1 5 10 10 5 1

6.5.4 Properties of Binomial Expansion

Some simple patterns are immediately apparent in binomial expansion (x + y)" where, n is a
nnn-negative integer.

(@) The binomial expansion contains exactly (n + 1) terms.

(b) In each term of the expansion, sum of powers of x and y is always n.

(c) All the terms of the expansion are obtained from the general term by takingr=0, 1, ..., n.
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6.5.5 Vander Monde’s Identity

Let m, n and r be non-negative integers with r not exceeding either m or n. Then

Con+n, 1= Clm, r- j)Cn, j)

J=0

Proof: Let us consider two binomial expansions (x + y)" and (x + y)" where m and n both are
non-negative integers. Therefore, by using binomial theorem we get

(x+y)" = iC(m, rx™ "y ()
r=0

(x+y)" =Y ,Cn, Py’ ..(i0)
j=0

On multiplying above two equations, we get

(x+ y)™" = (z C(m, r)xm’y’)(z C(n, j)x"’y’]
r=0 Jj=0

m+n-r . .r

On equating the binomial coefficient of x y" on both sides we will get

Cim+n, r)=C(m, 0)C(n, r)+C(m, )C(n, r-1)+---+C(m, r) C(n, 0)

e Com+n, =Y Cm, r—j)Cn, J)
j=0
6.5.6 Identities Involving Binomial Coefficients
In this section, we will discuss important identities involving binomial coefficients. Through
out this section we shall use C,, C,,C,, C,,---,C, respectively in place of C(n, 0), C(n, 1),
C(n, 2), C(n, 3), ---, C(n, n) for convenience of notation.
1. C,+ C,+C,+ C,; +---+C, =2"
Proof: We know from binomial theorem that
1+x)" =C,+Cx+Cox* +Cyx®+ -+ +C x"
On putting x = 1 in the above identity, we get
1+ =C,+C1+C, 1> +C,I°+ --- +C, 1"
ie., C,+C, +C,+Cy+ - +C =27
2. Cp+ C,+C,+ Cy+--=2""=C,+ C,+C,+ C, +--
Proof: We know from binomial theorem that
1+x)" =C,+C,x+Cox* +Cyx®+ -+ +C x"
On putting x = 1 and x = —1 in the above identity, we get respectively
C,+C,+C,+C,+C,+C;+ --- +C =2" (@)
C,-C,+C,-C,+C,-C,+ --- +(-1)'C, =0 ...(i0)
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On adding above two equations (1) and (2), we get
2C, +2C,+2C,+ ---=2"
ie., 20C,+C,+Cy+ ---)=2"
ie., C,+C,+C,+ --=2""
Therefore, equation (2) reduces to
C,i+ Cy+Cy+ Cp+-o=2""
3. C+C}+C;+Ci+ —-+C?=C(2n, n)
Proof: We know from Vander Monde’s identity that
Cm+n, r)=Y C(m, r-j)C(n, j)
Jj=0

On putting m = r = n in the above identity, we get

C(n+n, n)=Y,Cn, n—j)Cn, j)= (C(n, j); [ Cn, n—j)=Cln, jI
J=0 Jj=0
ie., C}+C}+C;+Ci+ ---+C?=C(2n, n)

Alternative Proof: We apply a special trick to get the identity. Since we are to sum the
squares of binomial coefficients, by considering the coefficients of (1 + x)" alone we may not get
the result. We know from binomial theorem that

1+x)" =Cy+C,x+Cyx* +Cox®+ - +C, x"
and (x+1)" =Cpx" +Cix" "+ Cox"* +Cyx" >+ -+ +C
On multiplying both sides of above equations we get
1+x)" =(Cy+Cix+ - +C x")Cox" +C,x" '+ --- +C))

Therefore, the coefficient of x™ on both sides of the above equation must be equal. Thus, we
get,

n

C2n, n)=C:+C?+Ci+ --- +C?
(2n)!

ie., C:+C}+Ci+ - +C2 = -
(n!)

H 6.6 BINOMIAL THEOREM FOR RATIONAL INDEX
Any binomial (x + y) can be written in the form of x(l + Z) or y(l + f) . Therefore, it is clear
x y

that (x+ y)" can be reduced to the form (1+2)". Now we state, the binomial theorem of
(1+ 2)" when n is not a positive integer or a negative or positive fraction.
When n is a positive or negative fraction or negative integer and |z|<1

nn-1) nn-1)n-2)---(n-r+1) ,
+ z'+

r!

1+2)" =1+nz+ 2+
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It is to be noted that the number of terms in the right hand side is infinite as the binomial
nn-1n-2)---(n-r+1)
r!
proof is beyond the scope of this book. However, we shall discuss the application of this
theorem to approximation problems. For example, we can apply this theorem to compute the

n'® root of a positive integer.

coefficient

never vanishes since (n —r + 1) can never be zero. The

The (r +1)™ term T,,, is considered as the general term. It is given as

_ n(n—l)(n—2)~--(n—r+1)2,
- r! )

T

r+1

M 6.7 THE CATALAN NUMBERS

In combinatorics, the Catalan numbers figure a series of natural numbers that generally
occur in various counting problems. It is named after Belgian mathematician Eugene Charles
Catalan.

Theorem The n'" Catalan number C,, is defined in terms of binomial coefficient as

2 ! !
C,= ! (n)_ L ((Zn).)_ @) for n>0

n+1l\n ) n+1iln! n!) (+1! n!

Proof: There are many ways to proof the above relation. Here, we will be using generating
function to proof the relation. It can be easily seen that the above relation satisfy the
recurrence relation

C,=1 and Cn+1=ZCiCn7i for n>0. ..(D
i=0

The generating function for the Catalan numbers is defined by

c(x) = i C x"

n=0

It is clear from the equation (1) that the sum on the right side of the above recurrence

2
zcixi) . Therefore, we have

relation is the coefficient of x™ in the product (
i=0

2
(z Cix’) =Y C,.x"
i=0 n=0
On multiplying both sides by x, we get
oo 2 oo
x (Z Cix‘) = 2 C,x"" =
i=0 n=0

ie., x(c(x))? = =1+ c(x)

ie., x(c(x)? —c(x)+1=0

1-4J1-4x
2x

2 Cx"=-1+ i Cx"

n=1 n=0

oo

ie., c(x) =
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Now, we have to expand the square root as a power series. This can be done by using
binomial theorem. Therefore, in general, we get

‘\n-1 4 n

On using the above relation in c(x) we get

1-1+2Y [2”_2)(_1) (~4)"
s\n-1 4 n (2n—2)£

1 co
clx) = 2x _;nz:‘l n-1)n
- (2n—2 x”’l = (2n) x"
= C(x)_,;(n—l J n _,;)(n )n+1
oo oo 2n xn
Cx" =

On equating coefficients of x" both sides in the above equation we get the desired formula for

C,. Therefore,
2
n+l1\ n

Note: An alternative expression for n'" Catalan number C, that indicates C,, is a natural number is

given as
2n 2n
C = - for n>1
n n-1

6.7.1 Applications of Catalan Numbers

It is observed that in many cases Catalan numbers provides solutions to the counting problems
in combinatorics. Here we will discuss some examples, with illustrations of the case C5= 5.
1. Successive applications of a binary operator can be represented in terms of a binary tree. It
indicates that C, is the number of rooted ordered binary trees with (n + 1) leaves (L.). Here we
have taken n = 3.

L L A X ¥
L £ ’ L L N L L
L ! L L L Lt

2. The Catalan number C,, is the number of different ways a convex polygon with (n + 2) sides
can be cut into triangles by connecting vertices with straight lines. The following pentagons
illustrate the case n = 3.

AASATEANA
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3. The Catalan number C, is the number of Dyck words of length 2n. A Dyck word is a string
consisting of n A’s and n B’s such that no initial segment of the string has more B’s than A’s.
The following Dyck words illustrate the case n = 3, i.e., Dyck words of length 6.

AAABBB ABAABB ABABAB AABBAB AABABB
4. On considering the symbol A as an open parentheses and B as a close parentheses. The
Catalan number C,, counts the number of expressions containing n pairs of parentheses that
are correctly matched.

() Oy OO0 ()0) (OO)
H 6.8 RAMSEY NUMBER

In combinatorics, we came across many interesting problems and a party problem is one
among them. Before we discuss Ramsey number first we state the party problem. Prove that
in any party with people there are three people who all know each other or that there are
three people who do not all know each other. The simplest way to solve this problem is using
graph theory, but it is one of the important illustrations in the area of logic that was developed
by F. P. Ramsey. For two colours, Ramsey’s theorem states that for any two positive integers
m and n, there exists a smallest integer R(m, n) = p such that if we arbitrarily colour the edges
of the complete graph (that is a simple graph where each vertex ‘v’ is adjacent to every other
vertex v’) with ‘p’ vertices blue or red, then we must get a blue complete graph with ‘m’
vertices or a red complete graph with ‘n’ vertices as subgraph. Thus, it is clear that R(m,n) =p
signifies an integer that depends on both m and n. The above idea can be extended to finite
number of colours. Therefore, the theorem states that for any given number of colours %, and
any given integers n,, n,, n,,..., n,, there exists a number R(n,, n,, n,..., n,) = g such that
if the edges of a complete graph with ‘q’ vertices are coloured with ‘%’ different colours, then
for some i between 1 and %, it must contain a complete subgraph with n; vertices whose edges
are all colour i. The numbers R(m, n) in Ramsey’s theorem are known as Ramsey numbers.
Now our aim is to compute the value of R(m, n) for small values of m and n.

First of all, we have to think does it make any sense R(m, 1) or R(1, n). Let R(m, 1) = p.
Since complete graph with 1 vertex does not have any edges, colouring the edges of complete
graph with p vertices blue or red does not help us to get a complete graph with 1 vertex with
blue or red edges. Therefore, we assume that both m and n are at least 2. Thus the smallest
value of R(m, n) must be R(2, 2). Now the question arises, what complete graph with 2 vertices
can we colour to be sure that we get either a blue edge or a red edge? If the single edge is
coloured blue, then we have a blue edge at the same time if it is coloured red, then we have a
red edge. Therefore, it is cleared that R(2, 2) = 2.

Theorem If m and n are two positive integers both greater than 2, then
R(m, n)< Rm-1, n)+ R(m, n-1)

Proof: Let p= R(m-1, n), g=R(m, n—1)andr =(p +q).

Consider a group {1, 2, 3, ..., r} of r people. Let us assume that L, be the set of people known
to person 1 whereas L, be the set of people not known to person 1. It indicates that the two
sets together have (r — 1) people; so either L, has at least p people or L, has at least g people.
It leads to two cases.
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(@) If L; has p=R(m -1, n) people, then by definition, it contains a subset of (m — 1) people
known to each other or it has a subset of n people unknown to one another. In the earlier case
the (m — 1) people and person 1 together constitute m people known to each other.

Thus, in their case, a group of R(m -1, n)+ R(m, n—1) people necessarily includes m
persons who all know each other or n people who do not know each other. Therefore,

R(m, n)< Rim-1, n)+ R(m, n-1)
(b)The same argument follows by symmetry when L, contains q people.
Theorem Ifm and n are two positive integers both greater than 1, then
m+n-2
m-1 ]

R(m, n) < (

Proof: When m =2 and n = 2 we have R(2, 2)=2 = (f)

Therefore, the given relation holds with equality. We will proof this by the method induction
on £ =m + n. As we have just seen, the given relation is true when 2 = 4. Assume that the

relation is true for £ — 1. Therefore,
m+n-3 m+n-— 3)

m-1

R(m-1, n) S( J and R(m, n-1) S(

On adding the above inequalities, we get
m+n-3 m+n-3
Rim-1,n) + R(m, n-1) < +
m-—2 m-1
By using Pascal’s identity, we get the following:
m+n—2
m-1

R(m-1, n) + R(m, n—-1) S( ..(0)

Again, we know from the previous theorem that
R(m, n)< Rlm-1, n)+ R(m, n—1) ..(10)

Therefore, from equations (i) and (ii), we get

m+n-—2
R(m, n) < Rlm-1, n) + R(m,n—l)s( )
m-1
. R( ) < m+n-2
ie., mon =1

6.8.1 Ramsey Numbers

All known Ramsey numbers R (m, n) for values of m and n up to 7 are shown in the following
table. If the exact value is unknown, the table lists the best known bounds. R (m, n) for values
of m and n less than 3 are given by R (1, n) = 1 and R (2, n) = n for all values of n. The
development of Ramsey number research has been written by Stanislaw Radziszowski.
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m { 1 2 3 4 5 6 7
1 1
2 1 2
3 1 3 6
4 1 4 9 18
5 1 5 14 25 43-49
6 1 6 18 35-41 58-87 102-165
7 1 7 23 49-61 80-143 113-298 205-540

The upper entries across the main diagonal are omitted because of trivial symmetry
R (m,n)=R (n, m).

@ SOLVED EXAMPLES L ]
7! 7!
Example 1 Find the value of 31 and check whether 5= 3!
! 14-5-6 -
Solution: %:34;#=840 and 3! =3x2x1=6

7!
Therefore, 31 = 3!

Example 2 Evaluate the following for n =8 and r = 3.

n!

!
(@) (n—r)! ) % (©)

ri(n—-r)!
Solution: Given that n = 8 and r = 3. Therefore,
@mn-r1=8-3)! =5=5x4x3x2x1=120

| ! 8.7-6-5-4. |
®) n = 8_ = w =8-7-6-5-4 =6720
rl 3! 3!

n! 8! 8!

() 7 Y 1= 3! 5!

ritn-r)! 31(8-3)! 3! o
_8.7:6-5! 876 _

~ 3L5! 3-2-1

Example 3 It is observed that in a computer system each user has a four to five character
password, where each character is a lowercase letter or a digit. It is mandatory that each

password must contain atleast one digit. Compute the total number of possible passwords.

56.
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Solution: Assume that T be the total number of possible passwords. It is given that each
password contains four to five characters. Let P, and P; denote the number of possible
passwords of length 4 and 5 characters respectively. Therefore, by addition principle

Now, our aim is to calculate P, and P;. In order to calculate P,, first of all we have to compute
the number of passwords of lowercase letters and digits that are 4 characters long and then we
have to subtract the number of passwords with no digits. Therefore, by using multiplication
principle

P, = 36* - 26* = 1222640
Similarly, P, = 36° — 26° = 48584800
Therefore, T =P, + P5 = 1222640 + 48584800 = 49807440.

Example 4 If two dice are thrown once, then find the number of ways in which we can get an
even sum.

Solution: Given that two dice are thrown once. It is clear that the minimum sum we will get
is 2 whereas the maximum sum is 12. Our aim is to calculate the number of ways that we will
get the even sum i.e., we need the sum 2, 4, 6, 8, 10 and 12.

Now, we will get the sum 2 in 1 way i.e., (1, 1). Similarly, we will get the sum 4 in 3 ways i.e.,
(1, 3), (2, 2) and (3, 1). Likewise we will get the sum 6, 8, 10 and 12 in 5, 5, 3 and 1 ways
respectively. Therefore, the total number of ways in which we will get an even sum is equal to

1+3+5+5+43+1=18.

Example 5 Show that (2n)! =2"(n!) 1.3.5...2n - 1)

Solution: 2n)!=2n 2n-1)2n-2)2n-3)(2n—-4)....4.3.2. 1
=[2n(2n-2)(2n—-4)...4.2]1[(2n - 1)(2n -3)....3.1]
=2n2n-12mn-2)..... (2.2)2(2n-1)2n -3)....3.1
=2nn(n-1)(1n-2)....21[2n-1)(2n - 3).....3.1]
=2n (n!)1.3.5...(2n - 1)(2n - 3)

Example 6 Find the value of the followings.

P(10, 6)
@ P(@s,5) ®) Pz 8)

8! 8! 3! 45678

(8-5)! 3! 3!
=6720
10!
P(10,6) (10-6)! 10! 4! 10! 10! 1
®) pazs = 121 41 ‘121 121 10Ix11x12 132
12-8)!

Example 7 How many bit code words can be generated of length 6?
Solution: Here we have to construct bit code words of length 6. A code word is said to be a bit
code word if all the digits are either 0 or 1. Consider the code word as below.

Solution: (@) P(8,5) =

151 2nd 3rd 4Ih 51h 61h

6 bit code word
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From the code word it is clear that each place can be filled in two ways. Therefore, the total
code words =2 x2x2x2x 2 x 2 =064

Example 8 In how many ways 25 answer papers are arranged so that a particular pair of
answer papers shall not come together?

Solution: Given that there are 25 answer papers. The restriction is that two answer papers
cannot be put together.

Let us consider this particular pair of answer papers as one answer paper. So we have 24
answer papers instead of 25 answer papers. Now these 24 answer papers can be arranged in
P(24, 24) = 24! ways.

Now the 2 particular answer papers can arranged in 2! ways, on assuming that they are
one. So the total number of ways when particular pair of answer papers is always together is
equal to

24! x 2! = 2 x 24!
But the 25 answer papers can be arranged in P(25, 25) = 25! ways.

Therefore, the number of ways in which a particular pair of answer papers is never together is
equal to

= 25! — 2 x 24! = 25 x 24! — 2 x 24!

= 24! x (25 —2) = 23 x 24!
Example 9 Find the number of ways in which 8 men and 4 women stand in a circle such that
no two women are next to each other.

Solution: According to circular arrangement 8 men can stand in a circle in (8 — 1)! = 7! ways.
It indicates that there are 8 locations available in the circle for 4 women.

So, first women can stand in 8 ways; second women can stand in 7 ways; third women can
stand in 6 ways whereas fourth women can stand in 5 ways.

Therefore, the total number of ways in which no two women are next to each other
=T7'x(8x7x6x5)
=TI x P(8, 4) = 8467200.

Example 10 Find the value of nif P(n,7) =12 P(n, 5)
Solution: Given that P(n, 7) =12 P(n, 5)

n! n!

-12.©

= (n—7)! (n—5)!

(n-5! 12
= n-7! 1

(n-7! (n-6)n-5)

=12

= (n—7)!
= n?-11n+30=12
= n:-11n+18=0
= n-9n-2)=0
= n=9 or 2

From the equation it is clear that n must be greater than 7. Thus, n = 9.
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Example 11 Find the value of r if IPD._S%:{% = i—g
P10,r-1) 30

Solution: Given that m 11

= 11x P(10,r-1)=30x P(11,r-2)

. 100 (A3-n)! _30
11-r! 11! 11

- 10! .(13—r)(12—r)(11—r)! _30

11-r)! 11-10! 11

1 30

= ﬁ.(13—r)(12—r) =11

= (13-rY12-r)=30

= 156 — 25r +r* = 30

= r*—25r+126=0

= (r-7r-18)=0

= r=7 or 18.

But if r =18, then both P(10, 18 — 1) and P(11, 18 — 2) are not defined as 17 and 16 both are
greater than 10. Therefore, we take r = 7.

Example 12 How many words can be formed from the letters of the word ‘DAUGHTER’ if the
vowels always coming together?

Solution: Given that the word ‘DAUGHTER’. The alphabets present in the word are D, A, U,
G, H, T, E, R. The vowels are A, U and E. ]

We have to form words in such a manner that the vowels shall be together. Now consider
all the vowels as one letter say X.

These 3 letters can be arranged among themselves in 3! ways. Now, we have 6 letters, i.e.,
D, G, H, T, R and X. These 6 letters can be arranged in P(6, 6) = 6! ways.

Therefore, the number of words can be formed with under ‘DAUGHTER’ with vowels
together is equal to

3! x 6! = 6 x 720 = 4320.

Example 13 Find the number of ways in which 4 boys and 4 girls can sit around a round table
if there is no restriction.

Solution: Given that there are 4 boys and 4 girls. Total number of boys and girls is equal to 8.
It is given that they have to sit around a rouund table. Therefore, the total number of ways
= (8 — 1! = 5040.

Example 14 How many different 4 digit numbers may be formed out of the digits 1, 3, 5, 6, 8
and 9 when no digit is repeated in the same number?
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Solution: Given that there are six digits 1, 3, 5, 6, 8 and 9. We have to form 4-digit numbers
in which no digits are to be repeated.

st nd rd th

1 2 3 4

The 1% place can be filled up in 6 ways, as one of the six digits can be used, after this 5 digit is
left out. So the 2" place can be filled up in 5 ways. Similarly the 3™ place can be filled up in 4
ways and the 4™ place can be filled up in 3 ways.

Therefore, the total number of four digit numbers that can be formed is equal to
6x5x4x3=360

Example 15 Compute the number of ways in which 3 boys and 2 girls are to be seated for a
dinner such that no 2 girls and no 2 boys sit together.

Solution: Let us consider 5 chairs for five students. Let the chairs be given below:

st nd rd th th

1 2 3 4 5

The 2 girls can be placed in 2 even places. This can be done in P(2, 2) ways. In between and at
the extremities of 2 girls there are 3 odd places in which 3 boys can be seated. This can be done
in P(3, 3) ways. Therefore, by multiplication principle the total number of arrangements is
equal to

P(2,2)x P(3,3)=2x3!=2x6=12.

Example 16 Find the total distinct numbers of six digits that can be formed with 0, 1, 3, 5, 7
and 9 and how many of them is divisible by 10?

Solution: Given that the digits are 0, 1, 3, 5, 7 and 9. We have to form six digit numbers.

st nd d th th th
5 6

1 2 3 4

The 1% place cannot be filled up by 0 as it will remit in 5 digit number. So the 1! place can
be filled up in 5 ways. For the 2"? place we are left with 5 digits, so the 2" place can be filled up
in 5 ways. Similarly 3" place can be filled up in 4 ways, 4" place in 3 ways, 5 place in 2 ways
and 6" place in 1 way.

Therefore, the total number of different numbers that can be formed is equal to 5 x 5 x 4 x
3 x2=600

Now let us find out the numbers that are divisible by 10. A number will be divisible by 10 if
the unit place has 0. Therefore, the 6 place can be arranged by 1 way. The remaining 5 places
can be arranged with 5 digits as P(5, 5) ways. Therefore, the total six digit numbers that can be
divisible by 10 is equal to

5! 5!

P(5,5)x 1= =2
5-5! 0!

120.

Example 17 How many 5 digit numbers can be formed using the digits 5, 0, 6, 5 and 6?
Solution: Given that there are 5 digits 5, 0, 6, 5 and 6. In which 5 appears 2 times, 6 appear 2
times whereas 0 appears once.
! !
5! _ 5x4x3x2! _ 30.
21 2! 21x2x1

So, the total number of permutation =
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But these arrangements also include 0 in the first place. This leads to 4 digit numbers. So, we
have to exclude such cases. Therefore, the remaining 4 digits can be arranged in

4! 4x3x2!
21 21 2Ix2x1

Hence, the total 5 digit numbers =30 — 6 = 24

Example 18 Find the number of permutations in the letter ‘MALAYALAM’.

Solution: Given that the word MALAYALAM. This contains 9 letters consisting of two M’s,
two L’s, four A’s and one Y. So the no. of permutation is equal to
9!

————— =3780.
21 21 41 1!

= 6 ways.

Example 19 Adams has 5 friends. In how many ways can he invite two or more of them to a tea
party?

Solution: Adams has 5 friends and he has to invite two or more of them to a tea party, i.e., he
can invite 2 friends, 3 friends, 4 friends or 5 friends. Therefore, the total number of ways is
equal to

C(5,2)+C(5,3)+C(5,4) + C(5,5) = 26.

Example 20 Find the number of ways in which ‘n’things of which ‘m’ are alike can be arranged
in circular order.

Solution: Let the number of arrangements = X

Let us consider one of these X arrangement. Now ‘m’ objects are alike. If these ‘m’ similar
objects are replaced by dissimilar objects, than it can be arranged among them in m! ways.

Therefore, X permutation will give (X x m!) arrangements. But if ‘n’ things are different
then the number of circular arrangements = (n — 1)!.

Hence, Xxm!=({n-1!

(n-1)!
m!
Example 21 How many even numbers that can be formed by using all the digits 1, 2, 4, 5, 6, 7
and 9?

Solution: Given that the digits are 1, 2, 4, 5, 6, 7 and 9. We have to form even numbers using
all the seven digits. But we know that a number is said to be an even number if the unit place
is divisible by 2 i.e., the 1% place has an even number. So, the units place can be arranged by
using the digits 2, 4 or 6.

Therefore, the total ways of arranging units place is P(3, 1) = 3.

= X =

Now the rest 6 places can be filled up by 6 numbers in P(6, 6) = 6! ways. Therefore, the total
even numbers = 3 x 6!

=3 x 720 = 2160
Example 22 There are 3 toys to be distributed among 7 children. In how many ways can it be
done such that
(@) No child gets more than one toy.
(b) There is no restriction as to the number of toys any child gets.
(¢) No child gets all toys.
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Solution: Given that there are 4 toys and 7 children.

(@) The first toy can be distributed in 7 ways as it can be given to any one of 7 children. The
2" toy can be given to any one of the remaining 6 children. Similarly, the 3" toy can be
given in 5 ways. Therefore, by multiplication principle the total number of ways possible

=7Tx6x5=210

(d) Given that there is no restriction to the number of toys any child gets. This implies that
repetition is allowed. So, all the 3 toys can be given in 7 ways. Therefore, the required
number of ways possible

=7xT7Tx7=2343

(¢) The number of ways in which a child gets all the 3 toys is 7 as one among 7 children gets
all the 3 toys.

If there is no restriction on the number of toys any child gets, then total number of ways
possible is 343. Therefore, the required number of ways in which no child gets all the toys
=343 -7 =336.

Example 23 How many code signals can be formed by hoisting 4 flags of different colours?
Solution: Given that the 4 flags are of different colours. We can form signals by hoisting one,
two, three or four flags.

By hoisting one flag, the number of code signals =P(4,1)=4

By hoisting 2 flags, the number of code signals = P(4, 2) =12

By hoisting 3 flags, the number of code signals = P(4, 3) =24

By hoisting 4 flags, the number of code signals = P(4,4) =24
So, by addition principle, the total number of code signals is equal to 4 + 12 + 24 + 24 = 64.
Example 24 An urn contains 9 balls including 5 red, 3 blue and 1 green. They are thrown one

by one and arranged in a row. Assume that all the 9 balls are thrown, then find the number of
different arrangements.

Solution: Given that the urn contains 9 balls. i.e., n =9.
Number of red balls =5 ie., p=5
Number of blue balls =3 i.e., g =3
Number of green balls =1 i.e., r=1
As the objects are repeated, the total number of permutations are equal to

n! 9!  5!6.789
pl q! r! 5! 311 5! 1.23
Example 25 How many numbers greater than 7000 can be formed with the digits 2, 4, 7, 8 and
9 if no digits are repeated?

Solution: We have to form numbers greater than 7000. So it shall be minimum four digit
number. Given 5 digits are 2, 4, 7, 8 and 9. Let the four digit number as given below.

=504

st nd rd th

1 2 3 4

As the required number is greater than 7000, so the first place digit must be greater than 7.
Therefore,
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The 1% place can be filled up by 7, 8 or 9 i.e., in P(3, 1) = 3 ways.
The rest three places can be filled up in P(4, 3) = 24 ways.
Therefore, the total number of four digit numbers greater than 7000 is equal to 24 x 3 = 72.

Again it is clear that any five digit number will be greater than 7000. Therefore, the total
five digit numbers is equal to P(5, 5) = 5! = 120.

Hence, the total numbers greater than 7000 = 72 + 120 =192.
Example 26 In a meeting there are 12 people. Each shakes hands with each other exactly once.
Determine the total number of shake hands.
Solution: Total number of people in the meeting = 12
Each shake hand involves two people.

! !
12! _ 12! _ 66
2112-2)! 2! 10!

Total number of shake hands = C(12, 2) =

Example 27 In how many ways a cricket team of eleven is chosen from a batch of 18 player?
How many of them will

(@) Include a particular player
(b) Exclude a particular player

Solution: We have to select 11 players from 18 players which can be done in

18!
P18, 11) = 7y ways.

(@ Now, we have to select the team including a particular player. In this case one player is
fixed. So, rest 10 players is to be selected from 17 players and it can be done in P(17, 10)
ways.

17!
ie., P17, 10)=7 ways.

(®) Now we have to select the team by excluding a particular player. In this case we have to
exclude a particular player. So 11 players has to be chosen from 17 players, and this can
be done in P(17,11) ways.

!
i.e. P17, 11) = %, ways.
Example 28 If C (n,r) =56 and P (n, r) = 336, find the value of r.

Solution: Given that C(n, r) =56 and P(n, r) = 336.

! !
N ~ ™ _56 and — =336
rl(n-r)! (n-r)!
n!
. (n-r)t 336
n! 56
ri(n—-r)!
n! rli(n-r)!
= =6
(n—-r)! n!
= r! =6 =3!
= r=3
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Example 29 In a office club there are 4 ladies and 10 gentlemen, a committee has to be formed,
with 2 ladies and 2 gentleman, in how many ways can this be done if

(@) Anylady and gentleman can be included?
() One particular gentleman must be there in the committee?

Solution: Given that 4 ladies and 10 gentlemen are there in the office club. A committee of 2

ladies and 2 gentlemen has to be formed.

(@) Consider the case of any lady and gentlemen can be included. Now 2 ladies can be selected
from 4 ladies in C(4, 2) ways and 2 gentlemen can be selected from 10 gentlemen in C(10, 2)
ways.

Therefore, the total number of ways = C(4, 2) x C(10, 2)

4! 10! 4! 10!

= X = X =270
214-2)! 21a0-2)! 2! . 2! 2! 8!

(®) Now, we have to select the committee with one particular gentleman. So, rest one
gentleman can be selected from remaining 9 gentleman in C(9, 1) ways. The 2 ladies can
be selected from 4 ladies in C(4, 2) ways.

Therefore, the total number of ways = C(4, 2) x C(9, 1)

4! 4!

=—————x9=——x9=54.
21(4 -2)! 2121

Example 30 In an examination a minimum is to be secured in each of 4 subjects to pass. In
how many ways can a student fail?

Solution: A student can fail in any of the following manner

(@) He may fail in any one of the paper which is possible in C(4, 1) ways.

(b) He may fail in any two of the papers which is possible in C(4, 2) ways.

(¢) He may fail in any three of the papers which is possible in C(4, 3)ways.

(d) He may fail in all the four papers which is possible in C(4, 4) ways.

Thus, the number of ways in which a student can fail

=C4,1)+C4,2)+C(4,3)+C(4,4)
=C((5,2)+C(5,4)=10+5=15.

Example 31 Compute the total number of different words that can be generated out of 3
capitals, 3 consonants and 4 vowels if each word contains 2 consonants, 2 vowels and beginning
with capital.

Solution: Given 5 capitals, 3 consonants and 4 vowels. We have to form words with 2
consonants, 2 vowels and beginning with capital.

Now 2 consonants can be selected from 3 consonants in C(3, 2) ways. Again 2 vowels can be
selected from 4 vowels in C(4, 2) ways. This group of 4 letters can be arranged among
themselves in 4! ways.

Therefore, total number of words = 4! x C(3, 2) x C(4, 2)

=24 x 3 x 6 =432.
Now each word shall begin with capital and there are 3 capitals. Therefore, total number of
words = 3 x 432 = 1296
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14
Example 32 Find the middle term in the expansion of (x3 +F)

Solution: In the above expansion n = 14. Therefore, the total number of terms is equal to 15.

14

It indicates that there exists only one middle term i.e., (? + 1) = 8™ term. Therefore,

7
T, = C(4, T)(x*)"" (24)
X

=3432x2"x7".

Example 33 Compute the 10" term in the expansion of (3x2 —2y)13 .

Solution: In the above expansion n = 13. Our aim is to compute the 10® term. Therefore, we get
T, = C(13, 9BxH)(2y)° =715 x3* x(-2)°x*y°.

Example 34 A cricket team of 11 players is to be chosen from 16 players including 5 bowlers

and 2 wicket keepers. In how many different ways can a team be formed so that the team
consists of at least 3 bowlers and at least one wicket keeper?

Solution: Given that number of bowlers =5

Number of wicket keepers =2
and number of other players =16-7=9
The team of 11 has to be formed with at least 3 bowlers and at least one wicket keeper.
Bowler Wicket keeper Others No. of ways
3 1 7 C(5, 3)xC (2,1)xC(9,7)=720
3 2 6 C(5,3)xC (2,2)xC(9,6)=840
4 1 6 C(5, H)xC (2,1)xC(9,6 )=840
4 2 5 C(5,4)xC (2,2) xC(9,5)=630
5 1 5 C(5, 5)xC (2,1)x C(9,5)=252
5 2 4 C(5,5)xC (2,2)xC(9,4)=126

Therefore, total number ways is given as
=720 + 840 + 840 + 630 + 252 + 126
= 3408 ways.

Example 35 An examination paper consists of questions divided into groups A and B. Group A
contains 7 questions and Group B contains 5 questions. A student is required to attempt 8
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questions selecting at least 3 from each Group. In how many ways can the candidate select
question?

Solution: Given that there are two groups in the question paper, Group A and Group B. Group
A contains 7 questions and Group B contains 5 questions. A student has to answer 8 questions
selecting at least 3 from each group. This can be done in the following ways:

Group A Group B Number of ways
3 5 C(7,3)xC (5,5)
4 4 C(7,4)xC(5,4)
5 8 C(7,5)xC(5,3)

Thus, the total number of selection is given as
C(7,3)x C(5,5)+C(7,4) x C(5,4) + C(7, 5) x C(5, 3)
TXx6x5 Tx6x5 Tx6 bx4
= + X5+ X
6 6 2 2
A student can choose the question papers in 420 ways.

=420

Example 36 If n is a positive integer, then show that 5°" —24n —1 is divisible by 576.
Solution: It is clear that (5*" —24n —1) = (25" —24n —1). Therefore,
(25" -24n-1)=(1+24)" -24n-1
=(1+24n+C(n, 2)24*> +---+C(n, n)24")-24n -1
=C(n, 2)24> +---+C(n, n)24"
=24*(C(n, 2)+C(n, 3)24 +---+C(n, n)24">)
=576 x a positive integer.

Therefore, (5** —24n —1) is divisible by 576.

1 13
Example 37 Compute the middle terms of the expansion (x2 +xg) .

Solution: In the above expansion n = 13. Therefore, the total number of terms is equal to 14.

14 14
Hence, there exists two middle terms i.e., 5 = 7% term and (? + 1) = 8™ term. Therefore,

we get

6
T, = C(3, 6)(x*)"™° (iz) =1716x"
X

7
T, = CA3, T)(x*)"" (iz) =1716x"
X
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; Q 222433 +... C,
Example 38 Find the sum of C + C + C + +nC .
0 1 2

n-1
C 1-
Solution: We know that —— = nElor
C r
On puttingr =1, 2, 3, ..., n, in the above equation and then adding, we get
Ci9C 3G, G on-l gn=2 L
c, C C, C. . 2 3 n
=n+(n-D+(n-2)+---+1
_n(n+1)
2

15
Example 39 Is there any term independent of x in the expansion of (x3 _x_2) ¢ If yes, then

compute the same.
Solution: In the above expansion n = 15. Let the (r +1)'" term is independent of x. Therefore,

3) =C(15, r)(-2)" x*°

x2

'1%1=(x15,rxx3f5*(—

As (r + 1) term is independent of x, so the power of x in T,,; must be 0. Therefore, we get
(45 — 5r) = 0. It implies that r = 9. It indicates that the 10' term is independent of x.

Therefore, we have
T,, = C(15, 9)(-2)° = -5005x 2° .
1
Example 40 Calculate the value of (15)4 up to third decimal places by using binomial theorem

for any rational index.
1

1 1 1 1 \z
Solution: (15)* =(16-1)* =16+ (1 _E)

:2(1_3;__£1__u)
64 8192
— 2(1-0.0156 - 0.0003)

=1.968

In this case we neglect the higher order terms as their value will not affect the third place of
decimal.
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Example 41 If R(m-1, n)and R(m, n—1)are both even and greater than 2, show that
R(m, n)< Rim—-1, n)+ Rim, n—1)—1.

Solution: Let, p=Rm-1, n), g=R(m, n—1andr=(p +q).

It suffices to establish that in any group of X = {1, 2, 3, ---,r —1} of r— 1 people there is either
a subgroup of m people all who know one another or a subgroup of n people all who do not
know one another. Let %; be the number of people known to person i for i=1, 2, 3, -, r. As
knowing is mutual, & + k&, + k&, +---+ &, _, is essentially even. Since (r — 1) is odd; so k%;is even
for atleast one i. Let it be i =1.

Assume that L; be the set of people known to person 1 whereas L, be the set of people not
known to person 1. As there are even numbers of people L;, there must be even number of
people in L,. It indicates that either L, has at least (p — 1) people or L, has at least g people.
But (p — 1) is odd. Therefore, either L; has at least p people or L, has at least q people.

(@) Suppose L, has at least p people. Again p = R (m-1, n) indicates that L; must contain
either (m — 1) people known to each other or it has n people unknown to one another. In
the earlier case the (m — 1) people and person 1 together constitute m people known to
each other.

(®) The case of g or more people in L, can be handled by symmetry.
Therefore, R(m, n)< Rim-1, n)+ R(m, n—-1)-1

Example 42 Show that R (4, 3) = 9.

Solution: We know that R (3, 3) =6 and R (4, 2) = 4.

As R (3, 3) and R (4, 2) are both even, so by previous relation, we get
R4, 3)<R(3, 3)+R(4, 2)-1=9

Now our aim is to prove that R(4,3) = R(3,4) > 8. In order to prove this relation we exhibit a
group of 8 people which has no subgroup of 3 people all known to each other and no subgroup
of 4 people all are not known to one another.

Example 43 Show that R (5, 3) = 14.

Solution: By theorem, we know that,

R(5, 3)< R4, 3+ R(5, 2)=9+5=14

Now, we have to show that R(5, 3)= R(3, 5)>13. In order to show this consider a group of 13

people sitting on a round table such that each person knows only the 5% person on his right
and the 5'" person on his left. In such a situation there is no subgroup of 3 people all known to
one another or no subgroup of 5 people all unknown to one another.

Example 44 Show that R(4, 4) = 18.
Solution: By theorem, we know that,
R4, 4)<R@3, 4)+ R4, 3)=9+9=18

Now, we have to show that R(4, 4) > 17. In order to show this, consider an arrangement of 17

people sitting on a round table such that each person knows exactly 6 people: the first, second
and fourth persons on one’s left and first, second and fourth persons on one’s right. It can be
verified that there is no subgroup of 4 people all known to one another or no subgroup of 4
people all unknown to one another.
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Example 45 Show that R (2, 3) = 3.
Solution: By theorem, we know that,

R(2, 3)< R4, 3)+R(2, 2)=1+2=3

Now, we have show that R(2, 3) > 3. In order to show this, consider a complete graph with 3

vertices. Therefore, it is clear that we can not arbitrarily colour edges of a complete graph
with 2 vertices either blue or red and force either a blue complete graph with 2 vertices or a
red complete graph with 3 vertices. We might just have used red on the one edge.

Therefore, R(2, 3)=3.

N

10.

11.

12.

13.

14.

EXERCISES @

. In how many ways can 5 letters be posted in three letter boxes?
. How many 3 digit even numbers can be formed from the digits 2, 5, 6, 7 and 8, if repetition

of digits is not allowed?

. If 5 candidates are contesting for the post of president of a college union and there are 200

voters, then in how many ways can the votes be given?

. Evaluate the followings:

(@ P(15,7) @ P(7,3) (@) P(6,3)
(v) C(18,12) (v) C(11,7) (vi) C(15,15)

. Determine the value of n, if

@) C(n,15)=C(n, 22)
@) 18C(n,3)=5C(n, 5)
@) C@2n, 3):Cn,2)=12:1

. In how many ways can the letters of the word MISSISSIPPI be rearranged?
. Twelve boys compete in a race. In how many ways can the first three places be taken?
. How many 2 digit odd numbers can be formed from the digits 1, 2, 3, 4, 6 and 9 if repetition

of digits are not allowed?

. There are 7 books in a shelf with different titles; 4 of these have green cover whereas

others have red cover. In how many ways can these be arranged so that the green books
are placed together?

A man has 7 friends. Find the number of ways that he can invite three or more to a dinner
party.

In how many ways can a student of computer science choose 5 courses out of the courses
Cs,,CS,,CS,, ---,CS,if CS,,CS, are compulsory and CS,,CS, cannot be taken together?
How many 5-digit numbers can be formed from the digits 0, 3, 5, 7, 8 and 9 if repetition of
digits is not allowed?

Prove the followings

@ Pn+l,r+1)=(n+1)P0n,r)

@ Pn,n)=Pn,n-1)

@) Pn-1,r)+rPn-1,r-1)=Pn,r)

A box contains 9 red and 6 black balls. In how many ways can 7 balls be drawn? Find out
the number of cases in which one gets 4 red and 3 black balls.
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15.
16.
17.
18.

19.

20.

21.

22,

23.
24.

25.
26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

Find out the number of factors of 210.
Find out the number of diagonals of an octagon.
Show that R (2, 4) = 4.

Forty points lie on a plane, out of which no three points are collinear. Find the number of
straight lines that can be formed by joining pairs of points.

A committee of 4 ladies and 2 gentlemen is to be formed from 7 ladies and 6 gentlemen. In
how many ways can the committee be formed?

If a set X has n number of elements and another set Y has m number of elements, then
find out the number of relations from X to Y.

How many numbers can be formed between 3000 and 4000 by using the digits 1, 2,4, 6, 9
without repeating any digit?

In how many ways can the letters of the word MATHEMATICS’ be arranged if the vowels
are to retain their places?

In how many ways 9 cards are drawn from a pack of 52 cards such that 4 aces are included?

An examination question paper consists of Group A and Group B. Group A contains 8
questions and Group B contains 6 questions. A student is required to attempt 8 questions
selecting at least two questions from each Group. Find the number of ways that the
candidate select question.

How many factors does 1155 have that are divisible by 3?

How many 4 letter words can be formulated from the word ‘MATHEMATICS’ if no letter is
repeated?

In how many ways can a cricket team of 11 players be chosen from 9 batsman and 5
bowlers so as to include at least 5 batsmen?

An urn contains 5 red, 3 blue, 6 black and 2 green balls. In how many ways can the balls be
rearranged?

A cricket team of 11 is to be chosen from 8 batsman and 6 bowlers. In how many ways the
selection is made so as to include at least 4 batsman and 5 bowlers?

Find the value of r, if

@ Cn,r=Cn,n-"7T)

® Pn,r)=C(n,r)

e Cn,rn+Cn,r-1)=C17,6)

How many numbers can be formed from the digits 2, 4, 5, 8, 9 and 0 that are divisible by 5,
if no digits are repeated in a number?

Find the value of r, if P(20, r) = 13. P(20, r — 1).

Find the value of the followings:

@ C8,2)+C(8,1)+C(9, 3)+C(10,4)

@) C(8,5)+C(7,4)+C(6,3)+C(5,2)+C(5,1)

In how many ways can four men and 4 women sit at a round table for a dinner so that no
two men can occupy adjacent positions?

How many different words with two letters can be formed by using the letters of the word
ENGINE, each containing one vowel and one consonant?
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36.

37.

38.

39.

40.
41.

42.

45.

417.

How many three letter words can be formed from the letters of the word SUCCESS such
that

(@) they always contain the letter S
(b) they do not contain the letter C?

In an election there are 7 candidates for the post of secretary. How many ways can their
names are printed on the ballot paper?

Find the value of n, if

(@) P(n,5)=42 P(n, 3) provided that n > 4

®) 30P(n,6)=Pn+2,7)

(¢) 3P(7,n)="7P(6,n)

(d) P(6,n)=360

How many natural numbers below 1600 can be formed from the digits 0, 1, 2, 3,4, 5, 7 and
9if

(@) No digit is repeated.

(b) Repetition of a digit is allowed?

How many triangles can be formed by joining the angular points of a decagon?

Let there be three towns X, Y and Z. There are 5 buses running between towns X and Y
whereas 8 buses between Y and Z. In how many ways can one person travel from X to Z?
Four letters are written and four envelops are addressed. In how many ways can all letters
be placed in wrong envelops?

. Let n is a positive integer and (x+1)" is expanded in decreasing powers of x. If the

consecutive coefficients are in the ration 2:15:70, then find the value of n.

2 10
. Find the 4" term in the expansion of (396 + x_B) using rules of Pascal’s triangle.

Expand the following by using binomial theorem.
(a) (3362 +2y° )5 (b) (4x2 - 2x° )7
6 2\5
(c) (2x + %) (d) (x2 + “—2J
X y
. Find the middle term(s) in the following expansions.
8 13 3 5)\10

(@) (%+§) ®) (m%) (c) (x2+y2)
»2 )" o

(d) (3x+2y)" (e) (x2 + —3) (f) (4a” +20°)
Yy

8
Find the 6% term in the expansion (xz + %) .
y
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49.

50.

51.

52.

53.
54.

55.

56.

. Is there any term independent of x in the following expansions? If yes, then compute the

same.

3 10 7 12 9 8
(@) (5x + “—J ®) (x3 - b—SJ (c) (é + x—J
x x x 3

10
Find the coefficient of x* in the expansion of (1+ 2x + 3x2)(x + 1) )
x

Let there are ‘n’ different balls. Prove that the number of ways in which balls can be
arranged so that two particular balls shall not be together is (n—1)!(n — 2).

Try to show that R(3, 6) =18 and R(3, 5)=14.

Prove that R(m, n)= R(n, m).
Compute the square root of 2 and 3 up to three decimal places.
If C(n, r) = C,, then prove the followings:
(@) C,+2C,+3C,+-+(n+1C, =2" +n2""
b C.C +CC ,+CC ,+---+C _C =C2n, n—r)
() C,C,+CC,+C,Cy+---+C,_,C, =C(2n, n—-1)
(d) C,+2C,+3C, +-+(n-1C, =1+(n-2) 2"
(e) Cy+3C,+5C, +---+2n+1C, =2" +n2"
(f) C,-2C,+3C,—---+(-D)"(n+1DC, =0
C, 2C, 3C, nC, n(n+1)
(g) —+ +—+-+ = .
¢, ¢C G, C 2
Show that 19 9% ;3% 4 4% 4 5% is divisible by both 3 and 5. Use binomial theorem to
prove this.

If three consecutive coefficients of (1+x)" are 35, 21 and 7, then compute the value of n.
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Group Theory
o

H 7.0 INTRODUCTION

In this chapter we will study the algebraic structure known as group which is the building
block of “Abstract Algebra”. Group is a one operational system. i.e., it has one binary operation
using which we can combine two elements of a set to get the third element. In this chapter we
will discuss definition of group, subgroup, cyclic group, group homomorphism and etc. Group
theory has also wide application in the areas of Computer Science specially in the field of
binary coding.

B 7.1 BINARY OPERATION ON A SET

Let A be a non-empty set. If f be a function from (A x A) — A, then fis said to be a binary
operation on the set A. So the binary operation must satisfy the following two conditions, i.e.,
f assigns an element f(a, b) of A to every ordered pair (a, b) in (A x A) and only one element of
A is assigned to each ordered pair; as the operation is a function.

Generally we use the symbols +, X, *, o etc. for representing the binary operation on a set.
So ‘0’ will be the binary operation in A if and only if

(@ (@,b)e A Va,be A

®) (a ,b)isunique.

We will use the symbol (,) to represent the binary operation in place of f and the element
assigned to (a, b) by (e , b). It is clear that binary operation function is a special case of binary
operation.

Let us consider the operation addition in the set of Natural numbers N.

Let a, b € N; i.e., a and b are two natural numbers. But we know that sum of any two
natural numbers is again a natural number and is unique i.e., (¢ + b) € N for all ¢, b € N.
Hence, + is a binary operation.

B 7.2 ALGEBRAIC STRUCTURE

A non-empty set A along with one or more binary operations is called an algebraic structure.
So if A is a non-empty set and o is a binary operation then (A, o) is a algebraic structure.
Consider the examples of algebraic structures as (N, +), (R, x) and (I, +).
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7.2.1 Semi Group

An algebraic structure (G, o) is said to be a semi group if the binary operation (o) is
associative in G.
ie., a,b,c)=(@,b),c;a,b,ce G.

Let us consider the algebraic structure (N, o), where o is a usual product. We know that for

any three natural numbersa, b,c € N, we havea ,(b ,¢)=(a ,b),c, as product is associative
in N. This implies that (N, o) is a semi group.

7.2.2 Monoid
An algebraic structure (G, o) is said to be a monoid if the binary operation (o) is associative
in G with an identity element ¢ in G.
ie,a b ,00=(@ ,b),canda e=e ;a=aVa,b,ce G, where e is the identity element of G.
Let us consider the algebraic structure (Z, +), where Z is the set of positive integers and the

binary operation is an addition. It will become monoid if there exists an identity element e in
Z such that

a+e=aVaecl
This implies that e = 0, but 0 ¢ Z. Hence, (Z, +) is not a monoid.

m 7.3 GROUP

A non-empty set G is said to be a group under the binary operation ‘o’ if the following conditions
are satisfied. It is also to be noted that a group is a monoid with unit element e.

(@) Closure Law: For alla,b € G;(a ,b) e G

(b) Associative Law: For alla, b,ce G,a ,(b ,c)=(a ,b),c

(c) Identity: For all a € G, there exists an identity element e € G such that

(@ ,e)=a=(e,a), where e is called the identity element.

(d) Inverse: For all @ € G, there exists an elementa ' € G such that(a ,a D=e=("!,a).
7.3.1 Commutative Group
A group G is said to be a commutative group or abelian group if the commutative law holds. i.e.,

(@ ,b)=0b ,0)Va, be G

7.3.2 Finite and Infinite Group

If the number of elements in a group G is finite, then it is called a finite group. Otherwise it is
called an infinite group.

7.3.3 Order of a Group

The number of elements in a finite group G is called the order of the group and is denoted by
Oo(G).

Let us consider the group G ={a, e}, then O(G)= 2 i.e., G is a group of order 2.
7.3.4 Order of an Element

Let G be a group and a € G, then the order of an element «a is the least positive integer n such
that o™ = e. If there exists no such n, then the order of a is infinity or zero.
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Let us consider the set of integers G with the binary operation addition.

(@) Closure Law: We know that the sum of two integers is also an integer,
ie., (@+b)e GVa,beG.
(b) Associative Law: We know that the addition of integers is associative,
ie., a+b+c)=(@+b)+cVa,b,cG.
(c) Existence of Identity: For every integer a € G there exists identity element 0 € G such
that
a+0=0+a=a
(d) Existence of Inverse: For every integer a € G, there exists inverse element —a € G such
that a + (- a) = (- a) + a = 0. So every element of G has an additive inverse.
This implies that the set of integers G together with the binary operation addition (+) is a

group.
Note

1. Since addition of Integers is Commutative i.e., (a + b) = (b + @) for all a, b € G, the group G is an
abelian or commutative group.
2. Since G contains infinite element, S, G is a commutative group of infinite order.

7.3.5 Theorem

If G be a group, then

(@) The identity element is unique.

(b) Every a € G has an unique inverse in G.

(¢) Foreveryae G; (@) l=a

(d) Foralla,be G;(a by =b"" a"*
Proof: (a) If not and if possible let e and f be the two identity elements of group G. Thus
we have

e , f=f(Taking e as identity)

and e , f=e (Taking f as identity).

Now (e ,f) is an unique element of G as G is a group. Therefore f = e, i.e., Identity element
is unique.

(b) Leta e Gandee G be the identity element of G. If not and if possible let a; € G and
ay € G be two inverses of @ € G. Therefore

(@,a;)=(a;,a)=eand(a,ay) =(ay,a)=e.

Now ag,(a,ay)=(ay,e) =ay .. @)

and (ag,a),a1=€,ay =0y . @)

Again by associative property a, , (@ , a;) = (aq, @) , @;. Therefore from equations (i) and (i7)
we get a; = a, . This implies that the inverse of an element is unique.

(¢) Given that Gis a group. Let a € G, this implies ¢ 'e G. Similarly (¢ "}~ 'e G. Let e be
the identity element of G. Hence, we have (¢ ,a) = e

= @ Ht, e t,a)=@ H 1, e

= (@ HtaH,a=@ H! [Using associative and identity law]
= e,a=(@ Ht [Using identity law]
= a=(@ H! [Using inverse law]

So, @ Hl=a



176 Fundamental Approach to Discrete Mathematics

(d) Given that G is a group. Leta, b € G

Now (@,b)b ' jaH=Wa,b)b Y, a! [Associative law]
=(a,b,b",a! [Associative law]
=(@,e),a ! [Inverse law]
=a,a? [Identity law]
=e [Inverse law]

So, (@, b)b ' aH=e

Similarly it can be shown that (5~ ja™ )@ ,b) =e.
Thus it is clear that (5~ , @~ !) is the inverse of (a , b).

ie., (@ byt=bt,al.
7.3.6 Theorem
Let G be a group and for all a, b,c e G

@) if(a,b)=(a,c),thend =c [Left cancellation law]
@) if (b ,a)=(c,a),thenb =c [Right cancellation law]
Proof: (i) Let G be a group and a, b,c e G

Assume that (@,b)=(a,c)

= a_lo(aob)=a_10(a0c)

= (@? 0@ ob=(a" ! 0@, C [Associative law]
= e,b=e c [Existence of inverse]
= b=c [Existence of identity]

So, if (@ ,b) =(a ,c¢), then b =c. This is called the left cancellation law.
(ii) Let G be a group and a, b,c e G

Assume that b,a)=(,a)

- b,a),a ' =(c,a),a"

= b,@a,a H=c,(@,a™ [Associative law]
= b,e=c,e [Existence of inverse]
= b=c [Existence of identity]

So, if (b ,a) =(c ,a), then b = c. This is called the right cancellation law.

7.3.7 Theorem

Let G be a group and a, b be the elements of G, then
(?) The equation ax = b has unique solution in G.
(i) The equation ya = b has unique solution in G.

Proof: (i) Let G be a group and let a, b € G.
According to closure law (™ 'b)e G,asa ‘e Gandb e G. Letx =a~ ' b. Now
ax=al@'b)=(@,a Hb=e ,b=b
Therefore, x = &~ ! b is the solution to the equation ax = b.
Let us assume that x; and x4 be two solutions to the equation ax = b. Hence, we have

ax; =b and ax, = b.
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This implies that ax; = ax,. Therefore, by left cancellation law x; = xo. Hence, the solution is
unique.

(ii) Let G be a group and let a, b € G.
According to closure law (ba™') € G,asa '€ Gand b € G. Lety = ba™!. Now
ya=ba HYa=b@a)=b, e=b
Therefore, y = b a~ ! is the solution to the equation ya = b.
Let us assume that y; and y, be two solutions to the equation ya = b. Hence, we have
yia =bandysa =b.
This implies that y,a = y,a. Therefore by right cancellation law y; =y, Hence, the solution
is unique.

7.3.8 Theorem

The order of all the elements of a finite group is finite and is less than or equal to the order of
the group.

Proof: Let G be a finite group and the composition being multiplication.
Leta e G.

This implies (@a*a)=a’e G.

= (@*a® =d’e G.

= (@*a®) =a*e G and so on.

ie., a,a® a® a* a’ ....are the elements of G. This implies that G has infinite order.

But it is given that G is of finite order. So there must exist two integers j and % such that
o =d forj > k.

= da*=a*a"=e

= al F=e

= d =e, wherel = (j—k) e I' (Set of positive integers)

Now the set of all these positive integers [ satisfying a’ = e will have a least member say m.
So,a™ =e.
Therefore, O(a) is finite. Let O(a) = n.

Now we have to show that O(a) < O(G), i.e., n < O(G). If not and if possible let us assume
that n > O(G).

Let a € G. Therefore by closure property we have a, a2, a®, a*, da, ..., a" € G. If they are not
distinct then there exists two integers r and s such that a” = a°, 1<s<r<n
= a " *=e.

Thus, O(a) = (r —s) as (r —s) < n.

This contradicts to the fact that O(a) = n. Hence our supposition is wrong. Similarly this is
not possible if n > O(G).

Therefore, O(a) < O(G).
7.3.9 Theorem

The order of any integral power of an element a can not exceed the order of a.
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Proof: Let G be a group and a € G. Let us assume that the order of the element a is n i.e.,
O(a) = n. This implies that a” = e, where e is the identity element of G.

Suppose that a™ be the integral power of a.

Again d*=e
= @V"=e"=¢
= (@) =e
= @'=e

This implies that the order of the element o™ can not exceed the order of a, i.e., O(a™) < n.

7.3.10 Theorem

The order of an element @ of a group G is the same as the order of its a1, i.e., If G is a group
and a € G, then O(a) = O(a™ Y.

Proof: Let the order of an element a of a group G be m and that of a ' be . i.e., O(a) = m and

O™ H =n.

Now O@)=m

This implies that a=e

= @ l=e

= (@hHm=e

Therefore order of @™ ! is less than or equal to m, i.e., O(@™ 1) < m. Thus, we have n < m ...(J)
Again O bH=n

This implies that (@) =e

= @y t=e

= @) =e [+ a l=eimpliesa=e]

Therefore, order of a is less than or equal to n i.e., O(a) <n. Thus we have m <n. ...(ii)

Hence from equations (i) and (i7) it is clear that m = n. Therefore, the order of an element a
of a group G is the same as the order of its inverse o~ 1.

H 7.4 SUBGROUP

A non-empty subset H of a group G is said to be subgroup of G if H forms the group under the
binary operation defined on G. As every set is subset of itself, so G is subset of itself and hence
G is subgroup of G.

7.41 Theorem

A non-empty subset H of a group G is said to be subgroup of G if and only if

(@) a,b € Himplies (¢ ,b)e H [Closure law] and

(i) a € Himpliesa 'e H [Inverse law]
Proof: Let H be a subgroup of G. Therefore, H satisfies all properties of a group. Thus closure
law and existence of inverse holds.

Conversely, suppose that

(@) a,b € Himplies (¢ ,b)e H [Closure law] and

(i) a € Himpliesa e H [Inverse law]
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Now we have to show that H is a subgroup of G i.e., Existence of identity and associative law
holds in H.

Associative Law: Let a, b, ¢ € H. This implies that a, b, c € G as H ¢ G. Thus we get
a,b,c)=(a,b),c. Therefore associative law holds in H.

Existence of Identity: Given that a € H implies a~ ! € H. So, by closure law (a N e H.ie.,
e € H. Therefore, identity element exists in H. Thus H is a subgroup of G.

7.4.2 Theorem

A non-empty subset H of a group G is the subgroup of G if and only if (@ ,6~!) € Hfora, b € H.
Proof: Let H be a subgroup of G. Therefore, H satisfies all properties of a group G. Thus
closure law and existence of inverse holds.

Let a, b € H. Again by existence of inverse we have b~ ! € H. Therefore by closure property
(@,b-)eHasae H,b"'e H.

Conversely, suppose that (a ,b~!) e Hfora, b ¢ H.

Now we have to show that H is a subgroup of G i.e., H satisfies all the four properties of the
group G.

Given that (@ , b~ ') € H for a, b € H. Hence we have (b , b~ ') € H. This implies that e € H.
So, identity element exists in H. Againe € H and ¢ € H implies that (e ja~ YeH.ie,a e H.
Thus inverse element for every element exist in H.

Alsoa € H,b™ ' ¢ Himplies that (@ ,(6-") ") e H.i.e., (a ,b) € H. So, closure law holds in H.
As H is a subset of G and G is a group, so associative law also holds in H.

Therefore, H is a subgroup of G.
7.4.3 Theorem

Intersection of two subgroups of a group G is also a subgroup of G.
Proof: Let H and K be two subgroups of group G. So, H ¢ G and K ¢ G. This implies that
(H nK) is also a subset of G.

Now our claim is to show that (H n K) is a subgroup of G i.e., Closure law and existence of
inverse holds in (H n K).

Closure Law: Leta,be (HNK)

= a,be Handa,b e K

= (@,b)e Hand (@ ,b) € K ['- H and K are subgroups]
= (a,b) e (HnK).

Existence of Inverse: Leta e (HNK).

= ae Handa € K.

= aleHanda e K [ H and K are subgroups]
= ale HNK)

Therefore, (H n K) satisfies both closure law and inverse axiom. Hence, (H N K) is a
subgroup of G.

7.4.4 Theorem

If H is a non-empty finite subset of a group G, then H is a subgroup of G if and only if H is
closed under multiplication.
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Proof: (Necessary Part). Let H be a multiplicative subgroup of the group G.

As H is a subgroup G so it satisfies all the properties of group, hence the closure properties.
ie., a,b € Himplies (a ,b) € H.

(Sufficient Part) Let H be non-empty finite subset of group G and H is closed under multipli-
cation.
ie., a,b € Himplies (a ,b) € H.

Now we have to show that every element of H has an inverse element in H i.e., a €¢ H
implies ™! € H.

Let a € H. This implies that (a , @) = a® € H. Similarly ¢® = (¢* , @) € H and so on. Therefore
we get

H={a,a%d%a* ....,a™, ....}

This indicates that H is an infinite set. But, it is given that H is a finite set. So, all the
elements of H listed above are not distinct. Thus there exists two integers j and & such that
o =d"forj>k>0.

This implies that daF=a"a"=e

ie., dF=e (D)
Now asj >k > 0 are two positive integers we have (j— k) >1.i.e.,j—k—-1) 20.
So, aV~*~1V ¢ H, as H contains elements of type a™.
Again a € Hand ¢V ~*~V e H implies that
(@, oV *V)yeH [By closure law]
i.e., @ *=¢eH.
Therefore, (a ,a’ %~ V)=e ...(@@)

From equation it is clear that a U-k-1ig the inverse element of a. i.e.,a " '=a Y *~ 1. So,
inverse element exists in H. Therefore, H is a subgroup of G.

7.4.5 Definition

Let G be a group and H is subgroup of G. Now for a, b € G we say “a is congruent to b mod H”
written asa =b mod Hifa b~ e H.

7.4.6 Theorem

Let G be a group and H is a subgroup of G. Then show that relation @ =& mod H is an
equivalence relation.

Proof: Given G be a group and H be a subgroup of G. We have to show that the relation
a =b mod H is an equivalence relation.

Reflexive: Let a € H. This implies that a™ ' € H.
Hence by closure axiom we have (a ,a” ') € H.
ie., a =a mod H.
Symmetric: Suppose that a =b mod H.
This implies that ab"leH
= (@b HleH [By existence of inverse]
= b HlaleH [By theorem]
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= ba le H

= b =a mod H.

Transitive: Suppose thata =b mod H and b = ¢ mod H

This implies that able Handbc 'e H

= @ HobecheH [By closure law]

= ab ') teH [By associative law]

= (@e)cle H [By existence of inverse]

= ac’le H [By existence of identity]
i.e., a=cmod H

Therefore, the relation « =b mod H is an equivalence relation.

H 7.5 CYCLIC GROUP

A group G is called the cyclic group if for any a € G all other elements are of type a”, where n
is any integer. ‘a’ is called the generator of G. A cyclic group may have more than one genera-
tor and the generator is denoted by (a). Therefore a cyclic group G is of the type

G={x | x =a"; n is any integer}

The elements of G is of the form ... ,a "%, a %, a 1, a’ = ¢, a, a2 d°, ...

7.5.1 Theorem

Every cyclic group is an abelian group.
Proof: Let G be a cyclic group with generator a. Let a™ and a” be two elements of G, i.e., a™,
a"e G.

NOW (amoan)=am+n=an+m=(an0am)'

Therefore, G is an abelian group.

7.5.2 Theorem

G be a cyclic group with generator a, then o~ ! is also the generator.

Proof: Let G be a cyclic group with generator a. So, a” € G, where n is some integer.

Now a"=@hH ";—nel

This indicates that every element can be expressed as some powers of @ ~ 1. Therefore, a "' is

also the generator of G.

7.5.3 Theorem

The order of cyclic group is same as the order of its generator.
Proof: Let G be a cyclic group with generator a and let the order of a be n, i.e., a" = e.

Now we have to show that the order of cyclic group G is n i.e., G contains exactly n
elements.

Let m be an integer; m > n and o™ € G.

As m > n, we have by division algorithm m =nk +r;0<r<n.

nk+r nk k

Therefore, a™ =a =a"a =(a
3

"o = e* a" = " . This implies that a™ = ', i.e., a™ is one

of the element from a, a2, &®, ... , a" . Therefore, G can not have more than n elements.
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Now we have to show G contains exactly n elements i.e., all the elements a, a?, a3, ..., a" are
distinct.
If not and if possible, let there be repetition. i.e., a™ = a" ; 0 < r < m. Thus we have

r r

am"a "=a"a "=eie.,a™ "=ewith0O<(m-r)<n.

This contradicts to the fact that the order of a is n. So, our supposition is wrong. Hence all
elements are distinct. Therefore, G contains exactly n elements.

7.5.4 Theorem

A finite group G of order n containing an element of order n must be cyclic.
Proof: Let us consider G be a finite group of order n. Let a be an element of G with order n.
This implies that
a' =e.
Let us construct an cyclic group G, with generator a. Thus we have G, = {a, a®,a?, ....,a"=e}

But we know that order of group and order of its generator is same. This implies that

O(Gy) = O(a) = O(G).

ie., O(Gy = 0(G)
Again let ae Gy
= a'e Gy
= a'e G

This implies that G; < G; but O(G;) = O(G). Therefore, G = G;. Hence G is a cyclic group.
7.5.5 Theorem

Subgroup of a cyclic group is itself a cyclic group.
Proof: Let G be a cyclic group with generator a and let H be the subgroup of G.
Now as H is contained in G, the elements of H are of the type a*. Let m be the least positive
integer such that
a"e H
Let a* € H, where % is an integer greater than m i.e., k > m.
This implies that k=mn+r;0<r<ma™ (@)

But we know that the elements of H are in the form of integral power of a. Therefore,
a™ ¢ H. This implies that a =" € H.

Now a* € H and a =™ e H. So by closure property we have a* .a =™ ¢ H

= af~"™e H

= amn +r—mn c H

= a"eH

This contradicts to the assumption that m is the least positive integer for which ™ € H. So
a” € H is possible only if » = 0. Thus we have from equation (i) 2 = mn.

Thus " =a™ = (™"

Therefore, H is a cyclic group with generator a™.



Group Theory 183

m 7.6 COSETS

Associated with any subgroup there are two cosets namely left coset and right coset. Let G be
a group and H be any subgroup of G and let a € G. The left coset of H in G is the set aH given
by
aH={x | x=ah,V heH)
The right coset of H in G is the set Ha given by
Ha={x | x =ha,V h € H}
The cosets are not necessarily subgroup of G. If G is an abelian group, then the left coset of
H in G is equal to the right coset of H in G.

7.6.1 Theorem

If H is subgroup of a group G and 2 € H, then H2 = H = AH.
Proof: Given that H is a subgroup of group G and # € H.
Our claim is Hh =Hi.e., Hh c H and H ¢ HA.
Let h; € H. Again h; € H and 2 € H implies that (2, 2) € H.
But we know that being the right coset (2, h) € Hh.

Thus, (hih) e Hh = (hy h) € H.
Therefore, Hh cH ()]
Now hie H
and hi=hee
=h(h "' h) [By existence of identity]
=(h,h"Hh [By associative law]
Therefore, hy=(h, kY heHh
Hence, we get hy € H= h; € Hh. Thus we get
HcHA ... (@)

Therefore, on combining equations (i) and (ii), we get Hh = H.
Similarly it can be shown that A H = H.
Therefore, we have Hh =H =hH.

N 7.7 HOMOMORPHISM

A mapping ¢ defined from a group G; with binary operation (o) to the group G, with binary
operation (¥) is said to be homomorphism if

0 (xoy)=0() *0y) Vx,ye Gy
7.7.1 Theorem

If ¢ is a homomorphism defined from G; to G, then

(@) 0 (e1) = eq; ey is the identity element of G; and e, is the identity element of Gs,.

G o D=0 ;Vae Gy
Proof: (i) Given that ¢ is a homomorphism from G; to G,. Also given that e; is the identity
element of G and e, is the identity element of G,.

Let x € Gy. This implies that ¢ (x) € Gy. Now e; € G; such that x e; = x.

Therefore, o) =0 (xey)
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=0 (x) ¢ (ey) [- ¢ is a homomorphism]

ie., o (x) =0 (x) ¢ (eg) ...
Again as e, is the identity element of G,, we have

d(x) =0 (x)ey ...

Hence from equations (i) and (i) it is clear that
d@)dle) =0 (x)=0(x) ey
= 0(e;) =ey [Left cancellation law]

(1) Given that ¢ is a homomorphism from G, to G,. Also given that e, is the identity element
of G; and e, is the identity element of G,,.

Let x € Gysuch that (xx " H =e,

N o(xx~ ) =0y

= o) ox H=0 (ey) [¢ is a homomorphism]
= 0 @) ox™H =ey

Hence, it is clear that ¢(x ~ 1) is the inverse element of ¢ (x).

Thus we have o H=0w) ' Vre Gy

i.e., Inverse element corresponds to the inverse element.

7.7.2 Theorem

If ¢ : G; > Gy is a homomorphism, then ¢ (G,) is a subgroup of Gs.
Proof: Given ¢ : G; > Gy is a homomorphism. Then for x, y € G; we have ¢ (x y) = ¢ (x) ¢ ().
Again o (x) € ¢ (Gy), 0 (y) € & (Gy) such that
0@ 0 (y) =0y e ¢(Gy.
Therefore the closure property is satisfied.
Alsoy € G, implies y ~! € G, such that (y y ~1) = e;, where e, is the identity element of G,.
Thus we have

oyy D=0y

= 00 oy =0y [ ¢ is 2 homomorphism]
= ooy~ b= ey ; where e, identity element of ¢ (Gy).
Therefore, OO t=o@ .

This indicates that for every element ¢ (y) € ¢ (G;) there exist inverse element ¢ (y ~!) in
0 (Gy).
Hence, ¢ (G;) is a subgroup of G.

@ SOLVED EXAMPLES @

Example 1 Show that the subtraction is not a binary operation on the set of natural numbers N.

Solution: We know that ‘0’ will be a binary operation in N if and only if (@ ,6) e NV a,b e N
and (a , b) is unique. Here the binary operation is subtraction (-). It is clear that for a, b € N,
(a — b) may or may not belongs to N. Let us take a =5 and b = 10, so (a —b) = -5 ¢ N. Hence,
the subtraction is not a binary operation.

Example 2 The operation ‘o’ defined by the relation (a ,b) = % is not a binary operation in the

set of real number R.
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Solution: We know that ‘0’ will be a binary operation in R if and only if (¢ ,6)e RV a,b e R
and (@ , b) is unique. Here the binary operation ‘o’ defined by the relation (a ,b) = % .Itis clear
that % is not defined for & = 0. Let us take a = 5 and b = 0, but % is not defined. Hence the
operation ‘0’ defined by the relation (e , ) = % is not a binary operation on R.

Example 3 Is the following a valid definition of binary operation.
@ (a,b)=ab+2bonR
®) (a@,b)=a’onI*
) (a,b)=Min (a,b)onR

Solution: (a) Leta,be R

= (ab) e R [Product of two real numbers is also a real number]
Again, b € R implies that 2b € R.

We know that addition of two real numbers is also a real number, so (ab + 2b) € R and it is
unique. Hence, the operation (a ,b) = ab + 2b on R satisfies the definition of binary operation.

(b) Leta,be I*(Setof positive integers)

Given that (a , b) = a®. We know that a positive integer raised to the power by a positive
integer will always result on a positive integer and it is unique also.

This implies that a® is a unique positive integer. Hence (a , b) = a® is a binary operation.
(¢) Leta,b e R(Setof real numbers)
Given that (e ,b) = Min (e, b). Which is equal to either @ or b € R. This implies that

(@ ,b) =Min (a, b) is a binary operation in R.

Example 4 Let A = {0, 1}, then define the binary operations for and (A) and or (V).

Solution: Given that A = {0, 1}. The binary operations for and (1) and or (v) is given as below.

Y 1 0 A 1 0
1 1 1 1 1 0
0 1 0 0 0 0

Example 5 Complete the following table so that the binary operation (o) is commutative.

0 a b ¢
b
c b a
c a c

Solution: A binary operation (o) in set G is said to be commutative if (@ , ) = (b , @). Since
binary operation (o) is commutative we have the followings.

(@,0)=0b,a)=c

(@,c)=(,a)=a

(c,b)=0b,c)=a
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Thus the complete table is given below.

0 a b ¢
a b a
b c b a
c a a ¢

Example 6 For the algebraic structure (G, o), defined by (a ,b) =a + b —ab; a, b € G. Show
that G is a semi group, monoid and also show that commutative property holds.

Solution: Given that foralla,b € G,(a ,b)=a +b —ab.
Semi group: Leta, b,ce G
Now a,b,c)=a,bB+c—-bc)
=a+®b+c-bc)—alb+c—bc)
=a+b+c—bc—ab—-ac+abc
Again (@,b),c=(@+b-adb),c
=(a@a+b-ab)+c—c(a+b—-ab)
=a+b+c—ab—ca-bc+abc
Comparing the above two we see a , (b ,¢) = (a , b) , c. This implies that (G, o) is a semi
group.
Monoid : We know that the algebraic structure (G, o) is monoid if it is a semi group and has
an identity element. We have already shown that (G, o) is a semi group.

Let us now try to find the unit element e € G such that (¢ je) = a

ie., a+e—ae=a
= a+e(l-a)=a
= e(l-a)=a-a=0
= e=0

So, the unit element 0 (Zero) exist in G.

Commutative Law: G is said to be commutative if (a ,b) = (b ).

Now (@ ,b)=a +b —ab and (b ,a) =b + a — ba . This implies that (a ,b) = (b , a), hence
commutative.
Example 7 A set G ={a, b, ¢, d}, the binary operation (o) on this set is defined by the following
figure. Find the followings.

@ (a,b)and (b ,a)

(b) Is binary operation (o) commutative.

(c) Is binary operation (o) associative.

0 a b ¢ d
a a ¢ b d
b d a b ¢
c a d a a
d d b a c
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Solution: Given that G = {a, b, ¢, d}. The binary operation (o) on this set is defined by the
following figure.

0 a b ¢ d
a a c b d
b d a b ¢
c c d a a
d d b a ¢

(@ (@,b)=cand (b ,a)=d
(b) As(a ,b)#(b ,a), so the binary operation as defined is not commutative.
() Now a,b,c0)=a,(b)=cand
(@,b),c=c,c=a
So, a,b,c)#@,b),c.
This implies that the binary operation defined above is not associative.

Example 8 Given the algebraic structure (G, o), defined by the following table. Show that G is
a semi group, monoid and find the unit element.

0 a b ¢
a c b a
b b c b
c a b ¢
Solution: Given the algebraic structure (G, o), defined by the following table as
0 a b ¢
a c b a
b b c b
c a b ¢

Semi group: Let a, b,ce G

Now a,b,c)=a,b=band(a,b),c=b,c
b,(a,c)=b,a=band (b, a),c=b,c
c,la,b)=c,b=band(c,a) ,b=a,b

Therefore, the algebraic structure (G, o) is a semi group.

Monoid: We know that the algebraic structure (G, o) is monoid if it is a semi group and has
an identity element.

We have already shown that (G, o) is a semi group.
Let us now try to find the unit element e € G. It is very clear from the table that

b
b
b

(@,c)=a=(c,a)
b,c)=b=(,b)and
(c,c)=c=(c,c)
Therefore, the identity element is given as e = c.
Thus the algebraic structure (G, o) is a monoid.
Example 9 G contains real numbers 1, — 1 under the usual multiplication. Then show that G
is a commutative group of order 2.
Solution: Given G = {1, -1} and the binary operation (o) is multiplication (*). Let us construct
the table.
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* | 1 -1
1 1 -1
-1 -1 1

Closure Law: From the above table it is clear that the binary operation with any two
element results either 1 or —1. So the closure property is satisfied.

Associative Law: From the above table it is clear that the associative property is also satisfied.
Existence of Identity: From the above table it is clear that the identity element is 1 € G.

Existence of Inverse: From the above table it is clear that (1 * 1) = 1 and (-1 * -1) = 1.
Therefore, 1 and — 1 are their own inverses.

Commutative Law: From the table it is clear that 1 * (-1) = (1) * 1. So, commutative
property is also satisfied.

Therefore, G is an abelian group of order 2.
Example 10 Show that the set G = {1, w, &} is a group with respect to binary operation
maultiplication, where wis the cube root of unity.

Solution: Given o is the cube root of unity. Thus we have ®® =1 and 1 + o + ®®= 0. It is also
given that the binary operation (o) is also a multiplication. Let us construct the table.

* 1 o o
1 1 o o
O] o o 1
g g 1 o

Closure Law: As seen from the table all the elements belongs to the Set G. So, Closure law
is satisfied.

Associative Law: The elements of G are complex numbers and we know that complex
number multiplication is associative. Thus associative law is satisfied.

Existence of Identity: From the table it is clear that 1 € G is the identity element.

Existence of Inverse: From the table it is also clear that 1 *1=1; 0 * 0’ = 0’ = 1
and 0> * 0= 0= 1.

Hence, it is clear that o is the inverse element of w2, ®? is the inverse element of ® and 1 is
the inverse element of 1. So, every element of G has its inverse in G.

Therefore, the set G = {1, 0, ®” }is a group with respect to binary operation multiplication.

Example 11 Give an example of a group of second order such that every element is its own
inverse.

Solution: Let us consider the set G = {1, —1} and the binary operation (o) is multiplication (*¥).
Let us construct the table.

* | 1 -1
1 1 -1
-1 -1 1

Closure Law: From the above table it is clear that the binary operation with any two ele-
ment results either 1 or — 1. So the closure property is satisfied.

Associative Law: From the above table it is clear that the associative property is also satisfied.
Existence of Identity: From the above table it is clear that the identity element is 1 € G.

Existence of Inverse: From the above table it is clear that (1 * 1) =1 and (-1 % -1) = 1.
Therefore, 1 and — 1 are their own inverses.

Therefore, G is a group of second order. i.e., O(G) = 2.
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Example 12 G is a set of all non-zero real numbers and let (a ,b) = %b. Show that (G, o) is an

abelian group.

Solution: Given that G is a set of real numbers.
Closure Law: Let a, b € G. We know that product of any two real numbers is a real number.

This implies that (eb) € G. Similarly %b € G. Therefore, (a ,b) € G.

Associative Law: Let a, b, c € G.

bcj_a_bc abj c_abc

Nowao(boc)=ao(7 1 and(aob)oc=(7 T.Therefore,ao(boc)=(aob)oc

Existence of Identity: Let a € G and e € G be the identity element such that (a ,e) = a.
ie., %€ _ 4. This implies that e = 2 € G. So every element of G has 2 as the identity element.
Existence of Inverse:Let a € G and a” '€ G be the inverse element of a.

Thus we have (a ,a™ ') = e = 2. This implies thata™ ' = 4 € Gas4 e G,ae Gandratio of two
a

non-zero real number is a real number.
ab ba
b)) = —=—
0 &) 2 2
Therefore, commutative law also holds in G.
Thus (G, o) is an abelian group.

Commutative Law: Now (a = (b , @). This implies that (e , &) = (b , a).

o

b
Example 13 Let G be the set of all (2 x2) real matrices (a dj where (ad — be) #0 is a rational
c

number. Prove that G forms a group under multiplication.

b
Solution: Let us consider G be the set of all (2 x 2) real matrices (a d] where (ad — bc) # 0 is
c

a rational number.

Closure Law: Let A, B € G. i.e., A and B are two matrices of order (2 x 2). This implies that
(A x B) is also a real matrix of order (2 x 2).

From the definition it is clear that | A|# 0 and |B| # 0, hence, | AxB|= |A| x |B| #0. Thus
(A x B) is a matrix of order (2 x 2) and |A x B| #0. So, (A x B) € G. Therefore, closure law is
satisfied.

Associative Law: We know that matrix multiplication is associative. So, for A, B, C € G we
have A x (B x C) = (A x B) x C. Therefore, associative law is satisfied.

10
01

[ allo 1)-(¢ 2

Existence of Inverse: For every A e G, there exists inverse Al e G such that (AxA™ 1) =1,
where

Existence of Inverse: The matrix I = ( j € G, since |I|=1# 0, will act as the identity

element since
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A-lo Adj(A) _1 (011 C12
Al |A]

Therefore, G forms a group under multiplication.

j ; ¢;; is the cofactor of a;; .
Co1 Ca2

Example 14 Let G be the set {ay, a;, ay, ...., ag ). The binary operation (o) is defined as below.
Check whether (G, o) is a group or not.

a,; ifG+)<7
{aHj7 if (i+j) 27
Solution: Let G={ay,a;,0a,, ....,ag}. The binary operation (o) is defined as
a,;, if@G+)<7
{al+j7 if (i+j) =7

2

(a4 aA)z

(@;,a) =

Based on the binary operation defined above we have
(ag,a0) = ag; (ag,a1) =ay; (a5 ,a1) = ag;

(@a5,a9) =a;_7=0aq;(ag,a3) =aq9_7=ay and so on. Thus we have the following table.

0 ay o Qs as ay Qs ag
Qo Qo a1 Qy as Qy as Qg
a; a; ay as ay, as ag a
) ) as Qy as Qg ) a1
as as Qy as Qg Qo a1 Qy
Qy Qy as Qg Qo a Qo as
as as Qg Qo a1 Qy as Qy
Qg Qg Qo a Qg as Qy as

Closure Law: From the table it is clear that all the elements are in G. So, closure property
is satisfied.

Associative Law: Let a;, a; , aj, € G. Now it is evident from the table that

Qs i ifG+j+hR) <7
i ipog HGE+j+R)214

Same definition holds for (a; , @;) , a; . So, associative property is satisfied.

Existence of Identity: From the first row of the table it is clear that a; € G is the identity
element as (ay,a)) =a;forallj=0,1,2,3,4,5,6.

Existence of Inverse: From the table it is clear that @ is the inverse of a, and ¢; is the
inverse element of a (; _; for J = 1, 2, 3, 4, 5, 6. So, every element has its inverse in G.

Therefore, G is a group under the binary operation defined above.

Example 15 If G is a group of even order then there exists an element a #e such that o® = e.

Solution: Given G is a group of even order.
Let there be n elements and its n number of inverses. So altogether there are 2n number of
elements. Again in this 27 number of elements there is an identity elemente € G ande "' =e.
This implies G contains (2n — 1) number of elements, but it is given that G is of even order.
So, there must exist at least one element which is its own inverse.
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1

ie., aeG = a =a
-1 _
= (@,a)=(,a)
= e =a’
ie., a=e.

Example 16 Suppose that G is a group and a® = a, a € G. Prove that a = e.
Solution: Given that a’=a
= (aoa):(aoe)-
So, by left cancellation law a = e.
Example 17 If every element of the group G is its own inverse, then it is an abelian group.

Solution: Given every element of group G is its own inverse.
Let a, b € Gimplies thata ' =a and b~ ! = b.
Again by closure law a, b € G implies that (a ,b) € Gand (@ ,b) ' =(a ,b).
b l,ah=(,b) [By theorem]
b,a)=(a,b) [a'=aandb ' =b]

Therefore, G is an abelian group.

=
=

Example 18 If G is a group with (a ,b)" =a " b" for three consecutive integers, then G is an
abelian group.
Solution: Given G is a group and (a ,b)" =a " b" for three consecutive integers.

Let the three consecutive integers be n, (n + 1) and (n + 2). So, by definition we have

(aob)nzanbn; (aob)n+1=an+1bn+1and

(aob)n+2 =an+2bn+2
Now (@y,b)"*?=(a,b)"*'(a,b)
N an+2bn+2=(an+1bn+1)(a0b)
— (an+1a)bn+2=(an+1)(bn+1a)ob
— (an+1)(abn+2)=(an+1)(bn+1a)0b
= @"*?=0"*'a),b [Left cancellation law]
_ (abn+1)b=(bn+1a)ob
= @"* ) =b""1a) [Right cancellation law]
- an(abn+1)=an(bn+la)
N (an+1bn+1)=(anbn)(b0a)
= (@, ,b)"*t=(a,b)" (b ,a)
= (@,0)" (@, b)=(@ b)"®b,a)
= (@,b)=(0,a) [Left cancellation law]

This implies that G is an abelian group.
Example 19 G is the set of all integers and the binary operation (o) is defined by
(a ,b) =a-b. Test whether G is a group.
Solution: Given that G is the set of all integers and the binary operation (o) is defined by
(@ ,b)=a-b.
Closure Law : We know that difference of two integers is an integer. So, for a, b € G, we
have (@ — b) € G. Thus (a , b) € G. Therefore closure law is satisfied.
Associative Law: Let a, b, ¢ € G.
Now a,b,c)=a,b-c)
=a-(b-c)
=a-b+c @
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Again (@,b),c=(a-b),c
=(a-b)—c
=a-b-c ... (7))

From the equations (¢) and (i7) it is clear thata , (b ,¢) #(a , b) , c. Therefore, associative law
is not satisfied. Hence G is not a group.

Example 20 Let G={1,- 1, i, — i} be a group under the binary operation multiplication. Find the
order of elements.

Solution: Given G = {1, — 1, i, — i } be a group under the binary operation multiplication.
Therefore, the identity element is 1.

Now o1)=1 [ (D'=1]
0(-1)=2 [ (1D)?=1]

0Gi) =4 [+ @O*'=G% =(1D?=1]

O(-i)=4 [+ ED)*=@) =G =(-1)*=1]

Example 21 G is the set of positive integers and the binary operation (o) is defined by
(a ,b)=ab. Test whether G is a group.
Solution: G is the set of positive integers and the binary operation (o) is defined by
(@,b)=(ab).

Closure Law: We know that product of two positive integers is a positive integer. So, for
a,b e G,wehave (a b) € G. Thus (e ,b) € G.

Therefore, closure law is satisfied.

Associative Law: Let a, b, ¢ € G.

Nowa ,(b,c)=(abc)=(a,b),c. Therefore associative law is satisfied.

Existence of Identity: G is the set of positive integer. This implies that 1 € G and (1 ;a) =
(@ ,1)=a for all a € G. Therefore 1 is the identity element of G.

Existence of Inverse : Let a € G and let b be the inverse of a. Thus we have (a ,b) = 1. This

. 1 . 1. e . .
implies that b =— ¢ G. Since— is not a positive integer. So, inverse element does not exist in G.
a a

Therefore, G is not a group.

Example 22 Let G = {a, o, o°, o?, a®, a® = e ] be a group under the binary operation multipli-

cation. Find the order of elements.
Solution: Let G ={a, a? a? a*, o, a® =e} be a group under the binary operation multiplication.

Now O(@) =6 [ a®=e]
0@ =3 [- @)?=ab=e]
0@ =2 [- @®?=ab=e]
0" =3 [ @)’ =a?=(%?=¢]
0@ =6 [ @®®=a*=(%5=¢]
0@ =1 [ (@®l=e]

Example 23 Let G=/0, 1, 2, 3, 4, 5] be a group under the binary operation addition modulo 6.
Find the order of elements of the group.

Solution: Given G = {0, 1, 2, 3, 4, 5} be a group under the binary operation addition modulo 6.
Here the identity element is 0 (Zero). i.e., O(0) = 1 as 0! = 0. Let us now find out the order of 1.

1'=1
’=1®41=2
P=19,12=1®32=3
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=1@51°=1@®;3=4
P=1®51*=1®z4=5
1°=1041°=1®,5=0
Therefore, 01)=6
Similarly 0(2) =3; 0(3) =2; 0(4) = 3; O(5) = 6.
Example 24 Let G is a group and order of every element a #e of the group G is two. Show that
G is an abelian group.
Solution: Given G is a group and order of every element a # e of the group G is two.
Let a € G. This implies that O(a) = 2. i.e.,a’=e

= (@,a)=e

= (@,a),a t=e,at=a"! [Existence of identity]
= a,(@,aH=a [Associative law]
= a,e=a’ [Existence of inverse]
= a=at [Existence of identity]

So, every element of G is its own inverse. i.e., Fora,b € Gwehavea=a 'andb =5 "1
Again by closure law (a ,b) € G and (¢ ,b)" = (a , b). This implies that (b ;&™) = (a , b)
ie., b,a)=(a,b).
Therefore, G is an abelian group.
Example 25 Show that in a additive group of integers G the order of every element except
0 (zero) is infinite.
Solution: Given G is the additive group of integers. The identity element in case of additive

group of integers is 0 (zero). This implies that O(0) = 1 as 0! = 0. Let us consider the next
element 1.

Now 1'=1

’=1+1=2

P=1+1+1=3
and so on. From this it is clear that there exists no such n for which 1" = 0. This implies that
order of 1 is infinite. The same argument also holds for other integers.

Example 26 Let G be a group and the order of a, b and (a , b) be two. Show that G is an
abelian group.

Solution: Given G be a group and the order of a, b and (a , b) be two. i.e., a® = e; b = e
and (¢ ,b)* =e.

Now (@,bP=e

= (@,b)@,b)=e

= (@,b)@,b)=e,e=a’, b>

= a,b,a),b=(@,a),b,b)

= a,b,a),b=a,@,b) b [Associative law]

= b,a)=(,b) [Cancellation law]

Therefore, G is an abelian group.

Example 27 Is union of two subgroups of a group G is a subgroup of G¢ If no then explain with
the help of a counter example.

Solution: The union of two subgroups of a group G is not a subgroup of G.
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Let us consider the group G = {... -3, -2, -1, 0, 1, 2, 3, ...} with the binary operation
addition. Let us define two subgroups H; and H, of G as

H,={0,£2,+4,+6,....}and Hy,={0,+ 3, £ 6,+ 9, ...}. Hence, (H; UH,) ={0, +2, +3, +4, +6, ...}.
From this it is clear that 2, 3 € (H; U Hy) implies that (2 + 3) =5 ¢ (H; U H,). Therefore, closure
law is not satisfied.

Hence, (H; U H,) is not a subgroup of G.

Example 28 Suppose G=/{...,2 3 92°2 971122223  }isthe multiplicative group. Let
H=1{1,2, 2% 23 ...} be the subset of G. Test whether H is a subgroup of G or not.
Solution: GivenG=1{...,273 272 271 1, 2 22 23 ... }is the multiplicative group.
Let H = {1, 2, 22 23, ...} be the non-empty subset of G and a, b € H implies that (a ,b) € H. So,
H is closed under multiplication.

Again 2 € H implies 2 ~' ¢ H. Thus inverse axiom is not satisfied. Therefore, H is not the
subgroup of G.

Example 29 Let G be a group of integers under addition and H is the subset of G consisting of
all multiples of n € N. Show that H is a subgroup for every value of n.

Solution: Given G be a group of integers under addition and H is the subset of G consisting
of all multiples of n € N.

Let a, b € H. This implies that a and b are both multiples of n. Therefore (¢ + b) is also a
multiple of . So, (@ , ) = (@ + b) € H. Again @ € H implies —a € H. Therefore, H is a subgroup of G.

Example 30 Suppose that G be the set of all ordered pairs (a, b) of Real numbers; a #0. The
binary operation (o) is defined by (a, b) , (¢, d) = (ac, bc + d). Show that (G, o) is a non-abelian
group. Let H be a subset of G containing elements of the form (1, b). Does H is a subgroup of G.
Solution: Given G be the set of all ordered pairs (a, b); a,b € R, a #0. The binary operation is
defined as (a, b) , (c, d) = (ac, bc + d).

We have to show that G is a group. i.e., G satisfies all the four properties of the group.

Closure Law: Let (a, b), (¢, d) € G; This implies that @ # 0 and ¢ # 0.

Now (@,b),(c,d)=(ac,bc +d) e G [ac #0; ac, bc +d € R]

Associative Law: Let (a, b), (¢, d), (e, f) € G.

Now (a,b),lc,d),(e,N] =(a,b),(ce,de +f)

= (ace, bce + de +f) L)
Again [(a,b),(c,d)], (e,f) =(ac,bc +d) (e, [f)
= (ace, bce +de + [) ... (@)

So, from equations (i) and (if) we have
(@,b),lc,d) (e, N =a,b),(c,d)],(e,[)

Existence of Identity: Let (a, b) € G. Let (u, v) be the identity element. Thus we have

(@,b),(u,v) =(a,bd)
ie., (au, bu +v) =(a,b)

This implies that au =a and bu + v =bi.e.,u =1 and v = 0. So, the identity element
(u,v)=(1,0) e G.

Existence of Inverse: Let (a, b) € G and let (u, v) be the inverse element of (a, ). Thus, we have

(a,b),(u,v)=(1,0) [+ (1, 0)is the identity element]
ie., (au,bu +v)=(1,0)
This implies that au =1 and bu +v =01i.e.,u = 1 andv = _—b
a a
So, the inverse element of (a, b) is (l, _—b)e G. Thus G satisfies all the four properties of
a a

group and hence G is a group.
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Commutative Law: Let (a, b), (¢, d) € G.
Thus we have (a,b),(c,d) =(ac, bc +d) and
(c,d), (a,b) =(ca,da +D).

Hence it is clear that (a, ) , (¢, d) # (¢, d) , (a, b). Therefore, G is not an abelian group.

Let H be a subset of G containing elements of the form (1, b). Now we have check whether
H is subgroup or not.

Let (1, b), (1, ¢) € H. Such that (1,5) ,(1,¢) =(1, b + ¢) € H. Hence closure law holds in H.

Let (1, 5) € H. The inverse of (1, b) is (1, —b) € H. Hence every element of H has an inverse
element.

Therefore, H is a subgroup of G.

Example 31 The set of all integers under addition is a cyclic group with generator 1.

Solution: Let G be the set of all integers.

Now 1°=0 [+ 1°=ze=011'=1;12=1+1=21*=1+1+1=3andsoon.... 1 =—1;
172=1»"1= -2; 173=1%"'=-3andsoon..... So, all the elements of G can be expressed
as some powers of 1.

Example 32 Let G =/0, 1, 2, 3, 4, 5. Show that G is the cyclic group with generator 1 under
addition modulo 6.
Solution: Giventhat G = {0, 1, 2, 3, 4, 5}. Here the generator is 1. Again 1' = 1
’=1@31=2
P=1@312=1®;2=3
*=10;1°=1®;3=4
P=1®51*=1®z4=5
1°=1@41°=1®;5=0
1"=10415=1050=1
Therefore, we get, G = {1, 12, 13, 1*, 1%, 18 = 0}. This indicates that G is the cyclic group with
generator 1.
Example 33 Prove that any group of order 3 is cyclic.

Solution: Given G is a group of order 3. So G contains 3 elements and one of this element is
e whereas the other two are distinct elements. Let the distinct elements of G be a and b.
ie., G={a,b,e}

Now by closure property a € G, b € G implies (a - b) € G. As G has only three elements, we
have the following possibilities.

@ (@-b)=a; () a- b)=>b or (iii)(a-b)=e.

Suppose that (a - b) =a

= (a-b)=a-e

= b=e [Left cancellation law]
Suppose that (@-b)=>

= (a-b)=b-e=e-b [Existence of identity]
= a=e [Right cancellation law]

We have taken that @ and b are two distinct elements other than e. Hence, both (a - ) = a
and (a - b) = b are not possible. Thus we must have (a - b) = e.
Similarly a € G implies a® € G. Hence there arises three cases. i.e., (i) a® = ¢; (ii) a® = a or (iii)
2
a‘=b.

Suppose that a’=e
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= a®=(a-b) [(a-b)=el
This implies that a = b. This is not possible as a and b are distinct.

Suppose that =a

= (@a-a)=a-e

This implies that a = e. This is also not possible as a is other than e. Hence we must have
a? = b. Thus we get
G={e, a,b)=le a,d’
Therefore, G is a cyclic group with generator a.
Example 34 Let G be the additive group of integers. i.e., G={...,-3,-2,-1,0, 1, 2, 3, ...J.
Let H be the subgroup of G givenby H={...,-9,-6,-3,0, 3,6, 9, ... }. Form the right cosets
and left cosets.

Solution: Given thatG={...,-3,-2,-1,0,1, 2, 3, ...}.
H={..,-9,-6,-3,0,3,6,9, ...}
Let us now form the right cosets.
Now 0 € G, so
H=H+0={...,-9+0,-6+0,-3+0,0+0,3+0,6+0, ...}
={...,-9,-6,-3,0,3,6,9, ... }
Again 1 € G, so
H+1={...,-9+1,-6+1,-3+1,0+1,3+1,6+1, ...}
={..,-8,-5,-2,1,4,7,10, ...}
Similarly 2 € G, so
H+2={...,-94+2,-6+2,-3+2,0+2,3+2,6+2,...}
={...,-7,-4,-1,2,5,8,11, ... }

Example 35 Let ¢: G — G defined by ¢ (x) = e, for all x € G, where e is the identity element.
Show that ¢ is a homomorphism.
Solution: Given that ¢ : G — G defined by ¢ (x) =e V x € G, where ¢ is the identity element.

Letx,ye G
= dx)=eand ¢ (y) =e
Now x,y € G implies that (x y) e G
Therefore, oy =e
=e-e=0¢ ) oy
ie., Olcy)=00) o)

Hence ¢ is a homomorphism.
In this way we can form the right cosets and the left cosets.

Example 36 Let ¢: G; — Gy defined by ¢ (x) =27, where G; is a group of Real numbers under
addition and G, is a group of non-zero Real numbers under multiplication. Show that ¢ is a
homomorphism.

Proof: Given that G, is a group of Real numbers under addition and G is a group of non-zero
Real numbers under multiplication. Let x, y € G;

This implies d(x)=2"e Gygand ¢ (y) =27 € Gy
Now x, y € G; implies that(x +y) € G
Therefore, O(x+y)=2""Y
=2727=0(x) 0 @)
ie., O+y) =0 o)

Hence, ¢ is a homomorphism.
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EXERCISES J

Define the binary operation. Show that the binary operation multiplication is closed on

Show that the addition and multiplication are associative binary operation in the set of

Show that the set of integers and real numbers are abelian group under ordinary addi-

Show that G ={..., 372 372 371 1,3, 3% 3% ... forms an infinite abelian group under

(?) under addition (1) under multiplication.
Distinguish between abelian and non-abelian group. Explain with the help of examples.

Let G is a semi-group and for any a,b € G; a?b =b =b a?. Show that G is an abelian
Distinguish between the order of an element of a group and order of the group.

Show that every finite group of order less than six (6) must be abelian.

If G be a cyclic group of order 10, then find out how many generators are there in G.

Show that a cyclic group is abelian. Show by an example that the converse is not true.
G is a group of all real numbers under addition and H is the set of all integers. Then

Show that homomorphic image of an abelian group is abelian.
Show that G = {1, ®, ®?} is the cyclic group under multiplication , where o is the cube

Show that G = {1, -1, 7, — i } is the cyclic group under multiplication, where i is the
3

Form two cyclic subgroups of a cyclic group G = {a, a?, a®, ... , a® = e}and how many

Let G; be a group of non zero Real numbers under multiplication and G, = {- 1, 1}be a

-1 ifx<0

Let ¢: G; —» G4 defined by ¢ (x) = log;, (x), where G, is a group of positive Real numbers
under multiplication and G, is a group of all Real numbers under addition. Show that ¢

b
Let ¢: G; —» Gy defined by q{ d] = ad — bc, where Gy be a group of all (2 x 2) matrix

a b
( ): ad — bc # 0 under matrix multiplication and G, be a group of non zero Real

numbers under multiplication. Show that ¢ is a homomorphism.

1.
the set A ={1, - 1}.
2,
rational numbers.
3. Show that (I, +) and (R, +) are semi group.
4,
tion but is not a group under ordinary multiplication.
5.
ordinary multiplication.
6. Is the set of all even natural numbers forms a group
7.
8.
group.
9.
10.
11.
12,
13.
show that H is a subgroup of G.
14. Can an abelian group have non-abelian subgroup?
15. Can a non-abelian group have an abelian subgroup?
16. Can a non-abelian group have a non-abelian subgroup?
17.
18.
root of unity.
19.
imaginary quantity such thati 2 =—1.
20.
generators are there in G.
21.
group under multiplication. Let ¢ : G; — Gy, defined by
1 ifx>0
o (x) =
Show that ¢ is a homomorphism.
22,
is homomorphism.
a
23.
c
c d
24,

Show that homomorphic image of an abelian group is abelian.
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Codes and Group Codes
J

H 8.0 INTRODUCTION

When we want to send a message to someone, we send it through some communication chan-
nel. This transmission of message over a channel entails some chances of undesirable inter-
ference in the channel sometimes deliberate and sometimes due to random defects in the
channel. This leads to coding problem. The coding problem is to represent distinct messages
by distinct sequence of letters from a given alphabet set.

For example, in a Morse code we represent a message by dots and dashes. Similarly over
alphabet can be {0, 1} i.e., binary alphabet.

When a message is to be transmitted, then the message is first given by the source to the
encoder, the encoder converts the message into the code word. The encoded message is then
sent through the channel, where noise may occur and change the message. When this mes-
sage arrives at the decoder at the receivers end, it is equated to most likely code word.

Noise

Transmitted
Channel Decoder

Code Word

Source Encoder
Message

Communication Channel with Noise

H 8.1 TERMINOLOGIES

We will use the following terms in our discussion.
Word: A word is the sequence of letters drawn from the alphabet set.



200 Fundamental Approach to Discrete Mathematics

Code: Code is the collection of words to represent a distinct message.
Code word: A word represented by a code is called the code word.

Block Code: A code consisting of words that are of same length is called Block code. One of
the advantages of using the Block Code is its ability to correct errors.

H 8.2 ERROR CORRECTION

When we transmit a message from the source to the destination, due to the presence of noise
in the communication channel the message may get altered, i.e., some of the 1’s transmitted
may be received as 0’s and some of the 0’s may be received as 1’s. So the received message is
no more is the transmitted message. Now we would want to recover the transmitted message
from the received message. This is called error correction.

H 8.3 GROUP CODES

Let A be the set of all binary sequence of length n. Let us define a binary operation @ in A such
that X, Y € A implies X ® Y) € Ai.e., a sequence of length n. Where
1 if X, Y differs in position
XeY)= . . o
0 if X, Y are same in position

The set A together with the binary operation ®, i.e., (A, @) forms a group and a subset G of
A is called the group code if (G, ®) is a subgroup of (A, ®).
Let us consider X=1001001andY=010100 1. Therefore, we have
X®eY)=1100000.

N 8.4 WEIGHT OF CODE WORD
Let A be the set of all binary sequence of length n. Let X be a code word in A, the weight of X
denoted by o(X) is the number of 1’s in X.

Let us consider the code words X = 10101 and Y = 00011. The number of 1’s present in X are
three whereas the number of 1’s present in Y are two. So, the weight of X is 3 and the weight
of Y is 2.

ie., oX)=3 and o (Y)=2.

N 8.5 DISTANCE BETWEEN THE CODE WORDS

Let A be the set of all binary sequence of length n. Let X and Y be two code words in A, the
distance between X and Y denoted by d (X, Y) and is defined as the weight of ®o X @ Y).
ie., dX,Y)=0Xe®Y)

The distance between the two code words gives the number of positions in which they
differ.

Let us consider code words X = 01011 and Y = 10101. Now the distance between X and Y is
defined as ® X @ Y). Now

X =01011
Y =10101
X@Y)=11110
Therefore, dX, Y)=00X®Y)=4
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8.5.1 Theorem

Let A be the set of all binary sequence of length n. The distance between two code words X and
Y satisfies the following properties.

(@) Commutative law le.,dX, Y)=d¥,X)

(b) Triangle’s inequality i.e.,d(X,Y)<d (X, Z) + d(Z, Y).
Proof: (a) Let A be the set of all binary sequence of length n. Let X and Y be two code words
in A.

Therefore, XeY=Y®X
This implies that 0 X ®@Y) = 0 (Y @ X)
Thus, dX,Y)=d(Y,X)

(b) Let A be the set of all binary sequence of length . Let X ,Y and Z be three code words in A.
We know that o(X) is the number of 1’s in X and (X @ X) = 0. This implies that

o (UeV)<o )+ o) .. (D
Now, OXOY)=0XPZ®ZDY) [ (Z®Z)=0]
SOXPD+0(ZdY) [By equation (1)]

Therefore, d(X, Y)<dX, Z) + d(Z, Y).
H 8.6 ERROR CORRECTION FOR BLOCK CODE

We know that block code is a code consisting of words that are of same length. The advantage
of using block code is its ability to correct the errors.

Let G be a Block code, the distance of G is defined as the minimum distance between any
pair of distinct code words in G. The ability of Block codes to correct the errors depends on its
distance.

Let a word has been transmitted and we received a word Y (say). Now there is a likelihood
of received word containing an error. Now we will like to have the transmitted word corre-
sponding to the received word Y.

We can use two methods. i.e., Maximum likelihood decoding criterion and Minimum dis-
tance decoding criterion.

8.6.1 Maximum Likelihood Criterion

Let Xy, X, ..... ....., X,, be the code words in G. One of this is transmitted and we have received
the code word Y. The received word may contain error and we are interested to find the word
transmitted. Maximum likelihood criterion says that compute the conditional probabilities
PX; | Y), P(X, | Y), ... P(X, | Y). Where P(X; | Y) means the probability that X ; is transmitted
when the received word is Y. Let

PX, | Y) = Max {PX;|V};i=1,2, .......... , N
Then X, is the transmitted word.
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8.6.2 Minimum Distance Decoding Criterion

In the minimum distance decoding criterion we compute d (X;, Y), d (X, Y), d X3, Y), ....... ,
d (X,,,Y). Let us define

d(X;,Y) = Min {d(X;,Y)}; i = 1, 2, 3,y 1

Then, X,, is taken as the transmitted word when the received word is y.

H 8.7 COSETS

Let (G, ®) be a group code. Let a word y is received. Then the coset with respect to y denoted
by (G @ y) is defined as
Goy)=X,®y | X;e G,ie N}
Againd(X;,Y) = 0 (X; ®y). So the weights of the words in the coset (G @ y) are the distances
between the code words in G and y.
The decoding procedure includes the followings:

1. Determine all cosets of G.
2. For each coset, choose the coset leader, i.e., the word of smallest weight.
3. For the received word y, (e @ y) is the transmitted word.

@ SOLVED EXAMPLES o

Example 1 Let X =0101011 and Y = 1010101. Find (X @Y).
Solution: Given that X=0101011 and Y =1010101
Now X =0101011
Y =1010101

XeY) =1111110
Therefore, X ®Y) =1111110.

Example 2 A is a set of all binary sequence of length n. Show that (A, @) forms a group.
Solution: Given that is aw set of all binary sequence of length n, say for our convenience we
take the length to be 5.

Closure Law: Let X =01011and Y =10101

Now X®Y=01011®10101=11110

This is again a code word of length 5.

Therefore, X, Y € A implies (X @ Y) € A. So, closure law holds.

Associative Law: Let X =10101,Y = 10000 and Z = 01010

Now (Y®Z)=10000@® 01010=11010

Therefore, X®(Y®Z)=10101®11010=01111

So, X® (Y ®Z)=01111 @)
Again (X®Y)=10101®10000=00101

Therefore, X@Y)®Z=00101®01010=01111
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So, XeY)eZ=01111 ..(i0)
Therefore from equations (i) and (ii) we get X ®@Y) ® Z =X @ (Y @ Z). So, associative law
holds.

Existence of Identity: A code word with all zeros of specified length will act as the identity
element.
Let X =10101 and Y =e = 00000 such that
X®Y =10101®00000=10101=X
Therefore, X ® Y) =X
So, Y = 00000 € A acts as an identity element.
Existence of Inverse: A code word itself is inverse of its own.

Let X = 10101 such that (X ® X) = 10101 @ 10101 = 00000 = e. Therefore, (X ® X) = e. This
implies that every code word is its own inverse. So, (A, @) satisfies all the properties of group
and hence called group codes.

Example 3 Illustrate by example distance function satisfies the commutative and triangle’s
tnequality.
Solution: Commutative Law: Let X = 101010 and Y =010101

So, X®Y)=101010® 010101 =111111
Therefore, dX,Y)=0X®Y)=6 ....(@
Again, (Y®X)=010101®101010=111111
Therefore, d¥Y,X) =0 (Y®X)=6 ... (@)

So, from equations (i) and (i) it is clear that d (X, Y) = d(Y, X).
Triangle's inequality: Let us take X =101010, Y = 100010 and Z = 101000. Now

X®Y) =101010® 100010 =001000
X®Z) =101010® 101000 = 000010
(Z®Y) =101000 ® 100010 =001010

Therefore, dX,Y) =0 X®Y)=1
dX,Z) =0 X®Z)=1
dZ,Y) =0 (Z®Y)=2

Thus, we have dX,Z)+d(Z,Y) =1+2=32dX,Y)=1

ie., dX,Y) <dX,Z)+d(Z,Y)

Example 4 In the minimum distance criterion, a code of distance (2t + 1) can correct t or
fewer transmission errors.

Solution: Let X be the transmitted word and Y be the received word.
Now if ¢ or less number of errors has occurred during the transmission we will have

dX, Y)<t .. @
Now since the distance is (2¢ + 1), so for any code word X; we have
dX,X)=>2t+1 ... (@)

Since the distance means the minimum distance between any pairs of distinct code words.
Again from triangle's inequality we have

dX,X)<d (X, Y)+d (Y,X,)
= ot +1<dX, X)) <t +d (Y,X,)
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= 2t +1<t+d (Y, X))
= dY,X)=2(@+1) ... (@)
So, we have dX,Y)<tand d(Y,X;) =2+ 1)
From the minimum distance decoding criterion X will be selected as the transmitted word.
o EXERCISES )

1. Let X and Y be two code words. Find (X @ Y) in each of the following cases.

(@ X=11111 and Y=11111

b X=11111 and Y = 00000

() X=1010101 and Y =0101010
(d) X=00101101 and Y =11101100
(e) X=1100110 and Y =0011101
2. Find the weight of the following code words.
(@ X=11111 (b) X=11111
() X=1010101 (d) X=00101101
(e) X=1100110
3. Find the distance between the code words in each of the following cases.
(@) X=10011 and Y =00000
() X=01101 and Y =10110
(¢) X=0011101 and Y =0101010
(d) X=11101101 and Y =10011101
(e) X=1100110 and Y =1110110

4. Illustrate by example distance function satisfies the associative law and triangle’s in-
equality.

5. Illustrate by example (A, ®) forms a group, where A is a set of all binary sequence of
length 7.
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Ring Theory
o

H 9.0 INTRODUCTION

As we have discussed group as an algebraic structure, in this chapter we will discuss about
“Ring” which is quite different from the group in a way that it is two operational systems viz;
addition and multiplication whereas the group is a one operational system. In ring theory
many of the notions of group theory will be extended to the system with two operations.

H 9.1 RING
A non-empty set R with two binary operations addition (+) and multiplication (.) defined in it is
said to be associative ring if it satisfies the following properties.

Under Addition

(@) Closure Axiom: For a,beR; a+be R

(b) Associative Axiom: For a,b,ce R;(a+b)+c=a+(b+c)

(¢) Existence of Identity: For every element a € R, there exist an identity element 0 € R
such that

a+0=0+a=aVaecR

(d) Existence of Inverse: For every element a € R there exist an inverse element —a € R
such that

a+(—a)=0
(¢) Commutative Axiom: Fora,b € R;(a +b)=(b +a)
Under Multiplication

(@) Closure Axiom : For a, be R; (e .b) e R

(b) Associative Axiom : For a, b,ce R;(a .b) .c=a .(b.c)

(¢) Distributive Axiom : For a, b, ce R we have
@ a.b+c)=a.b+a.c [Left distributive law]
@ b+c).a=b.a+c.a [Right distributive law]

9.1.1 Theorem
If R is a ring, then for all a, b, c € R
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@) a.0=0.a=0

(@) a(-b)=(-a)b=-(ab)
@) (—a)(-b)=ab

@) a.b-c)=a.b-a.c
w) b-c).a=b.a-c.a

Proof: () We know that 0 =0 + 0

This implies that a.0=a.(0+0)

=a.0+a.0 [Distributive law]
So, a.0=a.0+a.0 .. (D)
Again, a.0=a.0+0 ...(2) [Additive identity law]

Therefore from equations (1) and (2), we have

a.0+0=a2.0+a.0

= 0=a.0 [Left cancellation law]
Thus, a.0=0 ...(3)
Similarly, 0=0+0
This implies that 0.a=(0+0).a

=0.a+0.a [Distributive law]
So, 0.a=0.a+0.a ...(4)
Again, 0.a+0=0.a ...(5) [Additive identity law]

Therefore from equations (4) and (5), we have
0.a+0=0.a+0.a

= 0=0.a ...(6) [Left cancellation law]

Combining equations (3) and (6) we get
a.0=0.a=0
(ii) Given b € R, so by existence of additive inverse (- b) € R such thatb + (- b)=0
= a.b+(=b)=a.0

= a.b+a.(-b)=0 [By previous (7)]
= a.(-b)=—(ab) ..
Again a € R implies that — @ € R such that

a+(—a)=0
= (@+(-a)).b=0.b
= a.b+(-a).b=0 [By previous (7)]
= (—a).b=—(ab) ...(2)

Combining equations (1) and (2), we get
a.(-=b)=—(a.b)=(-a).b

(iii) Given a, b € R implies that —a,—b € R.

Now, (—a)(=b)=(-a).x; x=-b

=—(a.x) [By previous (i1)]

=—(a.(=b))

=—(-(a.b)) [By previous (if)]

=a.b
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Therefore, (—a).(=b)=a.b

() a.b-c)=a.B+(-c¢))
=a.b+a.(-c) [Left distributive law]
=a.b+(-(a.c)
=a.b-a.c

Therefore, a.b-c)=a.b-a.c

) b-c).a=bB+(-c).a
=b.a+(-c).a [Right distributive law]
=b.a+(-(c.a)
=b.a-c.a

Therefore, b-c).a=b.a-c.a

9.1.2 Theorem

If R is a ring with unit element then
@ -1.a =-a
@ 11 =1
Proof: (i) Given R is a ring with unit element i.e., 1 € R.

Now 0=0.a
=(1+(-1).a
=l.a+(-1).a
=a+(-1).a

ie., a+(-1).a=0

Therefore, -1).a=-a

(ii) In the previous we have proved that (- 1). a = - a.

Let a=-1

So, EDED=-C-D=1

Therefore, -DED=1

N 9.2 SPECIAL TYPES OF RING

In this section we will discuss special types of ring. These are mostly used in algebraic
structure. Here, we discuss the basic definitions in order to get a clear idea.

9.2.1 Commutative Ring

A ring R is said to be commutative ring if under multiplication
(a.b)=(b.a)V a,be R.

9.2.2 Ring with Unit Element

A ring R is said to be ring with unit element if there exist an element 1 € R such that
Ql.a)=(@.l)=aVaeR
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9.2.3 Null Ring

The singleton set {0} with binary operation + and . defined as
0+0=0 and 0.0=0

is called a null ring or zero ring.

9.2.4 Boolean Ring

A ring R is said to be Boolean ring if a®> = a for all @ € R.

9.2.5 Division Ring

A ring R is said to be division ring if the non-zero elements of R forms a group under multipli-
cation.

9.2.6 2Zero Divisor

Let R be a commutative ring, an element a # 0 € R is said to be zero divisor if there exists b #
0 such that

(@.b)=0; a,beR

Let us consider a set R of integers. From the discussion given below it is clear that R is a
commutative ring with unit element.

Under Addition
(@) Closure Axiom: We know that the addition of two integer is again an integer.
ie., a,be R=@+b)e R

(1) Associative Axiom: We know that addition of integers is associative.
ie., a+b+c)=(@+b)+c; V a,b,ceR
(zi1) Existence of Identity: For all @ € R, there exists 0 € R such that
a@a+0)=0+a)=a
(tv) Existence of Inverse: For every a € R there exists —a € R such that
a+(-a)=(-a)+a=0.
(v) Commutative Axiom: For any a, b € R we know that the addition of integers is commu-
tative.
ie., (@+b)=(b+a)
Under Multiplication
(@) Closure Axiom: We know that multiplication of two integers is again an integer.
ie., (a.b)eR V a,beR.
(1) Associative Axiom: We know that integer multiplication is associative.
ie., a.b.c)=(@.b).c V a,b,ceR.
(ir) Distributive Laws: Set of integers follow both left distributive and right distributive
property
ie., a.b+c)=(@.b)+(a.c)
and b+ec).a=0b.a)+(c.a) Va,b,ceR



Ring Theory 209

(fv) Commutative Law: We know that multiplication of integers is commutative,

ie., (a.b)=(0b.a)foralla, b € R.
(v) Unit Element: As R contains integers, so 1 € R.
Again (@a.1)=(1.a)=a VaeR

Therefore, R is a commutative ring with unit element.

N 9.3 RING WITHOUT ZERO DIVISOR
A commutative ring R is said to be without zero divisor if fora, b € R

a.b=0impliesa = 0 or b = 0 or both a and b are zero.

Set of integers I is a ring without zero divisor as product of integers is zero only if any one
of them is zero.

9.3.1 Theorem
A commutative ring R is without zero divisor if and only if the cancellation law holds.

Proof: (Necessary part) Let the commutative ring R does not have zero divisor.

Let a,b,ce R,a #0and ab =ac
= ab-ac=0
= ab-¢)=0

As a #0 and R does not have zero divisor, so we must have (b —c¢) = 0. This implies that  =c.

Hence left cancellation law holds.

Similarly it can be shown that right cancellation also holds.

(Sufficient part) Let the cancellation law holds in the ring R. We have to show that R has no
zero divisor.

If possible, let(@.b)=0with az0andb =0

= (@.b)=(a.0) [.. a.0=0]

Hence by left cancellation b = 0. This contradicts to the fact that b #0.

Therefore, R is a ring without zero divisor.

H 9.4 INTEGRAL DOMAIN

A commutative ring without zero divisors is an integral domain. Set of integers is an integral
domain since it forms a commutative ring but does not have zero divisors.

H 9.5 DIVISION RING

If the non-zero elements of a ring R form a group under multiplication then the ring R is said
to be a division ring.

N 9.6 FIELD

A ring F is said to be a field if the non-zero elements form a multiplicative abelian group. It is
defined also as a commutative division ring. Besides this if, every element a # 0 of an integral
domain has a multiplicative inverse o~ !, then the integral domain is called as a field.
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9.6.1 Theorem

Every field is an integral domain.
Proof: Suppose that F be a field. This indicates that F is a commutative division ring.
i.e., The non-zero elements of F forms a group under multiplication.

Our claim is to show F is an integral domain. i.e., F does not have the zero divisor.

Let a, b € F and a# 0 such that

a.b=0
= al@b=a10 [a#20=a e Fl
= @la).b=0 [Associative law]
= 1.6=0
= b=0
Thus, we get (@.b)=0,a20=b=0

Similarly, we can show that (¢ .5)=0,6#0=a=0
So, the field F does not have a zero divisor. Hence, F is an integral domain.

9.6.2 Theorem

A finite integral domain is a field.
Proof: Let R be a finite integral domain.

Let R={xq, 29, ...... , %,,}; where the elements of R are distinct.
ie., x;#x;for all i # j; where i,/ =1, 2, ..., n.
Now since R is an integral domain, so R is a commutative ring without zero divisors.

Our claim is to prove R is a field. i.e., it is sufficient to prove that R contains the unit
element and every non-zero element has multiplicative inverse.

(Existence of unity) Leta#0e R

Now, axq, Axg, @X3 , ..., ax, € R and all these elements are distinct. If not,
let ax; = ax; for i#j
= (ax;—ax)=0
= ax;—x)=0
= (x;—x;) =0 [ a #01is the additive identity]
= X; =X
This contradicts to the statement x;, x,, ..., x,, are all distinct.
So, axq, axg, AXs, ..., ax, € R and are distinct. Therefore one of these elements must be

equal to ‘@’ since a € R.
Let a =ax,

ie., ax, =a =x,0 [R is commutative]
Let us take any element x,, € R. Now x,, must be equal to (a x,) for some value of 7. 1 <r <n.

ie., ax,=x,=X%x..XaQ
Now, Xy . X, =% (@ ;)
=(x;,.a).x, [Associative law]

=a.x.=x,
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So, x.x,, =%, This implies that ‘;’is the identity element and is denoted by 1. Thus, we
have the unit element in R.

(Multiplicative Inverse)
We have proved that 1€ R. So 1 must be equal to ‘ax;” for some .
ie., ax; = 1. Therefore there is some b € R such that
a.b=1=b.a
Hence, b is the multiplicative inverse of the non-zero element a.

9.6.3 Theorem

The commutative ring Z,=10,1,2,...,p-1} under the operation ®, and ®,isa field if and only
if p is a prime number.

Proof: GivenZ,=1{0, 1, 2, ..... ,p —1} is a commutative ring under addition and multiplication
modulo p.

Suppose that p is a prime number.
Let a,be Z,anda#0,b 0 and let (a . b) =0 mod p.
This implies p | ab. i.e., p| @ or p | b. Therefore, we get
a=0modp orb=0modp.
This contradicts to the fact p is a prime number. Hence, Z, does not have zero divisors.
Therefore, Z, is a field.
Conversely, suppose that Z, is a field. We have to show that p is a prime number.
Suppose that p is not a prime number.

= p=m.n (l<m,n<p)
= m.n=0mod p .. (D
Now n=1.nmodp

=(m~ 1. m)n mod p [ m Lm=1]

=m ' (mn) modp

=m 1.0=0
Thus, we get n = 0. This is a contradiction.
Therefore, p is a prime number.

N 9.7 THE PIGEONHOLE PRINCIPLE

If n objects are distributed over m places and if (n > m) then some places will receive at least
two objects. So if n objects are distributed over m places in such a way that no place receives
more than one object, then each place will receive exactly one object. This principle is known
as Pigeonhole principle.

H 9.8 CHARACTERISTICS OF A RING

Let (R, +, .) be a ring with 0 as zero element. If there exist a positive integer ‘n’ such that

n.a=a+a+a+..+a(ntimes)=0VaeR.

Then such smallest positive integer ‘n’ is called the characteristic of the ring. Thus, the
characteristic of a ring R is defined as
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Ch(R) Smallest positive integer n such thatna = 0,VaeR
o otherwise
If no such ‘n’ exists then the ring R is said to have a characteristic zero or infinite.

Let us consider the ring I = {0, 1, 2, 3, 4, 5} with the binary operations ®; , ®; . Then the
characteristic of this ring R will be 6 since 6 .a =0 for alla € I; .

9.8.1 Theorem
The characteristic of a ring with unity is 0 or n > 0 depending on whether unity element is
regarded as the member of additive group has the order 0 or ‘n’ respectively.
Proof: Let R be a ring with unity 1. Hence, there arises two cases.
Case 1: If the order of 1 is zero then obviously the characteristic of ring is zero.
Case 2 : If the order of 1 is n (finite), then

1+1+1..... +1=0 VaeR

[ S ea—
= nl1=0
Now for any a € R we have
na=a+a+ ... + a (n terms)
=l-a+1l-a+...... +1-a [+ 1isthe unity]
=1 +1 +eneenn. +1) - a
=(n.1).a=0.a)=0
i.e., na =0

Therefore, the characteristic of R is n.

9.8.2 Theorem

The characteristic of an integral domain is either 0 or a prime number.

Proof: Let R be an integral domain. We have to show that the characteristic of R i.e.,
Ch (R) is either O or a prime number.

Let Ch(R)=n

Let if possible assume that n # 0 and not a prime number. Therefore, n = n, . n, with n4, n,
less than n.

Now as the characteristic of R is n, we have the order of the unit element e is ‘n’. i.e., O(e) = n

= n.e=0
= (ny.ny)e=0
= ny.(ny.e)=0 [Associative law]
= (ny.e)(ny.e)=0 [ (nqy.e)=n4]

As R does not have zero divisor son; .e =0 or n, . e = 0. This indicates that the characteristic
of R is either ‘n;’ or ‘ny.

This is a contradiction to the assumption that characteristic of R is ‘n’. So, our assumption
was wrong. Therefore, ‘n’ is zero or a prime number.
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H 9.9 SUB RING
For a ring (R, +, .), a non-empty subset S of R is called a sub ring of R if (S,+, .) forms a ring
under the binary operations defined in R.

For the ring (I, +, .) the subset of even integers is a sub ring.

9.9.1 Theorem

The necessary and sufficient condition for (S, +, .) to be a sub ring of the ring (R, +, .) is
@) a-beSV a,be S
@ a.beS V a,be S
Where S is the sub set of R.

Proof: (Necessary part) Suppose that (S, +, .) be the sub ring of the ring (R, +, .). This implies
that S is a group with respect to addition.

Now, for b € S we have (-b) € S.
Again since S is closed under addition so, (@ + (—b)) € Sfora e S,and (-b) € S.i.e.,(@a-b)e S.
Similarly since S is closed under multiplication we have
aeS,beS
= a.beS
(Sufficient part) Suppose that
@)a-beS V a,be Sand
@ a.beS V a,be S

Now aeS,ae S
= (@—a)e S
= 0eS ..
Again, 0eS,ae S
= 0O-a)e S
ie., -aeS
Again, aeS,-be S
= a—-(-b)e S
ie., (@+b)e S

The addition and commutative axiom under addition holds in R so it will hold in S. There-
fore, (S, +, .) is an abelian group. The remaining postulates will hold in S as they hold in R.

H 910 HOMOMORPHISM

Let R, and R, be two rings, then the mapping
0: R; > Ry is said to be homomorphism if it satisfies the following conditions.

(@) dl@+b) =06+ ()
®) 0(@.b)=¢@).06(b) V a,beR

9.10.1 Theorem

If ¢ is homomorphism from ring R, into Ring R,, then
@ ®0)=0
@) 0(-a) =-0¢(a)
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Proof: (i) Let a € Ry. Then there exists an identity element 0 € R; such that (¢ + 0) = a

= ¢(a+0) =0(a)

= oa) +0(0) =d(a) [¢ is a homomorphism]
= o(a) +9(0) =d(a)+ 0 [0 is additive identity of R,]
= ®0)=0 [Left cancellation law]
(1) For the ring Ry, ae R; implies—a € R,

Now, a+(-a)=0

= o(a +(-a)) =¢(0)

= o(@)+¢(-a)=0 [ ¢ (0)=0]

This indicates that ¢ (— @) is the additive inverse of ¢ (a) in R,.
Therefore, §(—a) = - ¢(a).

9.10.2 Theorem

Let R, is a ring with unit element 1 and ¢ is a homomorphism of R; into R,, then ¢ (1) is the
unit element of R,

Proof: Given that the mapping ¢ is homomorphism from ring R, into R,.

ie., 6: Ry > R, is homomorphism.

Let 1€ Ry, this implies that ¢ (1) € R,.

Now for any a; € Ry, we have a; = ¢(a) for some a € R;.

Therefore, o(1).a; =01 . 0(a)
=¢(1.a) [¢ is a homomorphism]
=o0(a) [Existence of identity]

Therefore, ¢ (1) . a; = a;. Hence, ¢(1) is the unit element of R,.
9.10.3 Theorem

Every homomorphic image of a commutative ring is commutative.

Proof: Let R be a commutative ring and ¢ is a homomorphic mapping from R into R’. i.e., R’
is the homomorphic image of the commutative ring R.

Our claim is R’ is commutative.
Let a’,b" € R’. Hence there exists a, b € R such that

a =¢(a), and b =),

Now, a’ .b’'=0(a).ob)
=¢(a.b) [¢ is a homomorphism]
=00b.a) [R is commutative]
=) . ¢(a) [0 is 2 homomorphism]
Therefore, a . b’=00).¢@)=b".a

Hence the homomorphic image R’ is commutative.
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N 9.11 KERNEL OF HOMOMORPHISM OF RING
If ¢ is a homomorphism from ring R into R’, then the kernel of homomorphism is a set denoted
by I (¢) containing elements of R which are mapped to the additive identity element of R’.

i.e., I(®)={xe R | ¢x)=0;0¢e R’}
9.11.1 Theorem

If ¢ is homomorphism from R into R” with kernel I(¢) then

(@) 1(¢)is a subgroup of R under addition
(@) Ifa e I(¢) and x € R, then (x . @) and (a . x) € 1(¢)

Proof: (i) Given ¢ is homomorphism from R into R’ with kernel I(¢)

Our claim is I(¢) is a subgroup of R under addition. i.e., I(¢) satisfies the closure and inverse
axiom.

Let a,b € 1(6)

This implies that o@) =0and ¢(b)=0

Now, 0l@a+b)=0@)+dMb)=0+0=0
Hence, o@+b)=0

Therefore, (@ +b) e I(¢p)

Again o(-a) =—0(a)=0

Hence, 0(—=a)=0

Therefore, —ael(®)

This implies that I (¢) is subgroup under addition.
(21) Suppose thata € 1(¢p) andx € R.

Now, ola.x)=0(a) .o (x) [¢ is a homomorphism]
=0.06kx) [a e I(d)= ¢ (a)=0]
=0

So, ola.x)=0

This implies that (a.x) e I(o)
Similarly, it can be shown that (x . @) € 1(¢).

N 9.12 ISOMORPHISM

A mapping ¢ from ring R into R’ is said to be isomorphism if
(@) ¢ is homomorphism
(I1) ¢ is one-one
Le., A homomorphism ¢ of R into R’ is said to be isomorphism if it is one-to-one mapping.

9.12.1 Theorem

The homomorphism ¢ defined from the ring R into R’ is an isomorphism if and only if I(¢) = (0).
Proof: (Necessary part) Let ¢: R — R’ is an isomorphism.
This implies that ¢ is a homomorphism and one-one.

Let a e I(¢) = d(a)=0
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= d(a) =(0) [¢ is homomorphism; ¢ (0) = 0]
= a=0 [¢ is one-one]
So, aell®) >a=0 VaeR

Therefore, I(¢) = (0)

(Sufficient part) Let 1(¢p) =(0)
Let x,y € Rand ¢(x) =d(y)

Now, o) = o(y)

= ox)—-0()=0

= 6x—-y)=0

= (x—y) e I(p) =(0)

Therefore, x—y =0, hencex =y.
So, o0x) =0y >x=y

This implies that ¢ is one-one and hence ¢ is isomorphism.

o SOLVED EXAMPLES o

Example 1 Show that the set of all square matrix of order (m x m) under the binary opera-
tions addition and multiplication is a non-commautative ring.

Solution: Let R be a set of all square matrices of order (m x m).
We have to show that R is a ring, i.e., R satisfies all the eight properties of ring.

Under Addition

Closure Law: Let A and B be two square matrices of order (m x m).
So, (A + B) will be a square matrix of order (m x m)
This implies (A+B)eR
ie., ALBeR = A+BeR
Associative Law: We know that matrix addition is associative. i.e., A, B, C € R implies that
A+B+C)=A+B)+C

Existence of Identity: For every square matrix A € R, there exists null matrix [0]
such that

e R

mxm

A+0=0+A=A
Existence of Inverse: For every A € R there exist inverse element (— A) € R such that
A+(-A)=0
Commutative Law: We know that matrix addition is commutative, i.e., For A, B € R we
have

(A+B)=B+A)
Under Multiplication

Closure Law: Let A, B € R. i.e., A and B are two square matrices of order (m x m). Now
multiplying A and B we will get a matrix of order (mx m).

i.e., A.BeR
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Associative Law: We know that matrix multiplication is associative.
ie., A.B.CO)=(A.B).C V AB,CeR

Distributive Law: Let A, B, C € R.i.e., A, B and C are three square matrices of order (mx m).
Also we know that

A B+C)=A.B+A.C
Therefore, R satisfies all the properties of Ring. Hence, R is a ring.

Example 2 If R is a Boolean ring, then prove that
(i) a+a=0V aeR
(i) a+b=0impliesa=b Va, beR
(iit) R is a commutative ring.
Solution: Given that R is Boolean ring.

le., @ =a VaeR

(©) Let a € R, this implies that (a +a) € R

= (@a+a)? =(a+a) [- a®=a]
= (a+a).(a+a) =a+a

= a.la+a)+a.(@a+a) =a+a [Distributive law]
= (@a.a+a.a)+(@.a+a.a) =a+a [Distributive law]
= @®+a’+a’+d? =a+a

= a+a+a+a =a+a

= a+a =0 [Cancellation law]
(i) Suppose that a+b =0Va,be R

Again, we have proved thata +a =0

Thus we have a+b =a+a

This implies that b =a [Cancellation law]

(iii) Let a, b € R, this implies that (a + b) € R. As R is a Boolean ring, so we have (a + b¥2=a+b

= (a+b).(a+b) =a+b

= a.(a+b)+b.(a+b) =a+b [Distributive law]
= (@.a+a.b)+b.a+b.b) =a+b [Distributive law]
= a®+a.b+b.a+b> =a+b

= a+a.b+b.a+b =(a+b)

= a.b+b.a =0

= a.b =b.a [a + b = 0 implies a = b]

Therefore, R is a commutative ring.

Example 3 If R is a ring with unity 1 = 0; then show that R is a singleton set.
Solution: Given R is a ring with unity 1=0andleta € R

Now a=1.a=0.a=0
The above argument is true for alla € R
Therefore, R ={0}

Hence R is a singleton set with 0 as its element.

Example 4 Let R is a set satisfying all the properties of ring except the commutative axiom
under addition. If R has the unit element, then prove that R is a ring.



218 Fundamental Approach to Discrete Mathematics

Solution: Given that R is a set satisfying all the properties of ring except the commutative
axiom under addition.

i.e., a+b=b+a
It is also given that R contains unit element, i.e., 1€ R

Let a, be R implies that (@ + b) € R [Closure law]

Again, leR=>10+1DeR

Now, (a+b).A+1)=a.QA+1)+db.(1+1) [Distributive law]
=a.l+a.1+b.1+b.1 [Distributive law]
=(e+a)+®+b) L. @

Again, (@+d).1+1)=(@+d).1+(@+b).1 [Distributive law]
=@+b)+@+b) (@)

Combining equations (i) and (ii) we get
(@+a)+ B +b)=(a+b)+(a+b)

= a+{a+b+b)}=a+{b+(a+d)) [Associative law]
= a+b+b)=b+(a+bd) [Cancellation law]
= (@+b)+b=0b+a)+b [Associative law]
= (@+b)=(b+a) [Cancellation law]

Therefore, R is a ring.

Example 5 Let R be a ring of all square matrices of order (2 x2). Show that R has zero divisor.
Solution: Let us consider two square matrices A and B of the ring R as

5 0] [0 0]
A= and B =
10 0] 15 0]
Here A #0 and B # 0, but

(A.B)=

(5 0] {0 0} [0 0]
= e R
100]]|50] [0O0]
Therefore, R is a ring with zero divisor.
Example 6 Let R is a ring with unity and (x . y)? =2 . y? Vx, y € R. Show that R is a
commutative ring.
Solution: Given R is a ring with unity, i.e., 1 € R. Also given that (x . y)>=x?.y*Vx,y € R.
Again,(y+1)e Rasye Rand 1€ R
Therefore, (x.(y + 1)?=x%.(y + 1)?
(xy+x)2=x2.(y2+2y+ 1)
y+x).xy+x)=x2.y?+2y + 1)
xy. xy+xy.x+x.xy+x2=x%y%+ 2% + &2
xyP+xy.x+x.xy+x>=x2y%+ 2% + 22
2y xy. x+x.xy) +x2 =22yt + 2% + a2
xyx+xxy=2x2y [Left and right cancellation law]
xyx+xy=x2y+x’y

| A

xyx=xy [Cancellation law]
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Now on replacing x by (x +1) we have
x+Dy@+1) =@+ 1%y

= xy+y) @+ =>+2x+1)y

= XYX+XY+yXx+y=x2y+2xy+y

= Cy+xy+yx+y=xly+2xy+y [ xy x =22 y]
= xy+yx=2xy [Left and right cancellation law]
= yX=xy

Therefore, R is commutative ring.

Example 7 Let R ={0, 1, 2, 3, 4, 5} be a ring under binary operations @; and &;. Show that
R is a ring with zero divisor.

Solution: Given that R = {0, 1, 2, 3, 4, 5} be a ring under binary operations ®; and ®; .
Here 2 € R and 3 € R are two non zero elements such that
2:-3=0
Therefore, R is a ring with zero divisor.

Example 8 R is the set of integer mod 7 under addition and multiplication mod 7. Show that
R is a commutative ring with unit element.

Solution: Given R is the set of integer mod 7 under addition and multiplication mod 7. The
operation is defined as

(i) a + b = c where c is the remainder of @ + b when divided by 7.
(@) a .b =c where c is the remainder of @ . b when divided by 7.

So, it is clear that R contains 7 elements. i.e., R = {0, 1, 2, 3, 4, 5, 6}.

Table for addition modulo 7

+ 0 1 2 3 4 6
0 0 1 2 3 4 5 6
1 1 2 3 4 5 6 0
2 2 3 4 5 6 0 1
3 3 4 5 6 0 1 2
4 4 5 6 0 1 2 3
5 5 6 0 1 2 3 4
6 6 0 1 2 3 4 5
Table for multiplication modulo 7

0 1 2 3 4 5 6

0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 1 3 5
3 0 3 6 2 5 1 4
4 0 4 1 5 2 6 3
5 0 5 3 1 6 4 2
6 0 6 5 4 3 2 1
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Under Addition
Closure Law: From the table for addition modulo 7 it is clear that for any

a,be R=@+b)e R
Associative Law: From the table for addition modulo 7 it is clear that for any
a+b+c)=@+b)+c V a,b,ceR.
Leta=1,b6=3,c=>5.
Therefore, we have
a+b+c)=1+@B+5)=1+1=2
and (@+b)+c=(1+3)+5=4+5=2
Therefore, a+b+c)=(@+b)+c

Existence of Identity: From first row of the table for addition modulo 7 it is clear that 0 € R
is the identity element.

i.e., O+a=a V aeR

Existence of Inverse: From the table for addition modulo 7 it is clear that the inverse
elements of 0,1, 2, 3,4,5,6are0,6, 5,4, 3,2,1¢c R respectively. The inverse element of
3 is 4 because 3 + 4 = 0.

i.e., For every a € R there exists an (- a) € R such thata + (—a) = 0.
Commutative Law: From the table for addition modulo 7 it is clear that

a+b=b+a V a,beR
Under Multiplication
Closure Law: From the table for multiplication modulo 7 it is clear that for all

a,be R=a.beR

Associative Law: From the table for multiplication modulo 7 it is clear that
a.b.c)=(a.b).¢c V a,b,ceR

Let a=3,b=4,c=6.
Therefore we have

a.(b.c)=3.(4.6)=3.3=2and

(@.b).c=(3.4).6=5.6=2
Therefore, we get a.(b.c)=(a.b).c
Distributive Law:
Leta=1,b=4,c=2.
Hence, we have

a.b+c)=1.4+2)=1.6=6 and

(@.b)+(@.c)=1.4)+(1.2)=6
Therefore, we get a . (b+c)=a.b+a.c
Commutative Law: From the table for multiplication modulo 7 it is clear that
a.b=b.a V a,beR
Unit Element: From the table for multiplication modulo 7, the 2nd row or column indicates
that 1 € R is the identity element for every element a € R. Hence for every a € R there exists
unit element 1 € R such that
1.a)=a V a€eR

Therefore, R is commutative ring with unit element.
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Example 9 Show that if R is a ring with unity, then any non-zero element with multiplicative
inverse in R cannot be the zero divisor.

Solution: Given that R is a ring with unity.
Letae Randa#0.
Again a # 0 implies a” 'e R
Suppose that (a . b) =0withb#0€ R

= alt@.b)=a"1.0
= @l.a)b=0
= b=0 [@ Ya)=1]

This is a contradiction. This contradicts to the fact that b # 0. This indicates that, a is not
the zero divisor.

Example 10 For the ring R = M, , o(I), show that the subset S defined as
+
S = {( o yj:x,y EI} is a sub ring.
x+y «x
Solution: Given R = M, ,(I) be a ring and

S:{( * x+y]:x,yel}
x+y «x

Putting x =y =0, we have

00 . .

0 0 € S = Sisnon-empty. i.e., S # Q.
To prove S is a sub ring we have to show that S satisfies two axioms
@ A-BeS; A,BeS

@ A.BeS; A,BeS

x x+ U u+v
Let A:( yjandB :( j ;o ou,v,x,yel
x+y x u+v u

Now, A—B=( vou x+y_“_vjes

x+y-u-v x—u

and A.B:[ x x+yj( u u+wj

x+y x u+w u

=[xu+(x+y)(u+w) (x)(u+w)+(x+y)u]e S
(x+yu+x+w) (x+y)(u+w)+xu

This implies that all the entries of the matrices (A — B) and A.B are integers. Therefore, S is
a sub ring.

Example 11 Let R =/0, 1, 2, 3, 4} be a commutative ring with respect to the binary operations
@5 and ® 5 Show that R is an integral domain.
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Solution: Given that R = {0, 1, 2, 3, 4} be a commutative ring with respect to the binary
operations @ 5 and ® 5.

It is also clear that there is no such nonzero element in R for which (a . b) = 0. Hence R is an
integral domain.

Example 12 Let R=/0, 1, 2, 3, 4, 5, 6, 7} be a commutative ring under the binary operations
@gand ®g - Show that R is not an integral domain.

Solution: Given that R = {0, 1, 2, 3, 4, 5, 6, 7} be a commutative ring under the binary
operations @ g and ® g

Now 2e Rand4e€ Rsuchthat2®44=0
Therefore, R is not an integral domain.

Example 13 R = {u, v, w, t} define the operations + and . in such a way that R will be a ring.

+ u v w t u v w t
u u v w t u u u u u
v v u t w v u v

w w t u v w u v t
t t w v u t u u

(@) Using the associative and distributive law determine the entries in the blank space.
(b) Is it a commutative ring ?

(¢) Does it have unity ? If yes, find the unit element.

(d) Isthe ring an integral domain or a field.

Solution: (a¢) Now, (w . w)=w . +1t) [ W+t =w]
=w.v+w.t [Distributive law]
=v+t=w

Therefore, w.w=uw

Again, t.v)=w+v).v [ w+v)=t]
=w.v+v.v [Distributive law]
=v+v=u

Therefore, t.v=u

Again, t.t)=t.v+w) [+ w+v)=t]
=t. v+t.w [Distributive law]
=u+u=u

Therefore, t.t)=u

Similarly, w.w=t+w).w [+ & +w)=10]
=t.w+w.w [Distributive law]
Su+w=w

Therefore, w.w)=w

And v.t=(t+w).t [ w+1¢)=10]
=t.t+w.t [Distributive law]

=u+t=t¢
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So, the complete table is given as

u v w t
u u u u u
v u v w t
w u v w t
t u v u u

(b) From the above table it is clear that (v . w) = w and (w . v) = v. This implies (v . w) # W . v).
Thus, R is not a commutative ring.

(¢) Asitis clear from the table, the ring does not contain unity and hence does not have unit
element.

(d) Since R is not commutative, so it is neither integral domain nor field.

Example 14 Ifa, b, ¢, d € R and R is a ring then evaluate (a + b).(c + d).
Solution: Given Risaringanda,b,c,d e R

Now, (@a+b).c+d)=u.(c+d) [Let u =a + b]
=u.c+u.d [Distributive law]
=(a+b).c+(a+b).d
=a.c+b.c+ta.d+b.d [Distributive law]

Example 15 IfR is a ring and (x + y)? = x% + 2xy + y* then prove that R is commutative for all
x,y € R.
Solution: Given Ris a ring and (x + y)®> =x? + 2xy + y? forx, y € R.

(x+y)(x+y):x2+2xy+y2

Xy+yx=xy+xy
yx=xy [Cancellation law]

=
= x (@ +y)+y @ +y)=x%+ 2y +y2

= XX+Xy+yx +yy=x2+ 2y +y°

= 2 txy+yx+y>=x2+ 2y +y>

= xy+yx=2xy [Cancellation law]
=

=

Therefore, R is commutative ring.

Example 16 For a commutative ring R with characteristic 2 show that
(@a+b)?=a?+b?=(a-b)? V a,beR

Solution: Let R be a commutative ring with characteristic 2. This indicates that (2. a) = 0 for

alla € R.

Now, (@+b?=(@+b).(a+b)
=aa+ab+ba+bbd

=a’+ab+ab+b? [R is commutative]
=a®+2ab +b?
=a®+0+b? [2a = 0]

=a?+b?
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= (@ +b)?=a®+0b?

Similarly, (@a—b)% =a®-2ab + b>
a®+0+b2=a®+b?

= (a—b)z—a2+b2

Therefore, (@+b)’=a?+b%=(a-b)?

Example 17 Show that a Boolean ring R is a commutative ring with characteristic 2.
Solution: Given R is a Boolean ring. This implies a® = a for all a € R.

Leta,be R

= (a+b)e R

=3 (a+b)?=(a+b) [ a®=al
= (@+b).(a+b)=(a+b)

= aa+ab+ba+bb=a+b

=3 a+ab+ba+b’>=(@+b)+0

= a+ab+ba+b=(@+b)+0

= (@+b)+@b+ba)=(@+b)+0 [Associative law]
= ab+ba=0

= ab=ba [*- In Boolean ring (a + b) = 0 = a = b]
Therefore, R is a commutative ring.

Again, (@a+a)?=(a+a)

= a?+a’+d’>+d’=a+a

= a@+a)+@+a)=(@+a)+0

= a+a=0 [Left cancellation law]
= 20 =0

Hence, R is a commutative ring with characteristic 2.
Example 18 For the ring (I, ®, ®) with binary operation defined as x @y =x +y — 1 and
x ®y=x+y —xy, show that the subset S of all odd integers is a sub ring.
Solution: Suppose that S be the set of all odd integers. Let a, b € S. This implies a and b are
odd integers.

Now, a®b=a+b-1

Again (@ + b) is even as sum of odds is even.

= a+b-1isodd
= a+b-1e S
= a®be S

Similarly, a ©® b = a + b — ab. However, we know that (¢ + b) is even and (a b) is odd.
Therefore (a + b — a b) is odd.

= a®beS
Let a € S, then the additive inverse is — @ which is odd hence belongs to S, i.e., —a € S.
Therefore, S is a sub ring.
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Example 19 Show that isomorphic image of a division ring is division ring.

Solution: Let R be a division ring. Therefore, the non zero elements of R forms a group
under multiplication.

Let ¢ be an isomorphism defined from R into R’. i.e., 0: R > R’.

Leta#0e R=a '20¢R.

As ¢ is isomorphism, so ¢ (@) # 0. We have to show that ¢ (a™!) = ¢(a)™ L.

Again, oa). 0@ H=0@.a H=91)=1eR

= o@).oeH=1

Therefore, we get  ¢(a™ 1) = d(a) ™ L.

This indicates that every non-zero element of R” has an inverse. Thus R’ is a division ring.

Example 20 Show that the isomorphic image of an integral domain is an integral domain.

Solution: Let R be an integral domain and ¢ be a isomorphism from R into R/, i.e., ¢: R > R".
Since R is an integral domain, so it is a commutative ring without zero divisors.

Leta,b e R,a#0andb # 0 such that (a . b) 0.

= o(a.b)=0
= oa). o) = 6(0)
= o(a). o) #0

Since ¢ is an isomorphism, a # 0, b # 0 implies that ¢(a) #0, 6(b) = 0.
Therefore, we get ¢(a) #0 and ¢(b) # 0 implies ¢p(a). d(b)#0. Hence, R’ is without zero divisor.
Again we know that isomorphic image of a commutative ring is a commutative ring.

This indicates that R’ is a commutative ring without zero divisor, thus is an integral
domain.

° EXERCISES ®

1. Prove that the set of Real numbers R forms a ring under ordinary addition multiplica-
tion.

2. Show that the set of Rational numbers Q forms a commutative ring with unit element
under ordinary addition and multiplication.

£

Let S = {a + b2 | @ and b are integers} forms a ring under addition and multiplication.

-

The set R = {0, 1, 2, 3, 4, 5} is a commutative ring with unit element under ®; and ®q.

The operationsa ®b =(ea + b + 1) and a ® b = (a + b + ab) are defined on the set of
integers. Show that I forms a commutative ring under the operations defined. Does it
have unit element?

Show that set of Real numbers of the type (a + b V2); @, b € R is an integral domain.
Show that ring of integers (I, +) is an integral domain but not field.

o

Rp=1{0,1,2, ..., P -1}, where P is a prime. Show that Rp is an integral domain.

© P

Show that the set of numbers given by {a + b V2; a, b € I} is a ring under ordinary addition
and multiplication.

10. Let R ={a, b, ¢, d, e}. The operations + and . on R is defined as
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+ a b c d e a b c d e
a a b c d e a a a a a a
b b c d e a b a b c d e
c c d e a b c a c b d
d d e a b c d a d b e e
e e a b c d e a e d c b

(@) Show that (R, +, .) is a commutative ring.
(b) What is the additive identity and unity ?

(¢) What are the inverse elements of a, b, ¢, d ?

11.

12.

13.

14.

15.

16.

17.
18.
19.

20.
21.

22,

Show that set of all rational numbers is a commutative ring with unity under ordinary
addition and multiplication.

Do the following sets forms an integral domain with respect to ordinary addition and
multiplication? If yes, then test whether they are field.

@ 1 (\/5) = {x | x =b~/2 : b is rational)

(b) Set of even integers

(¢) Set of positive integers.
Show that (I, +, .) is a sub ring of (Q, +, .) which is a sub ring of (R, +, .) which is a sub ring
of (C, +, .). Where

I: Set of integers

Q : Set of rational numbers

R : Set of real numbers

C : Set of complex numbers
Give an example of each of the followings.

(@) A non-commutative ring (b) Ring without zero divisor

(c) Division ring (d) A ring which is not an integral domain.
Show that set of all square matrix of order (n x n) is a non-commutative ring with unity
under the matrix addition and multiplication.
Show that set of even integers under ordinary addition and multiplication is a commuta-
tive ring without unit element.
The set of rational numbers under usual addition and multiplication is a field.
Let R be a ring. Prove that (n a) (m b) =(nm) (a b) foralla,be Randm,n e L
Give an example of a ring which contains an element a # 0 such that ¢® = 0. Is it an
integral domain?
Given a, b be two elements of a field F with characteristic 3. Show that (a + b)® = a3 + b3.
Prove that for a field

(@) %z%@adzbc ®) (~a) ‘== b
a ¢ ad-bc -a a
© Y d™ bd @ =%

R is a ring with unit element 1 and ¢ is a homomorphism of R onto R;. Then prove that
¢ (1) is the unit element of R;.
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Boolean Algebra
® J

H10.0 INTRODUCTION

For centuries mathematicians felt there was a connection between mathematics and logic,
but no one could find this missing link before George Boole. In 1854 he introduced symbolic
logic known as Boolean Algebra, Boolean function, Boolean expression, Boolean ring and many
more honour the nineteenth century mathematician George Boole. Each variable in Boolean
algebra has either of two values: true or false. The purpose of this two - state algebra was to
solve logic problems.

Almost after a century of Boole’s work, it was observed by C.E. Shannon in 1938, that
Boolean algebra could be used to analyze electrical circuits. This was developed by Shannon
while he analyzed telephone switching circuits. Because of Shannon’s work, engineers real-
ized that Boolean algebra could be applied to Computer electronics.

This chapter introduces the Gate, Combinatorial Circuits, Boolean Expression, Boolean
Algebra, Boolean Functions and Various Normal Forms.

H 10.1 GATES

In logic we have discussed about the logical connectives —, A and v. The connectives A and v
can be considered as circuits connected in series and parallel respectively. A circuit with one
or more input signals but only one output signal is known as a gate. Gates are digital circuits
because of input and output signals, which are either low or high. Gates are also called logical
circuits because they can be analyzed with Boolean algebra. In gates, the connectives —, A
and v are usually denoted by the symbols ', . and + respectively. The block diagrams for
different gates are discussed below.

10.1.1 A NOT Gate
A NOT gate receives input x, where x is a bit (binary digit) and produces output x” where
, [1if x=0
x =
0if x=1
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The output state is always the opposite of the input state. The output is sometimes called
the complement of the input. A NOT gate is drawn as shown in the following figure.

10.1.2 An AND Gate
An AND gate receives inputs x; and x,, where x; and x, are bits, and produces output (x; A xy),
where
(X1 A%3) = 10 otherwise
An AND gate may have more inputs also but the output is always one. An AND gate is
drawn as shown in the following figure.

X4

(Xy A X,) Xy sy (Xy A Xo A X5)

X,

(2 input AND gate) (3 input AND gate)

10.1.3 An OR Gate

An OR gate receives inputs x; and x5, where x; and x, are bits, and produces output (x; vx,),
where

(1 vay) = {

An OR gate may have more inputs also but the output is always one. An OR gate is drawn as
shown in the following figure.

0 otherwise

(2 input OR gate) (3 input OR gate)
The logic tables for the basic AND, OR and NOT gates are given below.
21 X (11 29) X9 X (xx1v25) x x’
1 1 1 1 1 1 1
1 0 0 1 0 1 0
1 0 0 0 1 1
0 0 0 0 0 0
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H 10.2 MORE LOGIC GATES

There are some other types of gates which are useful and frequently used in computer science.
These are called NAND, NOR, XOR and XNOR gates. The block diagrams for these different
gates are given below.

10.2.1 NOR Gate

A NOR gate receives inputs x; and x, where x; and x, are bits, and produces output (x; vx,)’
where

1 if x1:x2=0

(1 vxg) = {

A NOR gate may have more inputs also, but the output is always one. A NOR gate is drawn
as shown in the following figure.

0 otherwise

X4
(Xq v Xo)
XZ
(2 input NOR gate)
According to de Morgan’s first theorem, we have

(X1vixg) "= 27" Ax9 " dee, (X1+2x9)" = 277 %97

10.2.2 NAND Gate

A NAND gate receives inputs x; and x,, where x; and x, are bits, and produces output (x; Axy)’
where

1if x,=00rx,=0

(X1 Ax9) = {

A NAND gate may have more inputs also, but the output is always one. A NAND gate is
drawn as shown in the following figure.

0 otherwise

According to the de Morgan’s second theorem we have
(k1 AX9) = X7+ x9” Te., (X7.%9) = 277+ 257

p—

(XiAx)’

P A——

10.2.3 XOR Gate (Exclusive OR Gate)

A XOR gate receives inputs x; and x,, where x; and x, are bits, and produces output (x; Vv x5)
or (x; @x,), where

1 if x; =1or x, =1 but not both

0 otherwise

(x; @xg) = {
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From the definition, it is clear that, the Exclusive OR gate, i.e. XOR gate produces 1 that
have an odd number of 1’s. A XOR gate may have more inputs also, but the output is always
one. A XOR gate is drawn as shown in the following figure.

X4

(% ® x;)
X2

10.2.4 XNOR Gate (Exclusive NOR Gate)

A XNOR gate receives inputs x; and x4, where x; and x, are bits, and produces output x; XNOR
x5 where

1 if x;and x, are same bits

X =
% XNOR {0 otherwise

XNOR gate may have more inputs also, but the output is always one. In this case it recog-
nizes even-parity words. Even parity means a word has an even number of 1’s. For example
11100111 has even parity because it contains six 1’s. Odd parity means a word has an odd
number of 1’s. For example 1101 has odd parity because it contains three 1’s.

A XNOR gate is drawn as shown in the following figure.

X4
X; XNOR X,
X;

The logic tables for the above NOR, NAND, XOR and XNOR gates are given below.

X X2 (x1 AX))” X X3 (x1vxy)’
1 1 0 1 1 0
1 0 1 1 0 0
0 1 1 0 1 0
0 0 1 0 0 1




Boolean Algebra 231

X1 X (x1 ®© x;) X X (x; XNOR x;)
1 1 0 1 1 1
1 0 1 1 0 0
0 1 1 0 1 0
0 0 0 0 0 1

H 10.3 COMBINATORIAL CIRCUIT

In digital computer electronics, there are only two possibilities, i.e., 0 and 1, for the smallest,
indivisible object. These 0 and 1 are known as binary digits (bit). A bit in one part of a circuit
is transmitted to another part of the circuit as a voltage. Thus two voltage levels are needed.
i.e., high voltage level and low voltage level. A high voltage level communicates 1 whereas a
low voltage level communicates 0.

A combinatorial circuit is a circuit which produces an unique output for every combination
of inputs. A combinatorial circuit has no memory, previous inputs and the state of the system
do not affect the output of a combinatorial circuit. These circuits can be constructed using
gates which we have already discussed.

Let us consider the circuit

Xs

&
—

&
¥

=
@

Ol H| O| Ol H|O| H| KH
O O|=| O O = | =] =
[ Sy Y Y Rl Nl Y e

The logic table for the above circuit is given in the above table. From the table it is clear
that the output y is uniquely defined for each combination of inputs x4, x5, and x5. Therefore,
the circuit is a combinatorial circuit.

If x; =1 and x, = 1, then the output of OR gate is 1. Now the input for AND gate is 1 and 0,
so the output of AND gate is 0. Since the input to the NOT gate is 0, the output y = 1.
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Consider another circuit as

= o

. [

The above circuit is not a combinatorial circuit, as the output y is not defined uniquely for
every combination of inputs x;, x, and xs.

H 10.4 BOOLEAN EXPRESSION

Any expression built up from the variables x;, 1, 21, %9, ¥9, 29, ... by applying the operations A, v
and ’a finite number of times. If X, and X, are Boolean expressions, then (X;), X,", (X; A X,)
and (X; v X,) are also Boolean expressions. The output of a combinatorial circuit is also a
Boolean expression.

Let us consider the combinatorial circuit as

P

The Boolean expression to the above circuit is given as ((x; A x5) v (x5 A x4)) "

X,

X, —

By
=i

X, —

10.4.1 Theorem

If A, vand “are connectives defined earlier, then the following properties hold.
(2) Associative Laws: For all a, b, c € {0, 1}
(@arb)arc=an(bac) and
(@avb)ve=av(bve)
(z1) Identity Laws: For all a € {0, 1}
(@anl)=a and (av0)=a
(zir) Commutative Laws: For all a, b € {0, 1}
(anb)=0bnra) and
(@vb)=(bva)
(tv) Complement Laws: For all a € {0, 1}
(ara)=0 and
(@va)=1
(v) Distributive Laws: For all a, b, ¢ € {0, 1}
avbac)=(avb)alave) and
anrbve)=(@nab)vianac)
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Proof: Proofs of (i), (if), (iii) and (iv) are immediate consequences of the definitions. We prove
only the first distributive law. Here we simply evaluate both sides of law for all possible values
of a, b, c € {0, 1} and verify that in each case we obtain the same result.

We must show that a v(bac)=(a vb) Ala ve)

a b c (b Ac) av(bac (a vb) (a ve) (@ vb) A(a ve)
1 1 1 1 1 1 1 1
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
1 0 0 0 1 1 1 1
1 1 0 0 1 1 1 1
1 0 1 0 1 1 1 1
0 1 1 1 1 1 1 1
0 0 0 0 0 0 0 0

Therefore, a v ac)=(a vb)ala ve)

10.4.2 de Morgan's Laws
If x4, x4 are bits, i.e., x1, x5 €{0, 1}, then
@) (x1 Axp) "=2x1" vy’
@) (xq vy "=x7" A%y
Proof: We prove only the first de Morgan’s Law.
ie., (X1 Axg) "=2x1" vy
Construct the logical table.

X1 | % (X1 A %9)7 27 | xy | % vy
1 1 0 0 0 0
1 0 1 0 1 1
0 1 1 1 0 1
0 0 1 1 1 1

Therefore, (x; Axy) "=x1" vy

H 10.5 EQUIVALENT COMBINATORIAL CIRCUITS

Two combinatorial circuits, each having inputs x4, x,, .... , x,, are said to be equivalent if they
produce the same outputs for same inputs i.e., the output for both the circuits remains same
if the circuits receive same inputs.

Consider the following combinatorial circuits.
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-
—

X — |
Yi Y2
poyum— ‘

X2
Figure 1 Figure 2
The logic tables for both the circuits are given below, which are identical.

X1 | X2 | Y X1 | X2 | Yo
1111]0 11110
1/0]1 1101
011 01111
0(0]1 01011

From the logic tables it is clear that both the combinatorial circuits are equivalent.

H 10.6 BOOLEAN ALGEBRA

A Boolean algebra B consists of a set S together with two binary operations A and v on S, a
singular operation ’ on S and two specific elements 0 and 1 of S such that the following laws

hold. We write B = {S, A, v, ”’, 0, 1}.
(@) Associative Laws: For all a,b,ce S
(@anb)arc=an(bnac)
and (@avb)ve=av(bve)
(b) Commutative Laws: For all a,b € S
(@nb)=(bra)
and (@avb)=(0bva)
(¢) Distributive Laws: For all a,b,ce S
anbve)=(@nb)vianc)
and avbac)=(@vb)alave)
(d) Identity Laws: For all a € S
(@rnl)=a and (av0)=a
() Complement Laws: For alla € S
(@arna’)=0 and (ava’)=1

10.6.1 Theorem
In a Boolean algebra; if (a vb)=1and (a Ab) =0, then b =a’, i.e., the complement is unique.
Proof: Supposethat (avb)=1and(a Ab)=0
Now b=bv0) [Identity law]
=bvianra) [Complement law]
=bvaabv a) [Distributive law]
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=(av b)abv a’)
=1Abva)
=bva’)
b= (bv a)
Againa’ =(a’"v0)

This implies

=a’'v(anb)

=@ va)ala’vb)
=1A(a"vb)
=(a’vb)
=bva’)

This implies a’=bva’)=>b

10.6.2 Theorem

[Commutative law]
[Given condition]
[Identity law]

(D)

[Identity law]
[Given condition]
[Distributive law]
[Complement law]
[Identity law]
[Commutative law]
[Equation 1]

In a Boolean algebra B = (S, v, A, ”, 0, 1) ; the following properties hold.

(@) Idempotent Laws: For allx € S
@xvx)=x and @xAx)=x
(b) Bound Laws: For allx € S
(xv1)=1 and xA0)=0
(¢) Absorption Laws: For allx,y € S
xAlxvy)=x and xvx Ay =x
(d) Involution Laws: For allx € S
«®) =«
(¢) Dand 1 Laws: 0’'=1and 1'=0
(f) de Morgan’s Laws: For allx,y e S
xAy) =x"vy
and xvy) =x"ny
Proof: (a) x=xvO0
=xVv(xAx)
=(xvx)alxvax)

=xvx)anl
=(xvx)
Therefore, xvx)=x
Again x=x Al

=xA(xvx)
=(xArx)vxAax)

=(xAx)vO
=(x Ax)
Therefore, (xAx)=x
() xvl)=@xv1al

=xv1DAlxvx)
=((xv1)Arx)v(xv]1) Ax)

[Identity law]
[Complement law]
[Distributive law]
[Complement law]
[Identity law]

[Identity law]
[Complement law]
[Distributive law]
[Complement law]
[Identity law]

[Identity law]
[Complement law]
[Distributive law]
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=(xAx) v Ax)vxAx)v(AAx))

=xv@dArx)vxax)v(Arx)) [I[dempotent law]
=@xvx)vxax)vx)) [Identity law]
=(xvx)v(Ovx) [Complement law]
=xv(0vx) [I[dempotent law]
=(xvx’) [Identity law]
=1 [Complement law]

Therefore, xvl=1

Again, @xA0)=@xA0)vO [Identity law]

=xA0)vxax) [Complement law]

=(xA0)vx)A(xA0)vx) [Distributive law]
=((xva)AOva)Allxva)AOvx))

=(xvx)rx) Allxva)Aax) [Identity law]
=@ Ax)A((xva)Aax) [[dempotent law]
=@Ax)A((xAx) Vv @X'AX)) [Distributive law]
=x A((xAx) Vv XAX)) [I[dempotent law]

=xA0vVvE&AX))

[Complement law]

=xA(0vx) [I[dempotent law]
=xAx’ [Identity law]
=0 [Complement law]

Therefore, xA0)=0
(c) xA@vy)=@vO0O)aAlxvy) [Identity law]
=xv(O0Ay) [Distributive law]
=xVv(yAO0) [Commutative law]
=xvO0 [Bound law]
=x [Identity law]

Therefore, xAlxvy =x
Again, xv@Ay)=xAl)vxay) [Identity law]
=xA(lvy) [Distributive law]
=xA(yvl) [Commutative law]
=x Al [Bound law]
=x [Identity law]

Therefore, xvxAy =x
d) xXva=x v [Commutative law]
=1 [Complement law]

Le., xvx=1
Also, X Ax=x Ax’ [Commutative law]
=0 [Complement law]

ie., x'Ax=0

Thus we have

xvx=1landx"Ax =0
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Therefore, x=&") ie., @)=x
(e) We know that Ov1l)=Qavo=1

ie., ov1=1
Again by Theorem (0A1)=(1A0)=0
Thus we have Ov1l)=1and (0A1)=0
Therefore, 1=0" and 0'=1
Similarly we also have(lv0)=1and (1 A0)=0
Therefore, 0=1 and 1'=0
(f) Let a= (x Ay) and b = (x'v y")
Now (@avb)=@Any)vbd

=(xv b)A(yv b)
=xv@vyNDa (yvvy))
=(xvx)vy A (yvix'vy))
=(Avy)a (yvi'vy))
=Avy)an yv @' vx))
=(1vy )an (yvy)vx)
=(1vy)alvx)
=1A1
=1

Again, @nb)=@ay)alx'vy’)
=((xAay) Ax)v(xAy)Ay)
=((yArx)Ax)vxAy)AY)

=yA@AxX)vAlyay))
=(yA0)vxAO0)
=0vO0
=0
Therefore, (@avb)=1 and (@Ab)=0
This implies that b=a" ie, a'=b
ie., @Ay =&vy)

[Distributive law]

[Associative law]
[Complement law]
[Commutative law]
[Associative law]
[Complement law]
[Bound law]
[[dempotent law]

[Distributive law]
[Commutative law]
[Associative law]
[Complement law]
[Bound law]
[[dempotent law]

Similarly the other de Morgan’s law (x v y) " = (x” A ¥") can be proved.

H 10.7 DUAL OF A STATEMENT

The dual of a statement involving Boolean expressions is obtained by replacing 0 by 1, 1 by 0,
A by v, and v by A. Two Boolean expressions are said to be dual of each other if one expression
is obtained from other by replacing 0 by 1, 1 by 0, A by v, and v by A.

Consider the statement (x A ¥)’ = x’v y". The dual of above statement is (x vy) =x" Ay’
Similarly the Boolean expressions (x A 1) = x and (x v 0) = x are dual of each other.

10.7.1 Theorem

In Boolean algebra, the dual of a theorem is also a theorem.
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Proof: Suppose that T is a theorem in Boolean algebra. Then there is a proof P of T
involving definitions of a Boolean algebra. Let P; be the sequence of statements obtained by
replacing 0 by 1,1 by 0, A by vand v by A. Then P, is a proof of the dual of T.

H 10.8 BOOLEAN FUNCTION

Let B=(S, v, A, ;0,1) be a Boolean algebra and let X (x;, x5, x3, ...., x,,) be a Boolean
expression in ‘n’variables. A function f: B" — B is called a Boolean function if f is of the form

[ (a1, X9, X3y «..ey ) = X (%1, X9, X3, «.ney X))
Let us consider the example of a Boolean function f: B®> = B; B = {0, 1} defined by
f(x1, %9, x3) =27 A (X9 Vv X3)
The inputs and outputs are given in the following table.

X1 9 4 f(xy, %o, x3)
1 1 1 1
1 1 0 1
1 0 1 0
0 1 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 0

10.8.1 Representations of Boolean Functions

We have seen that Boolean functions are nothing but the evaluation functions of Boolean
expressions. It is also to be noted that two Boolean expressions give rise to the same evalua-
tion function if and only if they are equivalent. Therefore, we identify a Boolean function with
any of the equivalent Boolean expressions, whose evaluation function gives it.

This gives rise to the representation of a Boolean function. There are several ways for
representing Boolean functions. These are

(@) Tabular Representation

(b) n Space Representation

(¢) Cube Representation

Here we will discuss only tabular representation.

Tabular Representation: We know that, a Boolean function is completely determined by
its evaluation over any Boolean algebra. In tabular representation, the procedure is very
clear. We consider a row R of the table where the output is 1. We then form the combination
(X1 AXg AXg A ....Ax,) and place a bar over each x; whose value is 0 in row R. The combination
formed is 1if and only if x; have the values given in row R. We thus OR the terms to obtain the
Boolean expression.

To clear the procedure let us consider the Boolean function given by the following table.
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X1 9 g f(xy, %o, x3)
1 1 1 1< Rowl1
1 1 0 0
1 0 1 1 « Row 3
0 1 1 0
1 0 0 0
0 1 0 1 « Row 6
0 0 1 0
0 0 0 0

From the table it is clear that, the output is 1 for the rows 1, 3 and 6. Consider the first row
of the table and the combination is (x; Axy A x 3) a8 x; =xy = x5 = 1. Similarly for third row of

the table we may construct the combination (x; A x5 A x3) asx; =1, %, =0, x5 = 1. Thus for sixth
row the combination is (x; A %y A X3 ).
Therefore, the Boolean function f (x, x5, x3) is given as

[ (a1, %9, x3) = (X7 AXg AXg) V (X] AXg AXg) V(X AXg AXg ).

H 10.9 VARIOUS NORMAL FORMS

In this section we will discuss about two normal forms i.e., disjunctive normal form and
conjunctive normal form.

10.9.1 Disjunctive Normal Form

A Boolean function f:B" — B which consists of a sum of elementary products is called the
disjunctive normal form of the given function f.

Letf:B" - B is a Boolean function. If f is not identically zero, let A;, Ay, A, ...., A, denote
the elements A, of Bj , for which f(A)) = 1,

where, A; =(aq,a9,...,a, ).
For each A; set m; =1 A Yo AY3 A ceceA V)
x;, if a;, =1
where, =9
Yi {xi’lf a; =0
Then, f (xq, x9, X3, ... , X,) =My Vmy vmg v .... vm, . This representation of a Boolean

function is called the disjunctive normal form.
Let us consider the Boolean function (x; @ x,). The truth table for this function is given
below.

X Xy (1 @ x9)
1 1 0
1 0 1
0 1 1
0 0 0
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The disjunctive normal form of this function is given as
(1 @xg) = (%7 AXy) V(X3 AXg)

10.9.2 Conjunctive Normal Form
A Boolean function f:B" — B which consists of a product of elementary sums is called the
conjunctive normal form of the given function f.

Let f/:B" — B is a Boolean function. If fis not identically one, let A;, Ay, A, ..., A, denote
the elements A, of B; , for which f(A;) =0,
where, A =(ay, a9 a3, ..., a,).

For each A; set

M, =W, vys VysVv...v y,)

x; if a; =0
where, yi=4 .0
x;’if a; =1
Then, f (xq, %9, X3, ... , X,) = M; A Mg A Mg A .... A M, . This representation of a Boolean

function is called the conjunctive normal form.
Let us consider the Boolean function (x; @ x,). The truth table for this function is given

below.

X1 X (21 @ x5)
1 1 0
1 0 1
0 1 1
0 0 0

From the table it is clear that, the output is 0 for the rows 1 and 4. Consider the first row of
the table and the combination is (x; vx,). Similarly for the fourth row the combination is

(1 v x9). So the conjunctive normal form for this function is given as
(x; @xg) = (X7 VXy) A (X7 V)

Note: A term of the form (y; A y5 Ay3 A....A y,), Where each y; is either x; or X; is called a minterm where
as a term of the form (y;v y, vys v....v y,), where each y, is either x; or x; is called a maxterm.

[ SOLVED EXAMPLES o

Example 1 Construct an AND gate using three NOR gates.
Solution: The output to an AND gate is (x A y), if the inputs are x and y. The output to a

NOR gate is (x vy ), if the inputs are x and y. The gating network is given further:
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From the diagram given above it is clear that the output to the first NOR gate is (x v x) = x.

X E
y E
Similarly the output to the second NOR gate is (y v y) =y . Therefore, the output to the final

NOR gate is (x A y).
Example 2 Construct an OR gate using three NAND gates.
Solution: The output to an OR gate is (x v y), if the inputs are x and y. The output to an

NAND gate is (x A y) , if the inputs are x and y. The gating network is given as below.

o -
j_ o)
-

Example 3 Describe a gating network corresponding to the statement (x .y) + (y . z) + (z . x).

Solution: Given statement is (x.y) + (y . z) + (z . x). The gating network is given as
X y z

X

%W

Example 4 Describe a gating network corresponding to the statement

(x+5)(z-u)+(xy)(z +u)

Solution: Given statement is (x + y) (z.u)+ (x_y) (z+u). The gating network is given as

below.
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X 'y z u

B
— -
B

oLy

Example 5 Describe the output of the following gating network.

X y z

9

— -

VoY

e

i

Solution: Consider the gating network given above. The output to the above gating network
is given as

F.2)+(Z+y).2) = yz+x+y)+z [de Morgan’s law]
=yz4+X.y+2 [de Morgan’s law]
=yz+xy+z

Example 6 Construct a gating network using inverter and OR gate corresponding to the
statement (x.y) +(y.z) + (z. x).
Solution: Given statement is (x.y) + (y . 2) + (z . x). The gating network is given futher.



Boolean Algebra 243

Example 7 Find the value of the Boolean expression given below forx =1,y =1 and z = 0.

Aty vixAy) vxay)v(xaz))
Solution: Given that the value of the inputs are x = 1, y = 1 and z = 0. Now, the value of
(x Ay)is 0.

The value of (y v(x Ay))is 1
The value of (x A (y v(x AY)))is 1

Similarly, the value of the (x Az) is 0
The value of (x Ay) v(xaz))is 0
So, the value of the Boolean expression

@Ay vxay)) vilx Ay) vixaz))is 1.
Example 8 Construct an AND gate using inverters and three NOR gates.
Solution: Output to an AND gate is (x Ay) or xy, if the inputs are x and y. The output to a

NOR gate is (x v y), if the inputs are x and y. The gating network is given below.

Xy

=l
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Example 9 Write the Boolean expression that represents the combinatorial circuit, write the

logic table and write the output of each gate symbolically.

=D
z—>—

Solution: Given the gating network as below.

5 — (xAy)
y—

%
z

The Boolean expression that represents the combinatorial circuit is ((x A y) vz). The logic

table is given as below.

xAy) x Ay)v

1

Ol OO R| O R H|H|R
S|l O ROl ROl Rk
Ol = O| O| | | O| | W
OO O O O Of =

z
1
1
0
0
1
1
0
1

Example 10 If(x+y)=(x+2z)and (x+y) = (x"+ z), theny = z.
Solution: Giventhat (x+y)=(x+2) ie., @vy=kvz)

And @+y)=W'+2) ie, Wvy = vz
Now, y=yvO0

=yvixAax)

=(yvax)alyvx)

=xvy Al'vy)
=xvz)Alx'vaz)
=(zvx)alzvx)
=zvxax)
=zvO0
=z

Therefore, y =z.

[Identity law]
[Complement law]
[Distributive law]
[Commutative law]
[Given condition]
[Commutative law]
[Distributive law]
[Complement law]
[Identity law]
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Example 11 Given the Boolean function f, write f in its disjunctive normal form.

x y z flx, v, 2)
1 1 1 1
1 1 0 1
1 0 1 0
0 1 1 0
1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1

Solution: From the table given below it is clear that, the output is 1 for the rows 1, 2, 6 and 8.
For the first row the combination is (x Ay A z) . Similarly for rows 2, 6 and 8 the combinations

are (x Ay Az), (xAyaz) and (X Ay A Z) respectively.
Thus, the disjunctive normal form to the above function fis given as

fa,y,2)=(x Ay rz)veAayanz) V(X AyAz) VX AY AZ)

x y z flx, v, 2)
1 1 1 1< Row 1
1 1 0 1 < Row 2
1 0 1 0

0 1 1 0

1 0 0 0

0 1 0 1< Row 6
0 0 1 0

0 0 0 1< Row 8

Example 12 Show that the combinatorial circuits (a) and (b) are equivalent.

@ . > :):>_y1
= >

X

X3

Y2

®) Xy
=

X3

Solution: Given combinatorial circuits are
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=
=

(@) X,
i
X3

=N

X)) / {>c

X3
The output y; for combinatorial circuit (a) is given as

Y

®)

Y2

yl = El V(E2 Vx3) = (El V£2)Vx3 =(x1 /\x2)\/x3

The output y, for combinatorial circuit (b) is given as y, = (x1 /\x2)vx3 . Hence, the combi-
natorial circuits (a) and (b) are equivalent.
Example 13 Reduce the following Boolean products to either 0 or a fundamental product.
(@ xyxz (b)xyzyx

Solution: (a) xyxz=xx'yz [Commutative law]
=0yz [Complement law]
=0 [Bound law]

Le., xyxz=0

b) xyzyx=xyyz'«x [Commutative law]
=xyz' x [I[dempotent law]
=xyxz [Commutative law]
=xxyz [Commutative law]
=xyz [I[dempotent law]

Le., xyzyx=xy2z

Example 14 Given the Boolean function f, write [ in its conjunctive normal form.

x y z fx, 5, 2)
1 1 1 1

1 1 0 1

1 0 1 0

0 1 1 0

1 0 0 0

0 1 0 1

0 0 1 0

0 0 0 1

Solution: Given the Boolean function f as below.

x y z flx, 3, 2)
1 1 1 1

1 1 0 1

1 0 1 0 <~ Row 3
0 1 1 0 < Row 4

Contd...
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1 0 0 0 < Row 5
0 1 0 1
0 0 1 0 < Row 7
0 0 0 1

From the table it is clear that, the output is O for the rows 3, 4, 5 and 7. For the third row
the combination is (xvyvz). Similarly for rows 4, 5 and 7 the combinations are (xvyvz),
(xvyvz) and (xvyvz) respectively.

Thus, the conjunctive normal form to the above function is given as

fl,y,2) = (xvyvZ)alxvyvzIaxvyva)alxvyvz).
Example 15 Design a combinatorial circuit that computes exclusive OR; XOR of x and y.

Solution: Let the inputs to the XOR gate be x and y. The logic table for XOR gate is given
below.

S|O|R|H|RK
OOl
olrir|ol®

So, the disjunctive normal form of this function is given as
x®y=@ay)vx Ay
The combinatorial circuit corresponding to (x @ y) is given below.

b=
b=

(x@y)

Example 16 Find the disjunctive and conjunctive normal form of the given function and
draw the combinatorial circuit corresponding to the disjunctive normal form.

x y z flx, v, 2)
1 1 1 0
1 1 0 0
1 0 1 0
0 1 1 1
1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 0
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Solution: Given Boolean function is

x y z flx, v, 2)
1 1 1 0

1 1 0 0

1 0 1 0

1 0 0 1< Row 4
0 1 1 1< Row 5
0 1 0 1< Row 6
0 0 1 1< Row 7
0 0 0 0

From the table it is clear that the output is 1 for rows 4, 5, 6 and 7. For the fourth row the
combination is (x A ¥'A z'). Similarly the combinations (X' Ay Az), @& Ay AZ’), and (X" AY'A 2)
are for rows 5, 6 and 7 respectively. So, the disjunctive normal form to the above function is
given as

fa,y,2) =@ Ay AZ)vVE AyAz) v Ay AzZ) v AYAz).

Similarly, corresponding to the output 0 for rows 1, 2, 3 and 8, the conjunctive normal form

to the above function is given as
fl,y,z)=@'vy v 2Z)An@ vyvza) Al vyvz)alxvyvz).
The combinatorial circuit corresponding to the disjunctive normal form is given below.

Xy

=D

?%ﬁ%”

Example 17 Find the disjunctive normal form of the function using algebraic technique.
fl,y) =(x vy Alxvy)
Solution: f,y)=@v y)Alx’'vy")
=xA@vyY)DVv (yAX'vy) [
= AXINV @AYV YAV AY) [
Ov@AayI)IvVyAx)vO [Complement law]
@Ay Ax) [

Distributive law]
Distributive law]

Identity law]
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ie., fl,y) =@ Ay)v iy Ax)
Which is the disjunctive normal form of the function f (x, y).
Example 18 Find the disjunctive normal form for the following combinatorial circuit.

By

X

y

et
3 >

Solution: Given that the combinatorial circuit as

X

y

— >

The output of the above combinatorial circuit is given as f(x,y,z) = (x Ay) A (y v z). The
logic table for the above expression is given below. From the table it is clear that the function
has output 1 for rows 1 and 2. For the first row the combination is (x A y A z) whereas for

second row the combination is (x Ay A 2°). Thus, the disjunctive normal form for the above
function is given as

fx,y,2)=@AyAn z2)vVEXAyA 2)

(x Ay) yvz) | xay) aly vz)
1 1 1

<

O|IO|IO|IHR|O|IR|HR|HR| &
O|IO|IHR|IO|IR|IO|H|F
OolR|o|lo|lR|lkRlo|~|N
ol|lo|lo|o|o|O|+
O|lHR|IFR|O|FR|FH|-
OO ||| |O |-

® EXERCISES ®

1. Find the disjunctive normal form of each function using algebraic technique.
(@ flx,y)=xv(xAy)
®) flx,y,z)=xvynlxvz)
) flx,y,z)=xv(y'vxy vaz))

2. Reduce the following Boolean products to either 0 or a fundamental product.
(@ xyzy ®) xyz'yx'z e xy zxy’ d) xyz'ty't
(e) xy xz'ty’
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3. Write the logic table for the circuit given below.

0
i 313{}

4. Find the disjunctive normal form of a Boolean expression having a logic table the same
as the given table and draw the combinatorial circuit corresponding to the disjunctive
normal form.

O|O|O|R|O|HR|IR|H|K
O|lo|R|OR|OlR|R|R
olr|o|lo|r|lR|o|r]|
Ol |o|~|o|lo|m|H|~

5. Are the combinatorial circuits equivalent? Explain.

X

() (a)

x >c
®)

X
@) (a)
y —_—
() X =
y—

T
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(212) (@)

>
e
il el

- >—

6. Find the Boolean expression in disjunctive normal form for the circuit given below.

— >

s
>c

Ww

)

7. Find the disjunctive normal form of each function corresponding to the logic tables

given below.

(@)
x y ey
1 1 1
1 0 0
0 1 1
0 0 1
) 7 y f(x, y)
1 1 0
1 0 1
0 1 0
0 0 1
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(c) x y z flx, y, 2)

1 1 1 1

1 1 0 0

1 0 1 1

0 1 1 1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1
(d) x y z flx, y, 2)

1 1 1 0

1 1 0 0

1 0 1 1

0 1 1 0

1 0 0 1

0 1 0 1

0 0 1 1

0 0 0 1

o

Find the conjunctive normal form of each function given in question 7.
9. Draw the logic circuit (Combinatorial circuit) with inputs x, y, z and output Y which
corresponds to each Boolean expression.
@) Y=xyz+xyz +xy2
@ Y=xy z+xz' +y z
10. Construct a combinatorial circuit that represents the following Boolean function.

fx, y, 2)
0

O|IO|IR|O|R|H|FR|&
O|lR|O|IR|O|R|R|S

O|HR|IOC|IO|R|IHIO|R]| N
= e Y e Y L )

o
o

11. Write the dual of each Boolean equation.
(@ (@rl)v(Ova)=0
b) an(@’vb)=anbd
() av@ab)=avd
d @avl)alav0)=a
e (@na’)vian0)=a
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@ (@avdb)abve)=(anrnc)vd
[Hint: To obtain the dual equation, interchange v and A, and interchange 0 and 1]
12. Discuss a XOR gate with four inputs x, y, z and ¢.
13. Express the following Boolean expression flx, y, z) as a sum of products and then in its
complete sum- of- products form.
@ flx,y,2)=x (xy +xy+y 2)
®) fe,y,2)=&"+y) +y z
) flx,y,2)=+y 2)(y+ 2)
14. Express the output Y as a Boolean expression in the inputs x, v, z, ¢ and u for the logic
circuits given below.

X

==
O

VY

®)

]
tﬁv

%J

(c) X

v
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Introduction to Lattices
o o

H 11.0 INTRODUCTION

In this chapter, we shall introduce the fundamental concepts of Lattices. After defining them
as particular kind of poset (partial ordered sets) we shall show that they could be introduced
as algebraic systems possessing some specific properties. Here we will discuss Lattices, Dual-
ity principle, Distributed lattices, Bounded lattices, Complemented lattices and some special
kind of lattices.

H 11.1 LATTICES

Lattices is a partially ordered set (poset) in which every two elements have a unique least
upper bound (L.U.B.) and a unique greatest lower bound (G.L.B.) i.e., a lattice is a poset { L. , <)
in which every subset {a, b} has a least upper bound and greatest lower bound. Where

LUB(a,b}))=avbd (join of @ and b)

G.LB{a,b}))=anb (meet of @ and b)

Let us consider the poset (N, <); where N is a set of natural numbers and < is the ordinary
less than or equal to relation. To show (N, <) is a lattice, it is sufficient to define the L.U.B.
and G.L.B. in N.

Now, Leta,b € N
L.U.B. ({a, b}) = (a v b) = Max (a, b) and
G.L.B. ({a, b}) = (@ A b) = Min (a, b)
Therefore, (N, <) is a lattice.

11.1.1 Theorem
For a lattice (B,<);a ,b e B

a<(avb)and (a Ab)<a.
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Proof: Given (B, <) is a latticeanda ,b € B
Now, (a vb)=L.U.B. ({a, b})

i.e., (a v b) is an upper bound of both @ and 5.
This implies that a < (a v b).

Again, (a Ab) =G.L.B. ({a, b})
ie., (a A b) is the lower bound of both a and b.
This implies that (a A b) <a.

H 11.2 HASSE DIAGRAM

In principle, it is possible to draw a diagram which shows the order relation on a finite poset.
Let (B, <) be a poset. Define the relation <on B by x Ry if and only ifx <y but x #y for x,y € B.
Given a partial order < on B, ‘y’ is said to cover ¢’ if x <y and there is no element 2’ in B such
thatx Rz and z Ry.

A Hasse diagram of a poset (B, <) is a graphical representation consisting of points labeled
by the members of B, with a line segment directed generally upward from x to wherever y
covers x.

Let us consider B = D(12); set of all positive divisors of 12. Therefore, B = {1, 2, 3, 4, 6, 12}.

Let us define the relation x R y means x is a divisor of y for x, y € B. Thus we get

R=1{(1,2),(1,3),(1,4),1,6),(1, 12), (2, 4), (2, 6), (2, 12), (3, 6), (3, 12), (4, 12), (6, 12)}

From the above relation it is clear that 4 does not cover 1 because there exists 2 such that
1R 2 and 2 R 4. Similarly, 6 does not cover 1, 12 does not cover 1, 12 does not cover 2 and 12
does not cover 3. Again it is also clear that 2 covers 1, 3 covers 1, 6 covers both 2 and 3 and 12
covers both 4 and 6. Therefore, the Hasse diagram is given below.

12

1

Note: We can distinguish lattices by looking at their Hasse diagrams. Because any two elements
have a common predecessor and a common successor, the Hasse diagram of a lattice always is
made up as a combination of closed polygons and thus its name lattice. A poset which has
polygons open above or below is not a lattice because of lack of supremum or infimum.
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Consider the following Hasse diagram.

Figure 1 Figure 2

The above Hasse diagrams are posets, but figure 1 which is open above as well as open below
is not a lattice whereas figure 2 is a lattice.

H 11.3 PRINCIPLE OF DUALITY

Given a valid statement for a lattice we can obtain another valid statement by replacing the
relation <with >, join with meet and meet with join operation. This is known as the princi-
ples of duality in lattices.

11.3.1 Theorem

Let B be a lattice with a, b, ¢ € B, then following properties holds.
1. Idempotent Properties
(@ (@va)=a
®) (@ara)=a
2. Commutative Properties
(@ (@vb)=(bva)
®) (@arb)=(0Bnra)

3. Associative Properties
(@ avbve)=(avbd)ve
®) arnbarc)=(anb)ac
4. Absorption Properties
(@ avi@aab)=a
®) an(avb)=a
Proof:
1. Idempotent Properties
(@) We know that (@ vb) =L.U.B. ({a, b})

This implies that as<(ava) )
Again, as<a
This implies (@va) <a ...@)

Combining (i) and (if) we will get
(@ava)=a
(b) Applying the principle of duality, we have,
(@nra)=a
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2. Commutative Properties
(@) We know that (avb)=L.U.B. ({a, b})

and (bva)=LUB.({b,a))
=L.UB. ({a, b))
=(avb)

Therefore, (@avb)=(bva)

(b) Applying the principle of duality, we have
(@anb)=(0bAra)
3. Associative Properties

(@) Let avbve)=d
and (avb)vcec=e
This implies that a <d and (b ve¢)<d
= a<d,b<d,c<d
= (avb)<dandc<d
= (@avb)vesd
ie., e<d
Again, (avb)vcec=e
= (avb)<e,c<e
= a<e,b<e,c<e
= a<e,(bvec)<e
= avbve)<e
= d<e

Therefore from equations (i) and (it) we have d = e
le., avibve)=(@vb)ve
(b) Applying the principle of duality, we have
anbarc)=(@nb)ac
4. Absorption Properties
(@) We know thata v (a A b) = L.U.B. ({a, a A b})

This implies that asav(anb)

Again, a<a and (arb)<a
= aviaanb)<(ava)=a
= avianb)<a

Combining equations (i) and (ii) we get
a=av(anb)
(b) Applying the principle of duality, we have

an(avb)=a

[a<(avb);b<(avb)

(@)

... (@)

)

[ (@ Ab)=G.L.B. ({a, b})]

... (@)
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11.3.2 Theorem

Let (B, <) be a lattice. For any a, b, ¢, d in Lattice Bifa <b and ¢ <d, then (a v ¢) < (b vd) and
(@nc)<(bad).
Proof: Given (B, <) is a lattice and a, b, ¢, d € B.

Suppose that, a<bandc<d

We know that (bvd)=LU.B.({b,d})

This implies that b<(bvd)andd<bvd)

= a<(vd)andc<(bvd) [+ a<bandc<d]

So, (b v d) is an upper bound of a and c. Again (a v ¢) is the least upper bound of a and c.
Therefore,

(@ave)<bvd)
Again, we know that (a Ac) = G.L.B. ({a, ¢})
This implies that (anc)<aand(aac)<c
= (anc)<band(arc)<d [+ a<bandc<d]

Therefore, (a A ¢) is the lower bound of b and d. Again (b A d) is the greatest lower bound of
b and d. Hence, we get

(anc)<b Ad)
11.3.3 Theorem

Let (B, <) be a lattice. For any a, b, c € B we have

(@) If a<b,a<c,

then as<(bvc)anda<(b ac)
b) If a2b,a>c,

then az2(bAarc)anda>=2(b ve)

Proof: (a¢) Given that (B, <) be a lattice and a, b, c € B.
Suppose that a < b, a <c. This indicates that a is a lower bound of {5, c}.

Therefore, a<GL.B.{b,c}) =B Ac)
le., a<(bnarc)

Again, (bve)=LU.B. ({b, c})

This implies that b<(bve)

Also by hypothesis a<b

Therefore, we have a<b<(bve)
ie., a<®ve)
ie., a<b,a<c,

= a<(bvec)anda<(b ac)

(b) On applying the principle of duality we can prove that ifa > b, a > ¢,
then az2(bAarc)anda=2(bve)

H 11.4 DISTRIBUTIVE LATTICE

A lattice B is said to be distributive lattice if for a, b, ¢ € B, it satisfies the following distributive
laws.
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@ anbve) =@nb)vianc

b)) avbac) =@avb)alave)

If a lattice is not distributive then it is called “non distributive” lattice.

11.4.1 Theorem

If the meet operation is distributive over the join operation in a Lattice, then the join opera-
tion is also distributive over the meet operation and vice versa.

Proof: Let (B, <) be a Lattice and the meet operation is distributive over the joint operation.

ie., anbve)=(@arb)vianc)a,b,ceB
Now, (avb)alave)=[lavb)ralvi@vbd)ac]
=avila@avbd)acl [Absorption law]

=avil@rc)v(b o)

=lav@nrc)]vibace) [Associative law]
=av(bnac) [Absorption law]
Therefore, avibare)=(@vd)alave)

11.4.2 Theorem

In any distributive lattice (B, <), the joint cancellation law holds.

te., If (@avb)=(ave)and (@ Ab)=(a rc)
then b=c
Proof: Suppose that (a vb)=(ave)and(a Ab)=(aAc)

Now, b=bv(anb) [Absorption law]
=bvianc) [Hypothesis]
=bva)abve) [Distributive law]
=(@avb)abve) [Commutative law]
=(@ave)abve) [Hypothesis]
=(@rnb)ve [Distributive law]
=(anc)ve [Hypothesis]
=c [Absorption law]

Therefore, b=c

11.4.3 Theorem
In a distributed lattice (B, <) the following equality holds for alla, b,c € B

@arnb)vbarc)vicra)=(avb)abve) rlcva)
Proof: Suppose that B be a distributive lattice with a, b, ¢ € B.
Now, (@arb)vibarc)vicra)=[{larb)vbla{lanb)vellvicaa)
=[bAflanb)vellvicna) [Absorption law]
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=[ballavelabve)llvicana) [Distributive law]
=[lave)albabvollvicaa) [Associative law]
=[l@ave)ablvicra) [Absorption law]
={lave)vicra)} aAlbvicra) [Distributive law]
=(cva)abve)abva) [Distributive law]

=(avb)arbvelalcva)
Therefore,

(anb)vbarc)vicra)=(avb)abve)aleva).

H 11.5 BOUNDED LATTICE

A lattice B is said to be bounded if it has a lower bound and an upper bound. The universal
lower bound and the universal upper bound are denoted by 0 and 1 respectively in a bounded
lattice.

11.5.1 Universal Lower Bound

Let (B, <) be a lattice. An element a € B is said to be universal lower bound if
a<bVbeB.

11.5.2 Universal Upper Bound

Let (B, <) be a lattice. An element a € B is said to be universal upper bound if
b<aVbe B.

11.5.3 Theorem

The universal lower bound and the universal upper bound are unique.

Proof: Let us first show that the universal lower bound is unique. Suppose two the contrary
there exists two universal lower bound a and b of the lattice (B, <).

Therefore, a,be B
Now as ‘a’ is the universal lower bound we have

a<b ...@
Similarly, as ‘b’ is the universal lower bound we have

b<a ...(i0)
Hence, from equations (i) and (ii), we get

a=b

Therefore, our supposition is wrong. Thus, the universal lower bound is unique.
Similarly, it can be shown that the universal upper bound is also unique.

11.5.4 Theorem

In a bounded lattice (B, <), the universal upper and lower bounds 1 and 0 clearly satisfy the
followings for any element a € B.

@ avl=1 @) anl=a

@) avO0=a @) an0=0
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Proof: (i) We know that for any lattice (B , <)

a<(avb)fora,be B

So, 1<(avl) .. (@)
Again, since 1 is the universal upper bound
@vl) <1 ... @)

Combining (i) and (ii) we get (a v 1) =1
(ii) We know that for any lattice (B, <)
(anb)<afora,be B
So, a@nl)<a ()]
Again, since 1 is the universal upper bound we have a < 1. Also we know that a <a.
Therefore,
(@na)<(anl)
ie., a<(anl) ... (@)
Combining (i) and (ii) we get (@ A 1) =a
Similarly, (iii) and (iv) can be proved.

B 11.6 COMPLEMENTED LATTICE

A lattice (B, <) is said to be complemented lattice if every element in the lattice has a
complement. Let (B, <) be a lattice with 0 and 1 as its universal lower bound and upper bound
respectively. An element b is said to be complement of @ € B if

(@avb)=1land (e Ab)=0
From the commutative property, if ‘6’ is complement of ‘@’ then ‘@’ is also complement of b’.

11.6.1 Theorem

In a bounded distributive lattice, if a complement exists then it is unique.
Proof: Let (B, <) be a bounded distributive lattice.
Leta € B and a4, ay are two complements of a. Hence by definition we have

ava;=1; ava,=1
ana;=0; anas=0
Now, a;=(a;v0)=a;viarnay) [ (@ Aay) =0]
=(a,va)alagvay) [Distributive law]
=1a(a;vay)
=(a,Vvay)
So, a; =(a;vay) ()
Similarly, ay =(ayv0)=ayVvianrnay) [ (@naq)=0]
=(agva)Alayvay) [Distributive law]

=(avay Ala;Vvay)
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=1A(a;vay)
=(a,Vvay)
So, as =(agVvay) ... (i)
Therefore, from equations (i) and (ii) we get
a; =ag
Thus, in a bounded distributive lattice, if a complement exists then it is unique.

H 11.7 SOME SPECIAL LATTICES

Here we will discuss the basic definition of some special type of lattices such as Boolean
lattice, sublattice and isomorphic lattices.

11.7.1 Boolean Lattice

A complemented and distributive lattice is called a Boolean lattice.

11.7.2 Sublattice

Let (B, <) be a lattice. Then any non-empty subset L of B is called a sublattice of B if
(avb)e Land(aab)e L;Va,be L

In general if D(n) be a lattice and if m divides n, D(m) is a sublattice of D(n).
11.7.3 Isomorphic Lattices

Let (B4, ) and (B, <) be two lattices, then /: B; — B, is an isomorphism if

fla nb) =fla) Af(b) and f(a v b) =f(a) v f(b) for alla,b e A
If two lattices are isomorphic as posets then they are said to be isomorphic lattices.

® SOLVED EXAMPLES o

Example 1 Show that (I, /)is a lattice; where I is the set of positive integers and the relation
| is defined as a | b if and only if a divides b.
Solution: To show (I, |) is lattice, first of all we have to show that (I, |) is a poset. Here the
relation is defined as
aRb : al|b; a,bel

i.e., aRb : a divides b

Reflexive: It is clear that for every a € I, a divides a, i.e., a| a for every a € 1.

Anti Symmetric: Suppose thata Rb and b R a.
l.e., adividesbd and b dividesa.

This implies that a=b.
i.e.,a Rb and b R a implies that a = b.

Transitive: Suppose thata Rb and b Rc¢
l.e., adividesbd and b divides c.

This implies b=akiandc=0bky;k;and kye 1
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Now, c=bky=a(kky).
This indicates that a divides c.
ie., aRb and bRec implies a R c.
Therefore, (I, |) is a poset. To show it is a lattice, it is sufficient to define the L.U.B. and
G.LB.in I
Now, let a, be 1
L.UB.({a,b})=(avbd)=LCM.(a,bd)and
G.LB.({a,b}) =(arb)=G.C.D.(a,bd)
Therefore, (1, |) is a lattice.
Example 2 For a lattice B ; a, b € B prove the following
(i) (a vb) =bifandonlyifa <b
(i) (a nb)=aifandonlyifa <b
(iii) (a Ab) =aifandonlyif(a vb)=>b
Solution: Given B is a lattice anda,b € B
(1) Suppose that (avbd)=>b

Our claim is that asb

Now, (avb)=LUB. ({a, b))

ie., a<(avb)

Le., a<b [vb=(@Vvd)]

Conversely, suppose that a <b.

Our claim is that (avb)=b

Given that a <b. Also we know that b <b. Hence it is clear that b is an upper bound of ¢ and
b. Again (a v b) is the least upper bound, so

(avb)<b .. @)

Again since (a v b) is an upper bound of @ and 4. So,
b<(avbd) ... @)

Hence, from equations (1) and (2) we get

(@avb)=».
(ii) Suppose that (@anb)=a
Our claim is a<b
We know that (a Ab) =G.L.B. ({a, b})
ie., (@an b)<b
This implies that a<b [ (@A b)=al

Conversely, suppose that a <b
Our claim is (an b)=a.
Given a < b, also we know thata <a .

Hence it is clear that ‘a’ is the lower bound of both a and b. Again (a A b) is the G.L.B. of
both a and b. Therefore,

a<(anb) ... @)
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Also, (a A b) is the lower bound of @ and 5. Therefore,
(an b)<a ... (iv)
Combining (izi) and (iv) we get (a A b) =a.
(iit) On combining the proofs of (i) and (ii) we can get
(an b)=aifandonlyif(avbd)=b
Example 3 Let B be the power set of S = {1, 2, 3} and (B, <) be a poset defined by X <Y if X ¢
Y for X, Y € B. Draw the Hasse diagram of the poset (B, <).
Solution: Given that B be the power set of S = {1, 2, 3}.

Therefore, B ={¢, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.
Given that (B, <) be a poset. Where the relation < is defined as
XRY : XcY forX,Ye B

Therefore, the Hasse diagram is given as
{1.2}

{1,2,3}

{1}

{1.3}

2

{2.,3}

0
{3t
Example 4 Set of all positive divisors of 30 i.e., D(30), forms a poset under the relation x <y
means x divides y for x, y € D(30). Draw the Hasse diagram.
Solution: D(30)=({1, 2, 3, 5, 6, 10, 15, 30}.
Let us define the relation x R y means x is a divisor of y for x, y € D(30). Thus we get
R=1{1,2),(1,3), (1, 5),(1,6),(1, 10), (1, 15), (1, 30), (2, 6), (2, 10), (2, 30),
(3, 6), (3, 15), (3, 30), (5, 10), (5, 15), (5, 30), (6, 30), (10, 30), (15, 30)}
From the above relation it is clear that 6 does not cover 1 because there exists 2 such that
1 R 2 and 2 R 6. Similarly 10 does not cover 1, 15 does not cover 1 and 30 does not cover 1, 2,
3, 5. Again it is also clear that 2 covers 1, 3 covers 1, 5 covers 1 and so on.
Therefore, the Hasse diagram is given below.
30
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Example 5 Draw Hasse diagrams of all lattices with four elements.

Solution: Hasse diagrams of all lattices with four elements are given below.
®

[ J
Example 6 IfB=D(24) be a lattice, then find all the sublattices of D(24). Also draw the Hasse

diagram.
Solution: Given that B = D(24) be a lattice. Where D(24) is the set of all positive divisors of
24. Therefore,

D©24) = {1, 2, 3, 4, 6, 8, 12, 24}

The Hasse diagram for the above lattice is given below.
24

1
The sublattices of D(24) are D(6) = {1, 2, 3, 6}, {2, 4, 6, 12} and {4, 8, 12, 24}. Another
sublattice is D(12) = {1, 2, 3, 4, 6, 12} as 12 divides 24.

e EXERCISES ®

1. Let n be the positive integer and D(n) be the set of all positive divisor of n, then show that
D(n) is a lattice under the relation of divisibility.

2. LetA=1{1,2,3,4,5,6}). We definex Ry as x <y if x divides y. Draw the Hasse diagram of

the poset (A, ).

Draw the Hasse diagram of (P(A), ). Where A = {1, 2} and P(A) is the power set of A.

Draw the Hasse diagram of (P(A), <). Where A = {0, 1, 2, 3} and P(A) is the power set of A.

Draw the Hasse diagram of (D(n), |) for n = 6, 16, 24, 32, 100.

Draw Hasse diagrams of all lattices with five elements.

Sl
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7. Show that set of all positive divisors of 105 i.e., D(105), forms a poset under the relation x
<y means x divides y for x, y € D(105). Draw the Hasse diagram.
8. Show that the poset with the Hasse diagram given below is not a lattice.

9. Prove that for all a, b, ¢ in a lattice B,
[(a A D) viaanc)l Alla nb)v (b ac)

10. If B = D(30) be a lattice, then find all the sublattices of D(30). Also draw the Hasse dia-
gram.



Thispage
Intentionally left
blank




12

Graph Theory

H 12.0 INTRODUCTION

Graph theory has applications in many areas like Mathematics, Computer Science,
Engineering, Communication Science etc. Oystein Ore, the prominent graph theorist and
author of the first graph theory book said in that “the theory of graphs is one of the few fields
of mathematics with a definite birth date”. Graph theory is considered to have begun in 1736
with the publication of Euler’s solution of the Konigsberg Bridge problem. In 1936, Denes
Konig wrote the first book on graph theory. The major developments of graph theory
occurred by the ever growing importance of Computer Science and its connection with graph
theory.

Now the question arises “what is a graph”? Consider the example. Suppose there are four
sales persons Brown, Abraham, Peterson, Clark and five territories T;, Ty, T3, T,, T5. Brown
is interested to work in the territories Ty, Ty, T5. Abraham is interested to work in the
territories Ty, T5. Peterson is interested to work in the territories Ty, Ty, T5 whereas Clark is
interested for the territories Tg, T,, Ts. This is explained in the following figure. This is
nothing but a graph, a concept which we are about to study extensively.

Ty T T Ta Ts
B : Brown
A : Abraham
P : Peterson
C. Clark
B A P c

In this chapter, we will study the basic components of graph theory.
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H 12.1 GRAPH

A graph G consists of a finite set of vertices V and a finite set of edges E. Mathematically,

G=(V,E)
Where, E ={(v;, v) | v;, v; € V}
Let us consider V={(1,2,3,4,5}
and E=1{(1,2), (1, 3), (2, 3), (2, 4), (3, 4)}.

Hence the graph G = (V, E) becomes

1 2

G:
®5
3 4

12.1.1 Order and Size

The number of vertices in a graph G(V, E) is called its order, and the number of edges is its
size. That is the order of G is |V | and its size |E |

Consider the following graph G

The order of G i.e., Vi=4
The size of G i.e., IEl=8

12.1.2 Adjacent Vertices

Two vertices v; and v; are said to be adjacent if there exists an edge (v;, v)) in the graph G(V, E).

Consider the graph G as

GZ1 2

3
Here the vertices 1 and 2 are adjacent. Similarly, the vertices 1 and 3 are also adjacent.

12.1.3 Parallel Edges

If there is more than one edge between the same pair of vertices, then the edges are termed
as parallel edges. Consider the graph G as
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€5

€2
€4

3

Here the edges e; and e; are parallel edges.

12.1.4 Loop

An edge whose starting and ending vertex are same is known as a loop. Mathematically
e = (v; , v;). Consider the graph G as

3 2

From the graph, it is clear that the edge e; is a loop.

N 12.2 KINDS OF GRAPH
In this section, we will discuss different kinds of graph.

12.2.1 Simple Graph

A graph G(V, E) that has no self-loop or parallel edges is called a simple graph. Consider the
graphs G; and G, as

3 4 1 2

The graph G, is not a simple graph because there exists parallel edges between the verti-
ces 1 and 2 whereas the graph G, is a simple graph.

12.2.2 Multi Graph

A graph G(V, E) is known as a multi graph if it contains parallel edges, i.e., two or more edges
between a pair of vertices. It is to be noted that every simple graph is a multi graph but the
converse is not true. Consider the graph G as
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t S

u \

The above graph is a multi graph because there are parallel edges between the vertices u,
t and v, s.

12.2.3 Pseudo Graph

A graph G(V,E) is known as a pseudo graph if we allow both parallel edges and loops. It is to
be noted that every simple graph and multi graph are pseudo graph but the converse is not

true.
t S
W
G:
u %

Consider the graph G as
A graph G(V, E) where V is the set of nodes or vertices and E is the set of edges having
direction. If (v;, v) is an edge, then there is an edge from the vertex v; to the vertex v;. A
digraph is also called a directed graph. Let us consider

V={1,2,3,4,5}and E = {(1, 2), (1, 3), (2, 3), (2, 4), (3, 4), (4, 5)}
Hence, the digraph G becomes

H 12.3 DIGRAPH

1

Y
N

Y Y 4

3

N 12.4 WEIGHTED GRAPH

A graph (or digraph) is known as a weighted graph (or digraph) if each edge of the graph has
some weights. Let us consider

V=11, 2,3,4,5} and E = {ey, ey, €3, e4, €5}
Where el = (1, 2), eZ = (1, 3), 93 = (2, 4), e4 = (3, 4), e5 = (4, 5)

and wley) =5, wley) =6, wles) =1, wley) =6, wles) =3
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Hence, the weighted graph G becomes

1 5

3

H 12.5 DEGREE OF A VERTEX

The number of edges connected to the vertex ‘v’ is known as degree of vertex ‘v’, generally
denoted by degree (v). In case of a digraph, there are two degrees i.e., indegree and outdegree.
The number of edges coming to the vertex ‘v’ is known as indegree of ‘v’ whereas the number
of edges emanating from the vertex ‘v’ is known as outdegree of ‘v’. Generally, the indegree
is denoted by indegree (v) and the outdegree is denoted by outdegree (v).

Note: In case of a loop, it contributes 2 to the degree of a vertex.

12.5.1 Isolated Vertex

A vertex is said to be an isolated vertex if there is no edge connected from any other vertex to
the vertex. In other words a vertex is said to be an isolated vertex if the degree of that vertex
is zero.

i.e., If degree (v) = 0, then v is isolated.

Consider the graph G as

w S
t
G:
L
u \Y
Now, degree (u) = 2; degree (v) = 4, degree (¢) = 1
degree (g) = 0; degree (s) = 3; degree (w) = 2

Therefore, it is clear that ‘¢’ is an isolated vertex.
N 12.6 PATH
A path in a graph is a sequence vy, v, ..., U;, of vertices each adjacent to the next, and a choice

of an edge between each ‘v;” to ‘v; , ;" so that no edge is chosen more than once.
Consider the graph G as

Vs

Vg4

V3
Here one path is Uy Ug U1 Ug Uy Ug .
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H 12.7 COMPLETE GRAPH

A graph (digraph) G is said to be complete if each vertex ‘u’ is adjacent to every other vertex
v’ in G. In other words, there are edges from any vertex to all other vertices. Consider the
graph G as

V1 v,

A\ Vs

The above graph G is a complete graph.

H 12.8 REGULAR GRAPH

A graph G (V, E) is said to be regular if the degree of every vertex are equal. Mathematically,
G is denoted as regular if

degree (v;) = degree (vj) Yi,j.
Where, v;, U; € G (V, E).
Consider the graph G as

V2 Vs
In the above graph, degree (v;) = degree (v,) = degree (v3) = 2. Therefore, the graph G is
regular (2 regular). The above graph is also complete.

Consider another example G, as
Vi

V2

vy vy

Here the degree of every vertex is 3. So, the above graph is 3-regular but not complete.

H12.9 CYCLE

If there is a path containing one or more edges which starts from a vertex ‘v’ and terminates
into the same vertex, then the path is known as a cycle. Consider the graph G as
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\ vy

\7 V3
In the above graph G, one cycle is v,v4 v5 v;. Similarly, another cycle is v; vy V3 V4 V5.

H 12.10 PENDANT VERTEX

A vertex ‘v’ in a graph G is said to be a pendant vertex if the degree (v) =1. In case of a digraph,
a vertex v’ is said to be a pendant vertex if the indegree (v) = 1 and outdegree (v) = 0. In the
graph ‘G(figure 1)’ given below, indegree of the vertices v, , v5, vg and v; is equal to 1 and the
outdegree is equal to 0. Therefore, these vertices are pendant vertices. Similarly, in the
graph ‘G(figure 2) given below the vertices vy, v5 and v4 are pendent vertices.

Vi

Vs Ve

Figure 1 Figure 2
H 12.11 ACYCLIC GRAPH
A graph (digraph) which does not have any cycle is known as an acyclic graph (digraph).

Consider the graph G as

Vi

Here, G is an acyclic graph.
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H 12.12 MATRIX REPRESENTATION OF GRAPHS

There are many ways to represent a graph in computer. Generally, graphs are represented
diagrammatically, but this is possible only when the number of vertices and edges are
reasonably small. So, the concept of matrix representation of graphs is developed. The major
advantage of this representation is that the calculation of paths and cycles in graph theoretical
problems such as communication networks, power distribution, transportation etc. However,
the disadvantage is that this representation takes away from the visual aspect of graphs.

12.12.1 Adjacency Matrix

The most useful way of representing any graph is the matrix representation. It is a square
matrix of order (n x n) where n is the number of vertices in the graph G. Generally denoted by
A [a;;] where a;; is the ith row and jth column element. The general form of adjacency matrix
is given as below:

a;; Q2 Qi3 - . . Ay

Qg1 Qg Qg3 . . . Qg

Q31 Qgg Qg3 . . . Qg

A=
_anl Qyo Qug . . . ann_
1, if there is an edge from‘vi’to‘vj’
where, a; = .
0; Otherwise

This matrix is termed as adjacency matrix, because an entry stores the information
whether two vertices are adjacent or not. This is also known as bit matrix or Boolean matrix
as each entry is either 1 or 0.

Notes: 1. In the adjacency matrix if the main diagonal elements are zero, then the graph is said to be
a simple graph.
2. In case of a multi graph the adjacency matrix can be found out with the relation.

n; nbe thenumber of edges from ‘v’ to ‘v’
@;j = 10; Otherwise

3. In case of a weighted graph the adjacency matrix can be found out with the relation

w; wis theweight of the edges from ‘v;’to ‘v’
@ij = 10; Otherwise
Consider the graph G as

vy
v
Vy 5

V,
4
Ve V3

Hence, the adjacency matrix is given as
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Uy
vy, [ O
Uy 1
A= Ug 1
Uy 0
Vs 0
ve | 1
Consider the graph G as

Vg Uz Uy 5 6 _
1 1 0 0 1
0 1 0 0 0
1 0 1 0 0
0 1 0 1 0
0 0 1 0 0
0 0 0 0 0

The adjacency matrix of the above graph with respect to the ordering A, B, C and D is

given below:

Consider the graph G as

00360
5017
A=
200 4
0 6 80

The adjacency matrix of the above graph with respect to the ordering A, B, C and D is

given below:

S N = O
N = O =
N © N
o NN O

12.12.2 Incidence Matrix

Suppose that G be a simple undirected graph with m vertices and n edges, then the incidence
matrix I[e;] is a matrix of order (m x n) where the element a;; is defined as
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1, If vertexi belongs to edges j.
au =
Y 10; Otherwise
Consider the graph G as

Hence, the incidence matrix of the graph G is of order (5 x 7). The incidence matrix rela-
tive to the ordering vy, vy, U3, Uy, Us and ey, ey, es, ey, €5, g, €7 is given below:

000101
1100010
I={0 110000
0011110
000100 1]

12.12.3 Path Matrix

Suppose that G be simple graph with n-vertices. Then the (n xn) matrix P = [p;; 1, ., defined
by

0; Otherwise

is known as the path matrix or reachability matrix of the graph G.
Consider the graph G as

D= {1; if there is a path from v; to v,
i =

Vi @ V2

V3

Vs @ vy

Therefore, the path matrix of the above graph relative to the ordering vy, vy, v3, vy, U5 is
given as

01011
10011
P={00000
11001

11010
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H 12.13 CONNECTED GRAPH

A graph (not digraph) G (V, E) is said to be connected if for every pair of distinct vertices ‘v’
and v’ in G, there is a path. A directed graph is said to be strongly connected if for every pair
of distinct vertices ‘v’ and ‘v’ in G, there is a directed path from ‘v’ to ‘v’ and also from ‘v’ to ‘v’
A directed graph is said to be weakly connected if for every pair of distinct vertices, there is
a path without taking the direction.

Consider the following graphs

A
G, vy P> vy
Vq
V1 Vyq V3 ® Vg
V7
Gy Gy
V3 Vs Vg Vg
From the above graphs, it is clear that
G; : Strongly Connected; Gy: Weakly Connected

G5 : Connected; G,: Disconnected

12.13.1 Theorem
Suppose that G be a graph with n-vertices v4, v, ...., v, and let A be the adjacency matrix of G.
Let us define B = [b;] such that
B=A+A2+A%+ . +A"" L
If for every pair of distinct indices i and j, b;; # 0, then the graph is said to be connected.
The proof of the above theorem is beyond the scope of this book.
Consider the graph G as

Vi
Vo

Vg4
V3
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Hence, the adjacency matrix A is given as

0110
1010
1101
0010

A=

Here, number of vertices (n) = 4. Therefore, B = A + A% + A®

2111 2341
Now A2 1211 AP AZA - 3241
’ 1130/ 4 4 2 3
1101 1130
4 56 2
Therefore B=A+A%?+A%= 5462
’ 6 6 5 4
2 2 41

Since, all b; # 0 for i # j; the graph G is connected. All elements except the diagonal
elements must not be zero for connected graph.

H 12.14 GRAPH ISOMORPHISM

Suppose G; : (V4, E;) and Gy, : (V,, Ey) be two graphs. Then the two graphs G, and G, are said
to be isomorphic if there is one to one correspondence between the edges E; of G; and E, of G,
which indicates that if (x4, v;) € Gy, then (u4, v1) € Gs.

Such a pair of correspondence is known as graph isomorphism. The different way of repre-
senting the same graph is known as graph isomorphism. Consider graph G; and G, as

vy vy 2 Vs

Vv
2 v3 V2 \Y) 4

Therefore, the graphs G; and G, are isomorphic to each other.

H 12.15 BIPARTITE GRAPH

Suppose that G: (V, E) be the graph. If the vertex set V can be partitioned into two non-empty
disjoint sets V; and V, such that each edge of the graph G has one end in V; and other end in
V,, then the graph is said to be bipartite graph.

Consider the graph G as
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Let Vi= {vy, vg, U5, 7} and Vy = {vy, vy, v, g}

Now, (V; N Vy)= ¢ and each edge of G has one vertex in V; and other vertex at V, . So, G
is said to be a bipartite graph.

12.15.1 Complete Bipartite Graph

Suppose that G: (V, E) be the graph. If the vertex set V=(V; UVy) and V{, Vo 20, (V1 Vy) =0,
such that each edge of the graph G has one end in V; and other end in V,, then the graph G
is termed as bipartite.

If every vertex of V; is joined to every vertex of V,, then the graph G is termed as complete
bipartite graph. Consider the graph G as

Vi Va
G:
vy Vg
Let V1= {Ul, U3} and VZ ={U2, 04}.
Therefore, V=(V,uUVy);V, Vo0, and (V; N Vy) = 0.

Also, every vertex of V; is joined to every vertex of V,. So, G is a complete bipartite graph.

N 12.16 SUBGRAPH

Suppose that G and H be two graphs with vertex sets V(G) and V(H). Let the edge sets be E(G)
and E(H). Now H is said to be subgraph of G if

V(H) c V(G) and EH) c E(G)
Consider two graphs G and H as

Vi Vo

Ve Vs

Therefore, it is clear that V(H) c V(G) and E(H) c E(G). So, H is a subgraph of G.
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12.16.1 Vertex Deleted Subgraph

Suppose that G(V, E) be a graph. If we delete a subset U of the set V and all the edges, which
have a vertex in U as an end, then the resultant graph is termed as vertex deleted subgraph
of G. Consider the graph G as

Vi
AP

Vq
V3

On deleting the vertex v,, the vertex deleted subgraph H is given as

12.16.2 Edge Deleted Subgraph

Suppose that G: (V, E) be a graph. If a subset F from the set of edges E is deleted from the
graph G, then the resultant graph is edge deleted subgraph of G. Consider the graph G as

N 12.17 WALKS

Let G be a graph, then a walk W in a graph G is a finite sequence W = v, e; vieg vy ey ............
U;,_1€;V; ... U}, _1 €, V. Whose terms are alternately vertices and edges such that for 1 <i <k, the
edge e; has ends v; _; and v, . The starting vertex v, is the origin and the end vertex v, is the
terminus of the walk W. The vertices vy, vy, ... . v, _; are known as internal vertices. The
walk is termed as v, — v;, walk.
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The number of edges present in the walk W is known as the length of walk W. Note
that in a walk W there may be repetition of vertices and edges. In a simple graph, a walk
W =vge; viey ... €0, is determined by a sequence of vertices v, vy vy ... U, _ 10, because each
pair of vertices v, _; v; has one edge only. Even if a graph is not simple, a walk is often simply
denoted by a sequence of vertices v, vy vy ... U, _ U, Where the consecutive vertices are
adjacent.

Notes: 1. A walk containing no edges is known as a trivial walk.

2. A walk containing no repeated edges is termed as a trail.

3. A walk containing no repeated vertices is termed as a path. Which indicates that if the
sequence of vertices vy v U ...... vy, _qv, of thewalk W=vgev 690, ......... Uy,_1 €, Uy, are distinct, then
the walk is a path.

4. Every path is a trail but the converse is not true always.

Consider the graph G as

Vi

Consider the following walks
Wi =ve1 vgeg V1€g Usey Ugeqg Ugeg Uy
Wy = vieq vgeg v1eq Ugey V1€ Vg
W3 = vgeq0 Ugeg U1€q Ugeg Uy
W, =v4e5 voe5 vger U5

The length of W is 6. Similarly, the length of other walks can be found out. Here W; and
W, are walks; W is trail and W, is a path.

12.17.1 Open and Closed Walk

Suppose that u and v be two vertices of a graph. An u — v walk is said to be open or closed
according to u # v or u = v respectively. In other words a walk is closed if the starting vertex
(z) and the terminus (v) are same otherwise it is open.

H 12.18 OPERATIONS ON GRAPHS

There are many operations that gives new graphs from old ones. They are mainly separated
into three categories such as elementary operation, unary operation and binary operation. In
elementary operation, a new graph may be produced from the original graph by a simple local
change such as addition or deletion of a vertex or an edge. In unary operation we create a
significantly new graph from the old one whereas in binary operation we create a new graph
from two initial graphs.

12.18.1 Union

If G; and G, be two graphs, then their union (G; U Gy) is a graph with V(G; U G,) =V (G U V (Gy)
and E (G; U Gy) = E (Gy) UE (Gy).
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12.18.2 Intersection

If G; and G, be two graphs with at least one vertex in common, then their intersection (G; N G)
is a graph with

V (Gl M Gz) = V (Gl) M V (GQ)
and E(G;nGy) =E (G)) nE (Gy)

12.18.3 Complement
Suppose that G be a simple graph with n-vertices. Then the complement of G is given by G

and is defined to be the simple graph with the same vertices of G and where two vertices (u, v)

are adjacent in G, if u and v are not adjacent in G. In other words the complement of G can
be obtained from the complete graph K, by deleting all the edges of G. Consider the graph G
as

\"
.
V3

V
6
Vg

To obtain the complement of G construct the complete graph with the same vertices and

then delete the edges of the graph G. The complement graph of G i.e., G is given below.

Vo

/\Vz

2 Vs vy V3
G .
G: Ve

Vg4

v V4 v

6
Vs

Vs

12.18.4 Product of Graphs
Suppose that G;: (V4, E;) and Gy: (V,, Ey) be two graphs. Then the product of graphs G; and G,
is given as (G; X Gy) and is defined as (G; X Gy): (V, E). Where V = (V; xV,) and the edge set E
can be found out from the following relation.
If (uq, uy) and (vq, vy) be two vertices of (G X Gy). Then there is an edge between them if
(@) (uq=v, and u, is adjacent to v,) or
(@) (uis adjacent to v, and u, = vy).



Graph Theory 285

Consider the graphs G; and G, as

G,: ® @ G, [}
1 2
uy Uz 1

Vo

(uq,v4) (uq,v5) (uq,v3)

(G xGy)

(Up,vyq) (Uy,V5) (uz,v3)
12.18.5 Composition

Suppose that G;: (V4, E;) and G: (V,, E,) be two graphs. Then the composition of G;[G,] and
is defined as
G1[Gyl: (V,E)

Where, V = (V; X V,) and the edge set E can be found out from the following relation. If
(uq, uy) and (vq, vy) be two vertices of G;[Gsl, then there is an edge between them if

(@ u, is adjacent to v, or

(@) (uq=v; and u, is adjacent to vy)

Consider the graphs G; and G, as

G,: @ @ G, [}
! Uy U, oy vy
V3
The composition G;[Gy] is defined as

(uq,vy) (uq,vp) (uq,v3)

G4[G,):

(up,v4) (up,vp) (uz,v3)

H 12.19 FUSION OF GRAPHS

Let u and v be distinct vertices of a graph G, we can construct a new graph G; by fusing the
two vertices. This means by replacing them by a single new vertex 4’ such that every edge
that was incident with either ‘%’ or ‘v’ is now incident with x.
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Consider the graph G as

V3

On fusing the vertices ‘u’ and ‘v’ the graph becomes

12.19.1 Adjacency Matrix (After fusion of two adjacent vertices)

The following steps are used to find the new adjacency matrix after fusion of two adjacent
vertices ‘u’ and ‘v’:
Step 1. Replace the uth row by the sum of uth row and vth row. Similarly, replace the uth
column by the sum of uth column and vth column.
Step 2. Delete the row and column corresponding to the vertex v. The resulting matrix is
the new adjacency matrix.
Consider the graph G as

After fusing v; and v, we have the new graph G; as

Vo

Vi

Gy:
V3
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0011

. . 0010
Relative to the ordering v4, vy, v5 and v, we have A(G) = 1102
1020

Now on replacing Row (v;) « Row (v;) + Row (v,) and Col (v;) « Col (v,) + Col (v,), we get

1031
0010
310 2
1020

On deleting the row and column corresponding to v, the adjacency matrix of G; is given as

103
A(Gl) = 0 0 1
310

AG) =

12.19.2 Fusion Algorithm (Connectedness)

The following steps are used to check the connectedness of a graph G:

Step 1. Replace the graph G by its underlying simple graph. The adjacency matrix can be
obtained by replacing all non-zero entries off the diagonal by 1 and all entries on the
diagonal by 0.

Step 2. Fuse vertex v, to the first of the vertices vy, v5 ..., v,, with which it is adjacent to give
a new graph. Denote it by G in which the new vertex is also denoted by v;.

Step 3. Carry out stepl on the new graph G.

Step 4. Carry out step 2 to step 3 repeatedly with v, until v, is not adjacent to any of the
other vertices.

Step 5. Carry out steps 2 to 4 on the vertex v, of the latest graph and than on all the
remaining vertices of the resulting graphs in turn. The final graph is empty and the
number of its isolated vertices is the number of connected components of the initial
graph G.

Consider the following graph G.

Vi

Vg

The adjacency matrix A (G) relative to the ordering v, vy, v5 and v, becomes
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AG) =

= o O
o = o
=N

1
0
0
1210
The underlying simple graph of G is given as

%
3
\2] 2
(CT:

The adjacency matrix becomes

A(Gy) =

==
S o o
o o
-

1110

On fusing v, with v we have the graph G as

Vi
Va2

Vyq

Therefore, on replacing Row (v,) « Row (v;) + Row (v3); Col (v;) <~ Col. (v,) + Col. (v3) and on
removing the row and column corresponding to v; the adjacency matrix relative to the order-
ing v4, vy and v, becomes

10 2
AG=]0 01
210
The underlying simple graph of G is given as

V.
2
Vi

G,
0
Vg4

The adjacency matrix becomes

O =

00
A(Gy=1]0 0
11

On fusing v, with v, we have the graph G as

G: O L
Vi Vo
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Therefore, on replacing Row (v;) < Row (v;) + Row (v,); Col (v;) « Col (v,) + Col. (v,) and on
removing the row and column corresponding to v,, the adjacency matrix relative to the order-
ing v, and v, becomes

A(G)—11
{10

The underlying spanning graph of G is given as
GOZ Vi@ @ vV,
The adjacency matrix becomes

01

On fusing v, with v, we have the graph G as

G: O vy
Therefore, on replacing Row (v,) < Row (v;) + Row (vy); Col (v;) « Col (v;) + Col (vy) and on

removing the row and column corresponding to v,, the adjacency matrix relative to v, be-
comes

AG =D
The underlying spanning graph of G is given as
Gy: o Vv
The adjacency matrix becomes
A (Go) = (0)
As the final graph is empty, the process terminates. Here the number of isolated point is
one. So, the graph is said to be connected.

® SOLVED EXAMPLES ®

Example 1 Draw the graph having the following matrix as its adjacency matrix

012 3
103 2
2 30 1
3210
Solution: Given that the adjacency matrix is

0123
103 2
2301
3210

The order of the adjacency matrix is (4 x 4). So, the graph G has four vertices, say vy, vy, U3
and v, . Relative to the ordering vy, vy, v5 and v, the graph G is given below.
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Vi1 v,

V3 \7

Example 2 Write down the path matrix of the following graph.

V4 [ V3 Vo

Vg \7 o A

Solution: Given that the graph is

A [ V3 Vo

Vg \7 ) Vg

The path matrix relative to the ordering vy, vy, v3, U4, U5 and vg is given as

001010

1
0

PG) =
(G) 1
0

= o = o
S = O O

S o O

o H O O ©
S O o+ O

01 1 0
Example 3 Write the adjacency matrix of the following graphs

\Z
v
vy 2

V. V.
(a) (b) 2 8
V3 Vy
V5 V6
Va
Solution: (a) Given graph is

V1 v,
V3 Vq

The adjacency matrix relative to the ordering vy, vy, v5 and v, is given as
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AG) =

(b) Given graph is

[y

00001

AG) =

0
0
0
1

010

S = = O

S O = O =

10

Solution: The weighted graph is

Vs 2 \7

The adjacency matrix relative to the ordering vy, vy, v3, U4, U5 and vg is given as
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020408
205030
AQ) = 050703
4 07020
03020®6
8 03060

Example 5 Write down the incidence matrix of the following graph G.

Solution: In the above graph G, V ={v,, vy, 03, v4} and E = {ey, e,, €3, ey, €5, eg, ;1. Therefore
the order of incidence matrix is (4 x 7). Relative to the ordering of V and E, the incidence
matrix is given as

1010110

0111000
IG) =

0100011

0001101

Example 6 Find the union of the following graphs.

vy A
G, Gy
\7 v3
Solution: Here, V(G)) = {vy, vg, U3, U4}
aIld V(Gz) = {Ul, vz, 1)3, v4, 1)5}.
Therefore, V(G’l |\ Gz) = {Ul, Uz, U3, U4, 05}.
Similarly, E(G; UGy) = {(v1, vy), (g, U3), (3, Uy), (Vy, V1), (U1, V3), (Vg, Vy), (U, UE), (U5, V)]

Therefore, the graph (G; U G,) becomes

vy Vv,

(G, uGy):
Vs
Vq
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Example 7 Write the adjacency matrix of the following directed weighted graph

Solution: In the above directed weighted graph the total number of vertices are 4. So, the
adjacency matrix is of order (4 x 4). The adjacency matrix relative to the ordering v, vy, vg
and v, is given as below.

010 3
2020
AG) =
06 05
4 030
Example 8 Find the intersection of the following graphs.
Vi vy vq Vo
Gy: G.:
Vg4 z v,
V3 VS
Vs Vs
Solution: HeI‘e, V(Gl) = {Ul, U2, U3, U4, U5}
aIld V(Gz) = {vl, 1)2, 03, 04, 05}.
Therefore, V(G; N Gy) ={vy, vy, Vg, Uy, Ush.
Similarly, E(G; N Gy) ={(vy, vy, (g, V), (U3, V), (Vy, V5), (U5, V)
Therefore, the graph (G; N G,) becomes
vy V2
(G4 N Gy): vy
V3
Vs

Example 9 Find the complement of the following graphs.

v
2
V4 v, V2
(@) (b) Vg
Vg4
v3 Vg V3
Vs



294 Fundamental Approach to Discrete Mathematics

Solution: (a) To obtain the complement of G, find the complete graph with the same verti-

ces. This is given below.
V4 Vs
Vq
V3
Vs

On deleting the edges of G, the complement G of G is given below.

V1 V2
Vg4
V3
Vs

(d) To obtain the complement of G, find the complete graph with the same vertices. This
is given below.

vy vy

Vs

Vv,
4 V3

On deleting the edges of G, the complement G of G is given below.

Vi Vy

Vs

V,
4
V3

Example 10 If G, and G, be two graphs given below, then find the product of graphs (G; xGy).
Where

u, @ u
\Z 2 1 2

Gy

Vg ue us
Solution: Here V(G)) = {vy, vy, V5}

and V(G2) = {ul, u2, U3, u4}.
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Therefore, V(G x Gg) = {(vq, uq), (v1, uy), (U1, Usg), (U1, Uy), (Vy, Uy), (Vg, Uy), (Vg, U3),
(g, Uy), (Vg, Uy), (U3, Uy), (U3, Ug), (Ug, Uy}

(vy.uq) (V4,Up) (V4,U3) (V4,Ug)

G xG,)

(G1xGy): G (vo,uy) b b D
(v3.uy) (Va:U2) (v3.u3) (v3,uy)

Example 11 Given G; and G, be two graphs. Find the composition G,/Gs] where
Uy

Gy vig—eo v, G,
U, Us

Solution: In the above graph
V(Gl) = {Ul, Uz}
and V(G2) = {ul, U2, U3}.

Therefore, the vertex set of G;[G,] is {(vy, ©4), (V1, uy), (Vy, ug), (Vy, uy), (Vg, Uy), (Vy, ug)}. Thus
the composition graph G,[G,] is given below.

G4G,]

Example 12 Let G be the graph given below.

X4 e Xo

(@) Find G-U; where U ={x;, x5 x5 x;/
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() Find G(U); where U ={x;, x5 x4 xg}
(¢ Find G-V; where V={ey e5 g €19, €14 €}, €4 €15 €4 €19, €390}
(d) Find G(V); where V={e, e e, e e;s!

Solution: (a) Given U = {xy, x5, x5, 27}

Therefore, G — U becomes

Xg X @

€ X
Xg 1 s €20

(®) Given: U = {xq, x3, x4, xg}. Therefore, G(U) becomes

() Given: V = {ey, €5, eg, €19, €14, €1, €5, €18, €45 €19, €99} Therefore, G — V becomes

X1 Xo
€10
€3
€13
X
7
X
€9 9 [ ] e
X35 e, X, G 16
€1
X,
Xs@ Xg e s
€15

(d) Given:V = {ey, eg, €7, €11, €15}. Therefore, G(V) becomes
X €4 X2

€6
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Example 13 Determine whether the graph given below by its adjacency matrix is connected
or not.

0111
1010
1101
1010
Solution: The adjacency matrix A is given as
0111
1010
A=l 101
1010
Here, the number of vertices (n) = 4. Let B = A + A% + A®
01110111 3121
Now A21010J1010}1212
’ 1101|1101 2131
1010){1 010 1212
31210111 4 555
1212|1010 5 2 5 2
Again, A=A2A=[2131[[1101| |55 45
1212){l1 010 5 2 5 2
77 87
9 37474J
Therefore, B=A+A*+A°=
8 7 7 17
747 4

As all b;; # 0 for i #j, the graph G is connected.

Example 14 Draw a complete bipartite graph on two and four vertices.

Solution: Complete bipartite graph on m and n is the simple graph whose vertex set is
partitioned into sets V; and V, with m and n vertices respectively. Generally, denoted by K,,,,.

The complete bipartite graph on two and four vertices is shown in the following figure.

Vi Vo

VG
V3 Vv
4 V5
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Example 15 Use the fusion algorithm to determine whether the graph given below by its
adjacency matrix is connected or not.

021000
0100
100200
012000
000O0O0OS3
000030
Solution: The adjacency matrix of the graph G is given as
021000
200100
100200
AG) =
012000
000O0O0S3
000030
Therefore, the graph G becomes
vy Vy
G Vg A
Vq Vg

The underlying simple graph of G is given as

A Vo

Gy: Vs @ ® Vs

Vg4

The adjacency matrix is given as

011000
100100
100100

AG,) =

(Go) 011000
0000GO0T1
000010

On fusing vertex v; with vy we have the graph G as
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V1 Vs @ ® Ve

Vg V3

So, on replacing Row (v;) <« Row (v;) + Row (vy,); Col (v;) « Col (v;) + Col (vy) and on
removing the row and column corresponding to v, the adjacency matrix becomes

11100
10100
A®=[11000
000O01
00010
The underlying simple graph of G is given as
Vi Vs @ ® Vs
Gy
Vg Vs
The adjacency matrix becomes
01100
10100
AGy)=(11000
0000O01
00010
On fusing v, with v we have the graph G as

Vv, \
. 4 1
G: Vs @ ® Vs

So, on replacing Row (v;) < Row (v;) + Row (v3); Col (v;) < Col (v;) + Col (v3) and on
removing the row and column corresponding to v5 the adjacency matrix becomes
1200
2000
AG) =
0001
0010

The underlying simple graph of G is given as

Gy Vi @ o Vi V5@ ® Vs
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The adjacency matrix becomes

A(Gy) =

oS = O
o O =

00
00
01
0010
On fusing v, with v, we have the graph G as

So, on replacing Row (v;) « Row (v;) + Row (v,); Col (v;) « Col (v;) + Col (v,) and on
removing the row and column corresponding to v, the adjacency matrix becomes
100
A®=(0 01
010
The underlying simple graph of G is given as

. V \
Gy ) 5@ @ Vs
V1

The adjacency matrix becomes

On fusing vy with vg we have the graph G as

So, on replacing Row (vs) < Row (v5) + Row (vg); Col (vs) < Col (v5) + Col (vg) and on
removing the row and column corresponding to v4 the adjacency matrix becomes

A(G)—00
“lo 1

The underlying simple graph of G is given as
Gy oV, o Vs
The adjacency matrix becomes

00

As the final graph is empty, the process terminates. The number of isolated points is the
order of the matrix i.e., two. So, the graph is not connected.



Graph Theory 301

Example 16 Draw the following graphs.
(i) 3 regular but not complete
(it) 3 regular and complete
(iit) 4 regular but not complete
(iv) 2 regular but not complete.
Solution:

() In the graph given below, the degree of every vertex is 3 but for vertices v; and v, there
is no edge. Hence, the graph is 3 regular but not complete.

(@) In the graph given below, the degree of every vertex is 3 and for any two vertices v; and
v; there is an edge. Hence the graph is 3 regular and complete.

vy \Z)
V4 Vs

(@ii) In the graph given below, the degree of every vertex is 4 and for the vertices v, and v;
there exists no edge. Hence, the graph is 4 regular but not complete.

Vo

\Z V3

V6 V4
Vs
(fv) In the graph given below, the degree of every vertex is 2 and for the vertices v, and v,

there exists no edge. Hence, the graph is 2 regular but not complete.

Vo

V.
3
Vi

Vq
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Example 17 Find whether the graph given below is connected or not.

V.
2 A .\/ﬁ vy
G:
Vs

Solution: The adjacency matrix A(G) of the above graph relative to the ordering vy, vy, U3, U4
and v; is given as

01002
1000 2
AG=(0 00 20
00210
22000
Here, the number of vertices (n) = 5. Let B = A + A% + A% + A%, Therefore, we get
5400 2 8 90 0 18
45002 9 8 00 18
A2=AA=|0 0 4 2 0|;A’=A%2A=]/0 0 4 10 0
00250 0 010 9 0
2200 8 1818 0 0 8
45 44 0 0 34
44 45 0 0 34

A*=A3A=|0 0 20 18 0
00 18 29 0
3434 0 0 72

Therefore, B=A+A2+A%+A*

58 58 0 0 56
58 58 0 0 56
=(0 0 28 32 0
00 32 44 0
5656 0 0 88
As some b;; = 0 for i # j, the graph G is not connected.
Example 18 Find the complement graph of the following graph G, where
V2

V3

Vg4

Ve
Vs
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Solution: On considering the above graph G, construct the complete graph with the same

vertices as G. The graph is given below.
\

A V3

Vg \7
Vs

On deleting the edges of the graph G, the complement G of G is given below.

A7)
Vi V3
V, V,
6 Ve 4
o EXERCISES @

1. Using fusion algorithm determine whether the graph given below is connected or not.

D

2. Show that the graph G given by its adjacency matrix is connected by using fusion algo-
rithm.

AG) =

3. Find the complement of the following graphs.

© (d)
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4. Find the product graph where G; and G, are given below.
a b 1 2
c 3 4

5. Construct a graph of order 5, whose vertices have degrees 1, 2, 2, 3 and 4. What is the
size of this graph?

6. Construct a 3-regular graph G. Determine the complement of G. Show that G is also
regular.
7. Write the graph which is the composition of the following graphs G; and G,

(b) Gy 2 5
—

8. For the following graphs, find the adjacency matrix.

A
Vs
V,
@) V2 (b) °
Vy Vg
@

a b
G,: 3 %
; a
G,: b c
d

V4

V3

(€)

V3

Al
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(e)

9. Find the path matrix of the following graphs.
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11. Let the graph G is given below. Find the followings.
(@ G-V;; where V;=(1,3,5,6,7,8)
®) G-E;; where E,={a,cd,f g, 1,j,m,n,q,r,t}
() G-V, where V,={1,3,5,7,9,11,13}

(d) G-Ey where E,={m,l,n,k,o0,j,f e, d}
(e) GU); where U=1{1, 2, 3, 4}
B GV, where V=la,b,c,d,e,f}

13. Let G be the set of all graphs. Show that the relation “is isomorphic” is an equivalence
relation on the set G.
14. Find the degree of every vertex for the following graphs.
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(d)

15. Determine the degrees of the vertices v; ; I = 1, 2, 3, 4, 5 and 6 of the graph G shown
below. Compute Zdeg (v;). Use this to determine the size of G.

Ve

16. Determine which pairs of the graphs G;, G, and G4 are isomorphic.

]
Gy: G,
L J
Gj:

17. From the graphs given below identify
(z) Regular graphs
(@) Complete graphs and
(zir) Neither regular nor complete graphs.

’ @ ’ D
’ @ ’ W
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’ % ) W

18. Determine whether the graphs G; and G, shown below are isomorphic.

19. Determine whether the graph G shown below is strongly connected or weakly connected.

v w
u ; % X
t
z y

20. In the digraph G shown below, find the indegree and outdegree of every vertex.
\'

w
u
G: z X
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Tree
o o

H 13.0 INTRODUCTION

Another very simple and important graph is tree. Computer science makes extensive use of
trees. Trees are useful in organizing and relating data in a database. These are interesting
not only for their applications to computer science but also for their theoretical properties.
Let us consider a single elimination tournament, which means when a player loses, he/she is
out of the tournament. Winners continue to play until only one person, the champion,
remains. The following figure shows that Mary defeated Finzi and Smith defeated Blake. The
winners Mary and Smith, then played, and Smith defeated Mary. i.e., Smith became
champion. This is nothing but a tree.

Com D oD o> oD

H 131 TREE

A connected acyclic graph G is called a tree. A tree T is a finite set of one or more nodes such
that

(1) There is a specially designated node called the root.
(ii) Remaining nodes are partitioned into % disjoint sets Ty, T, ...., T} ; £ > 0. Where each
T,fori=1,2,..,kis atree. T;, Ty, ... , T, are called subtrees of the root.
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In the example given below, the tree T has 14 number of nodes. Which are partitioned into
three sets T;, Ty and Ty called the subtrees of T.

H 13.2 FUNDAMENTAL TERMINOLOGIES
A tree has the following fundamental terminologies:

13.2.1 Node

The main component of a tree is the node. This stores the actual data and links to the other
node.

13.2.2 Child

Child of a node is the immediate successor of a node. Child, which is at the left side, is called
left child and the child, which is at the right side, is called right child.

13.2.3 Parent

Parent of a node is the immediate predecessor of a node.
In the figure given below ‘%’ is the parent of ‘a’ and ‘6’. Where, ‘@’ is the left child and b’ is

the right child of ‘«’.
13.2.4 Root

A node that has no parent is termed as the root of the tree. In the above figure ‘x’ is termed
as the root.

13.2.5 Leaf

The node which is at the end and which does not have any child is called leaf node. Leaf node
is also termed as terminal node and external node.
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13.2.6 Level

The rank of the hierarchy is known as level. The root node is termed as level 0. If a node is
at level n, then its parent is at level (n — 1) and child is at level (n + 1).

13.2.7 Height

The height & of a tree T is defined as maximum number of nodes that is present in a path
starting from root node to a leaf node. The height of a tree is also termed as depth of tree.
Mathematically,

h = Maximum level + 1
Consider the example of a tree

Level 0

Height of the tree = Maximum level + 1 =3 + 1 = 4.

13.2.8 Sibling

The nodes, which have the same parent, are termed as siblings. In the above figure 2 and i
are siblings. Similarly [ and m are siblings.

H 13.3 BINARY TREE

A binary tree T is a finite set of nodes such that
(@) T is empty or
(@1) T contains a specially designed node called the root of T and the remaining nodes of T
form two disjoint binary trees T; and T,. This implies that in case of a binary tree a
node may have at most two children.
Consider the following simple binary tree T as
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13.3.1 Full Binary Tree

A binary tree T is said to be a full binary tree if it contains maximum possible number of
nodes in all level. This indicates that, for the level ‘n’ of the tree it must contain 2" number of
nodes.

13.3.2 Complete Binary Tree

A binary tree T is said to be a complete binary tree if it contains maximum possible number
of nodes in all levels except the last level.

Consider the following examples. In the figure given below T} is a full binary tree whereas
T, is a complete binary tree.

(Full Binary Tree) (Complete Binary Tree)

m 13.4 BRIDGE

An edge of a graph G (V, E) is said to be a bridge if we remove the edge from the graph G, then
the graph G has more connected components. Consider the graph G as

On removing the edge e; from the above graph G, the graph has two connected components
such as
€, %

and €y €10

Hence, the edge e is called as a bridge. In the above figure e; and e, are also bridges. The
bridge is also known as cut edge.
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13.4.1 Theorem

A tree of order n has size (n — 1).
Proof: We prove this by the method of induction.

For n =1 we have a single vertex and hence size is 0.

For n =2, the tree T contains two vertices, so size is 1.

Hence the result follows for n = 1 and 2. Assume that the result is true for all trees of order
less than k. Let T be a tree of order n = & and size g, and let e be an edge of T.

We have already observed that e is a bridge of T, so that (T — e) is a forest. Let the two
components of (T — e) are T, and Ty, where T, is a tree of order n; and size ¢, fori =1 and 2.

As,n; <k fori=1and 2 so we have g; = (n; — 1) and ¢, = (ny — 1). Since, n = (n1+ ny) and
q=(q1+qs+ 1) we get
g=n1-D+nyg-D+1=Mn1+ny)-1=(n-1)
Therefore, by induction the size of a tree is (n — 1), i.e., one less than its order.

13.4.2 Theorem

Every non-trivial tree contains at least two end vertices.

Proof: Suppose that T be a tree of order n and size q. Let d;, dy,..., d,, denote the degrees
of its vertices, ordered so that d; <d,<d;5<... <d,. Since T is connected and non-trivial, d; > 1
foreachi; 1<i<n.

Assume that T does not contain two end-vertices. Hence d; 21 and d; > 2 for 2 <i <n. Thus,

n

Yd=di+dy+dy+ ... +d,21+20-1)=2n-1 . @)
i=1

But we know Zdi:2q:2(n—1):2n—2
i=1

This contradicts inequality (). So our assumption is wrong. Hence, T contains at least two
end-vertices.

H 13.5 DISTANCE AND ECCENTRICITY

In general, a graph’s edges are stretchable. As a result, we cannot measure distances in a
graph with linear measures. When we look at a graph, however, we can still sense that some
parts of the graph are further apart than others. So, in order to quantity a graph the concept
of distance and eccentricity is developed.

Let u and v be two vertices of the graph G. The distance between u and v is denoted by
d(u, v) and is defined as the length of a shortest u — v path. If there is no path between « and
v, then d (u, v) = .

Let V be the vertex set of G. Let v € V. The eccentricity of v is denoted as e(v) and is defined
as

e(v) = Max {d (u,v): u € Vand u # v}
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13.5.1 Radius and Diameter

Let G be the graph, then the radius of G is denoted as rad (G) and is defined as

rad (G) = Min {e(v): v € V}.
Let V be the vertex set of the graph G. The diameter of G is denoted as diam (G) and is
defined as

diam (G) = Max {e(v):v e V }.

B 13.6 CENTRAL POINT AND CENTRE

Let V be the vertex set of the graph G. Then v € V is said to be a central point if e(v) = rad (G).
The set of all central points of G is known as centre of G.

Consider the following graph G where each edge is of length 1.

Vi Vi3
Vie
G: Vo L ]
Vig
Vs Vis
Here V={vy, vy, vs, ... , U1g}. Now, we get
d(Ul, vy) = 1; d(Up vg) = 2; d(Up vy =4 d(vl, vs) = 4; d(vl, vg) = 3;
d(vl, U7) = 2; d(vl, 1)8) = 3; d(vl, UQ) = 4; d(vl, le) = 4; d(vly v]_l) = 4;

d(vq,v19) = 3; d(vy,013) = 5; d(vq,v1) = 4; d(vy,v15) = 5; d(vy,v16) = 3.
Therefore, e(v;) =Max {1, 2, 3, 4, 5} =5.
dy,vy) =1; dvg,vs) =1; dvg,vy) =38; dvg,v5) =3; dvg,vg) =2; dvg,vy) = 1;
d(vy,vg) = 2; d(vg,vg) = 3; d(vg, V1) = 3; d(vy, v17) = 3; d(vy, V19) = 2; d(Vg, V13) = 4;
d(Vg, v14) = 3; d(vg,v15) = 4;  d(vg, V1) = 4.

Therefore, e(vy) = Max (1, 2, 3, 4} = 4. Proceeding in this manner, we will get

e(vg) = 5; e(vy) = 5; e(vg) = 5; e(vg) = 4; e(vy) = 3;
e(vg) = 4; e(vg) = 5; e(vq) = 5; elvp) =4 elvp) =3;
e(vy3) = 5; e(vyy) = 4; e(vy5) = 5; e(vg) = 5.
Now, radius = rad (G) = Min { e(v), v € V} = Min {5, 4, 3}
=3 and

diameter = diam (G) = Max {e(v), v € V}
= Max {5, 4, 3} = 5.
Therefore, the central points are v; and v,y and center = {v,, v{9}.
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H 13.7 SPANNING TREE

Suppose G = (V, E) be a graph. A sub graph H of G is said to be a spanning sub graph of G if
both H and G has same vertex set. A spanning tree of a graph G is a tree which is a spanning
sub graph of G. In this section we will discuss the algorithms for finding minimum spanning tree.

13.7.1 Prim’'s Algorithm

The following steps are used in Prim’s algorithm for finding a minimum spanning tree of a
graph G. Assume that the graph G has n vertices.
1. Choose any vertex v; of G
2. Choose an edge e;= vy vy of G such that v; # vy and e; has smallest weight among the
edges of G incident with v;.
3. If edges ey, €9, «eeveeennnnnne , e; have been chosen involving vertices vy, vy, ... , U;,1, then
choose an edge e;,; =u v withu € {v, vy, .... ,v;,1} and v ¢ {vy, vy, ..., v;,1} such that e, ;
has smallest weight among the edges of G.
4. The step 3 is to be repeated until we are getting the total (n — 1) edges.
Consider the following connected weighted graph G. Here the number of vertices n = 7

A
6 3
F B
G:
7 9
E
Cc
10 10
D
(V;= A ; One can choose any (e; = AB, So that vy = B)

other vertex)

(e =BG ; So that vy =G ; An (e3 = GD ; So that vy = D; No
alternative choice is AG) alternative choice)
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(e, = AF ; So that vy = F ; No (e5 =FE ; Sothat vy;=E ; An
alternative choice) alternative choice is GC)
A A
i N
6 3 6 . 3
' e
F 4. B
T 71 'l
E® 5 ®
c
10
o
D
(eg = GC ; So that vg = C; No w(T) =32

alternative choice)

Since the total edges are 6 = (7 — 1), the process terminates. Hence, the minimum span-
ning tree T is given as shown in the above figure.

13.7.2 Kruskal's Algorithm

The following steps are used in Kruskal’s algorithm for finding a minimum spanning tree of
a graph G. Assume that the graph G has n vertices.

1. Choose an edge e; of G, which is as small as possible and e; must not be a loop.
2. Suppose the edges ey, e, ..., e, have been chosen. Then the edge e;,; (not already cho-
sen) can be chosen such that
(©) The induced sub graph Gliey, eq ,.......... , €, .1} is acyclic and
(i) Weight ofe,,; is as small as possible.
3. The step 2 is to be repeated until we are getting the total (n — 1) edges.

Consider the following connected weighted graph G. Here the number of vertices n = 5. On
applying Kruskal’s algorithm we have the following stages.



Tree 317

(e;=BD;w(e;)=1;No
alternative choice)

(eg=DE ;w (ey) =2; An (e3 =BC; w (eg) =2 ; No

alternative choice is BC) alternative choice)

Ae

"-.“ 3
T E .
1
3 e C

(ey = AC; w (ey) = 3 ; Alternative w(M=1+2+2+3=8

choices are AE and AD)

Since the total edges are 4 = (5 — 1), the process terminates. Hence, the minimum span-
ning tree T is given as shown in the above figure.

B 13.8 SEARCHING ALGORITHMS

This section presents methods for searching a graph. This means systematically following
the edges of the graph so as to visit the vertices of the graph. The graph searching algorithms
can discover much about the structure of a graph. Here we present two algorithms, depth
first search and breadth first search. In addition, we will discuss to create a breadth first and
depth first tree.
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13.8.1 Breadth First Search

Breadth first search is one of the simplest algorithms for searching a graph. Given a graph
G(V, E) and a distinguished source vertex s, breadth first search systematically explores the
edges of G to discover every vertex that is reachable from s. It computes the distance ( fewest
number of edges) from s to all such reachable vertices. Breadth first search is so named
because it expands the frontier between discovered and undiscovered vertices uniformly
across the breadth of the frontier. It constructs a breadth first tree, initially containing only
its root, that is the source vertex s.

Suppose that v;, v}, be two specified vertices of G. We will now describe a method of finding
a path from v; to v; which uses the least number of edges. Such a path is known as shortest
path, if it exists. The method assigns labels 0, 1, 2, ... to the vertices of G and is called the

Breadth First Search (BFS) technique. The BF'S algorithm consists of the following steps:

1. Label the vertex v; with 0. Seti =0

2. Find all unlabelled vertices in G, which are adjacent to vertices, labeled i. If there are

no such vertices, then v; is not connected to v; else label them by (i + 1).

3. If v; is labeled go to step 4, else replace i by (i + 1) and go to step 2.

4. The length of shortest path from v; to v;is (i + 1) then stop.

Consider the following graph G. Now we have to find out the shortest path from the source
vertex a to the vertex z. On using the BFS technique, we get the following stages.

:> Al

(Label (a@) = 0 and set i = 0)

In the above figure the adjacent vertices of a are b and d. Therefore we get label (b) =i + 1
=0+1=1andlabel (d) =i +1 =0+ 1= 1. Similarly, adjacent vertices of b are ¢ and e.
Therefore, label (¢) =i+ 1=1+1=2andlabel(e)=i+1=1+1=2.
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In the above figure the adjacent vertices of d is g. Therefore we get label (g) =i+ 1=1+1=2.
Similarly, adjacent vertices of e are f and z. Therefore, label (f) =i + 1 =2 + 1 = 3 and label
(z) =i+ 1=2+1 = 3. Hence, the breadth first tree T becomes

b e f
* o °
PN 2% 3
’/‘ " C
T a @0 ®
o
. d g z
e o o
1 2 3

13.8.2 Back-Tracking Algorithm

The following steps are used in back-tracking algorithm:

1. Set A (¢) =i and assign v; = ¢, where ¢’ is the terminating node.

2. Find a vertex ‘u’ which is adjacent to v; and with A () = (Z — 1). Set v; _; = u.

3. If i = 1, then stop else replace i by (i — 1) and go to step 2.

Consider the following graph G. Now we have to find out the shortest path from the source
vertex ‘a’ to the vertex z’. On using the BFS technique, we get.

b
[
1%

On using back-tracking algorithm we have
1. Seti=Mz)=3andv;=vy=2
2. The adjacent tovg=ziseand A (e) =(i—1)=2. Set v, =e.
3. Asi=3=#1,s0i=(-1) =2, Go to step 2.
2. The adjacent tovy =eisband A (b) =(i—1) =1. Setv; = b.
3.Asi=2#1,s0i=(G—-1)=1, Go to step 2.
2. The adjacent tov; =bisaand A (@) =(@—-1)=0. Set vy =a.
3. Asi =1, so the process terminates.
Therefore, the shortest path from ‘a’ to z is given as ‘a b e z’. Besides that, there could be
several paths from ‘a’ to 2’.

13.8.3 Depth First Search

Basic philosophy in depth first search is that first all vertices reachable from the vertex ‘v’
are searched before proceeding to see the siblings. In depth first search, edges are explored
out of the most recently discovered vertex v’ that still has unexplored edges leaving it. When
all of v’s edges have been explored, then the search “backtracks” to explore edges leaving the
vertex from which ‘v’ was discovered. The process is being continued until we have discov-
ered all the vertices that are reachable from the original source vertex. If any undiscovered
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vertices remain, then one of them is selected as a new source vertex and the search is
repeated. This process is repeated until all vertices are discovered.
Consider the graph G as below. Let us consider the source vertex as ‘a’. On using the DFS

technique, the order in which the vertices are being visited is described below by the
sequence of graphs.

Therefore, the depth first tree T is given below. Besides that, there could be several depth
first trees from the same vertex ‘a’. This indicates that the depth first tree is not unique.

b e f
* ¢
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H 13.9 SHORTEST PATH ALGORITHMS

This section presents methods for finding shortest path from a source vertex to a terminating
vertex in a graph G. This problem is a real life problem, where cities are connected through
roads, rails and air routes and we want to find out the shortest path between the vertices.
Here we present two algorithms Dijkastra’s Algorithm and Floyd-Warshall Algorithm.

13.9.1 Dijkstra's Algorithm

In a given graph G(V, E), we want to find a shortest path from a given source vertex ‘s € V’ to
every vertex ‘v € V’. This is otherwise known as single source shortest path problem.
Dijkastra’s Algorithm solves the single source shortest path problems in weighted graphs
that to non-negative weights. Therefore, we assume that w(uv) > 0 for each edge (uv) € E.

1. Set A (vy) = 0 and for all vertices v; v, A (v;) = . Set T = V; where V is the set of vertices
of G and T is the set of uncoloured vertices.
2. Let u be the vertex in T for which A (z) is minimum.
3. If u = v, (Terminating node), then stop. Else, go to step 4.
4. For every edge e = uv, incident with u, if v € T, then replace A (v) with
Min {A (v), A () + w (uwv)}.
ie, A () =Min {A (v), A (w) + w (uv)}
5. Change T by T — {u} and go to step 2.
Consider the following graph G. Let us consider the source vertex as e and the terminating
vertex as f. We have to find out the shortest distance between the vertices e and f.

a 9 b

In the above graph G, the source vertexis v, =e and v, =f. Set Me) = 0 and Ma) = Md) = Ac)
=Md)=Mf)=c. T=V={e,a,b,c,d,[f}. Hence, we have the following table

Vertex e a b c d f
M) 0 oo oo oo oo o

T e a b c d f

Now, u = e as Mu) = Me) = 0 which is minimum. The edges incident on u = e are ea and ec.
Therefore,

Ma) = Min [Ma), Me) + w(ea)]
= Min [, 18] = 18.
Me) = Min [AMe), Me) + w(ec)]
= Min [, 15] = 15.
Again, T=T-{u=e}={a,b,c,d,f}. Thus, we have the following table

Vertex e a b c d f
Mv) 0 18 o0 15 oo oo
T a b c d f
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Now, u = ¢ as Mu) = Mc) = 15 which is minimum. The edges incident with u = ¢ are ca, cb
and cd. Therefore,

Ma) = Min [Ma), Mc) + w(ca)]
= Min [18, 21] = 18.

MB) = Min [Mb), Me) + wlch)]
= Min [e, 29] = 29.

Md) = Min [Md), Mc) + w(cd)]
= Min [, 22] = 22.

Again, T=T-{u=c} =la, b,d, f}. Thus, we have the following table
Vertex e a b c d f
M) 0 18 29 15 22 oo
T a b d f

Now, u = a as Mu) = Ma) = 18 which is minimum. The edges incident with u = a is ab.
Therefore,

AMd) =Min [A(b), Ma) + w(ab)]
= Min [29, 27] = 27.

Again, T =T - {u =a} ={b, d, f}. Thus, we have the following table
Vertex e a b c d f
M) 0 18 27 15 22 =
T b d f

Now, u =d as Mu) = Md) = 22 which is minimum. The edges incident with u = d are db and
df. Therefore,

Mb) = Min [M®), Md) + w(db)]
= Min [27, 32] = 27.

AP = Min [AP), Md) + w(dp]
= Min [, 58] = 58.

Again, T =T - {u =d} ={b, f1. Thus, we have the following table.
Vertex e a b c d f
M) 0 18 27 15 22 58
T b f

Now, u = b as Mu) = Mb) = 27 which is minimum. The edges incident with u = b is bf.
Therefore,

AP = Min AP, AB) + w(bBf)]
= Min [58, 55 ] = 55.

Again, T =T — {u = b} ={f}. Thus, we have the following table
Vertex e a b c d f
M) 0 18 27 15 22 55
T f
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Now, u = f and f is the terminating node, so the process terminates. Hence, the shortest
distances from e to a, b, ¢, d and f are 18, 27, 15, 22, 55 respectively. The shortest distance
between e and fis given in the following figure.

a 9 b

13.9.2 Floyd-Warshall Algorithm

Floyd-Warshall algorithm solves all-pairs shortest paths problem on a directed weighted
graph G = (V, E). The weighted graph may contain negative weight edges, but we shall as-
sume that there are no negative weight cycles. In this algorithm, we use the adjacency
matrix of the graph to find out the shortest distance between any pair of vertices.

Suppose that G(V, E) be a graph. Let W be the adjacency matrix of the weighted directed
graph G. The algorithm has the following steps:
n = Rows [W]
D(O) =W
Fork=1ton
Dofori=1ton
Doforj=1ton

d) =Min (df Y, dff "V +dp V)

o v

7
7. Write D™
where, D™ = (d;‘)

H 13.10 CUT VERTICES

Suppose that G(V, E) be the graph. A vertex ‘v’ of a graph G is called a cut vertex of G if the
number of component of (G — v) is greater than the number of components of G.

i.e.w (G —-v)>w(g), where w(G) represents number of component of G.
Consider the graph G as below. In the graph G, ‘v, is a cut vertex as w(G —v,) =3 >w(G) = 1.

A7)
Ve
Vg4
G: Vi
V7
V3
Vs
Vo
Ve
Y
(G=V,): ™
V7
%
3 o

Vs
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H 13.11 EULER GRAPH

A tour is a closed walk of G, which include every edge of G at least once. An Euler tour is a
closed walk of G, which include every edge of G exactly once. A graph G is said to be an Euler
or Eulerian if the graph G has an Euler tour.

In this section, we will discuss two algorithms i.e., Fleury’s algorithm and Hierholzer’s
algorithm to construct Euler tour in a Euler graph.

13.11.1 Fleury’s Algorithm

This algorithm is generally developed to construct an Euler tour in a Euler graph. The follow-
ing steps are used in this algorithm:
1. Choose any vertex v, in the Euler graph G and set W, = v,,.
2. If the trail W, = v, e; v eq Uy ... ¢; U; has been chosen, then choose an edge e, ; different
from ey, ey, ..., e; such that
(@) e, 1isincident with v; and
(ii) unless there is no alternative, e;,; is not a bridge of the edge deleted subgraph
G- {eq, eq9, ..., €}
3. Stop if w; contains every edge of G; otherwise go to step 2.
Consider the following Euler graph G. We have to find out the Euler tour using Fleury’s
algorithm for the Euler graph G.

1. Let us choose v, = a; and set w, = a;
2. Choose edge e; = d; such that W; =v,e; =a;d; a,
3. As W, contains only one edge, so go to step 2.
2. Choose edge e, = dg such that Wy =a; d; ay dga;
3. As W, contains 2 edges, so go to step 2.
2. Choose edge e; = d,, such that W5 = a, d; ay dg a5 dqa;
3. As W, contains 3 edges, so go to step 2.
2. Choose edge e, = dg such that Wy =a;d; aydgasdigar; dgay
3. As W, contains 4 edges, so go to step 2.
2. Choose edge e5 = ds such that Wy =a, dy aydgas diya; dgasds ay
3. As W; contains 5 edges, so go to step 2.
Proceeding in this manner, we will get
Wis=a,dyasdgasdygardyaydsagdyardipagdgazdyaydzagdyagdray
As W, contains all the 12 edges once, so the process terminates. Thus the Euler tour
produced is given as
aydyaydgasdyardgasdsaydyaqrdiyagdgazdyadyagdy, agdqsay
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13.11.2 Hierholzer's Algorithm

Like Fleury’s algorithm, this algorithm is also developed to construct an Euler tour in a
Euler graph. The following steps are used in this algorithm:

1. Choose any vertex v in G and choose any closed trail W, in G. Set i = 0.

2. IfE (W;) = E(G), then stop and W, is an Euler tour of G; else chose a vertex v; on W; which
is incident with an edge in G but not in W;. Choose a closed trail W,*in the subgraph G -
E(W),), starting at the vertex v;. Where W;* is the detour trail.

3. Let W,,; be the closed trail consisting of the edges of both W; and W,* obtained by
starting at the vertex v, traversing the trail W, until v; is reached, then traversing the
closed trail W;* and returning to v, , completing the rest of the trail W,. Replace i by
( + 1) and go to step 2.

Consider the graph G. We have to find out the Euler tour using Hierholzer’s algorithm for

the Euler graph G.

=

Let v = @, choose the closed trail Wy as Wy =a,d;aydsa,dga; disagd;aq. Seti=0.

2. As E(W,) # E(G), choose a, on W, incident with dg not in W,,. Choose Wy*=a, dg a5 dyoay;
dsay; where alld; e G- E(W,);i =6, 4, 10.

3. Now,wehave W, =W, =a,d asdgasdga;dysaydsa,dgar;digagdsa andi=3G+1)

=0+ 1=1. Go to step 2.

2. As E(W,) #E(G), choose a; on W, incident with d, not in W;. Choose W *=a; dya;dg
agd;; agd;aq; wherealld, e G-E(W,);i=2,8,11, 7.

3. Now,weget Wo=W, ;=a,dya3dgagd1a5d;a,d aydgasdga;dsasdsa,dgardq,
agdsa; and i = (i + 1) = 2. Go to step 2. Since, E(W,) = E(G); the process terminates.
Therefore, the Euler tour is given as

aydyazdgagdyyagdraydyaydgasdygardyasdsaydgardigagdya;.

13.11.3 Euler Trail

Suppose that G be the graph. A trail in G is said to be an Euler trail if it contains every edge
of G exactly once. So every Euler tour is a closed Euler Trail.

Consider the graph G as below. One Euler trail in the graph G is given as
Uy€1Ug€yUs€3VU, € Ug€5U3€504€E7Ug€E3U5€9U1 €10 Vg

Ve €7 Vg
€3 €6
G: @ o Vs
€g [ €5
Vi &1 V2

Consider another graph G as below. In the graph G the closed Euler trail is given as

U1€1Ug€9U5€30y€gU3€5U9€y40Uy€705€E38U5€E9U 1€1090¢g€7171U7€197U7.
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This is known as an Euler Tour.

H 13.12 HAMILTONIAN PATH

A path of a graph G(V, E) which contains every vertex of G exactly once is known as
Hamiltonian path. Consider the following graphs:

V,
4
V3

Vi

Va
The graph G; has no Hamiltonian path where as G, has a Hamiltonian path, i.e.,

13.12.1 Hamiltonian Graph

A cycle in a graph G, which contains every vertex of G only once, is known as a Hamiltonian
cycle. It is to be noted that no vertex of a cycle is repeated apart from the final vertex, which
is same as the starting vertex. A graph G is said to be Hamiltonian if it has a Hamiltonian
cycle. Consider the graph G as

v
4
V3
G:
) &5
v
Vv, 1

The Hamiltonian cycle is v, e; vy e5 Vg e4 U4 e5 U;. Therefore, the graph G is a Hamiltonian
graph.

H 13.13 CLOSURE OF A GRAPH

Let G be a simple graph. If there are two non-adjacent vertices u; and v; in G such that
d(uq) + d(vy) 2n (number of vertices in G) then join u; and v, by an edge to get the super graph
G, of G. Continue this process recursively joining pairs of non-adjacent vertices whose degree
sum is at least n until no such pair remains. The final super graph thus obtained is called the
closure of G denoted by C(G).
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Consider the graph G as

vy Vs

vy Vs
Here, V = { vy, vy, 3, v4 } and n = 4 (number of vertices). Now for the non-adjacent vertices
v, and vy we get
dv)+dvg) =2+2=42n=4.
Therefore, there exists an edge between v; and v5. Similarly, for the non-adjacent vertices
vy and v, we get d(vy) + d(vy) =2 + 2 =4 >4 =n. So, there exists an edge between v, and v,.
Thus, the final super graph is given as below. This is nothing but the closure of G, i.e., C(G).

V4 \Z

C(G):

V4 V3

B 13.14 TRAVELLING SALESMAN PROBLEM

The job of a travelling salesman is to visit all the towns linked with roads in a particular
territory. He has to visit all the towns exactly once in such a manner that the total distance
travelled by himself will be minimum.

In graph theory we denote nodes as towns joined by a weighted edge if and only if road
connects them which does not pass through any of the other towns. In travelling salesman
problem, we have to construct a minimum Hamiltonian cycle. The following algorithms pro-
vide minimum Hamiltonian cycle in case of a complete weighted graph:

(©) Two optimal algorithm and
(1) Closest insertion algorithm

13.14.1 Two-Optimal Algorithm

Suppose that G(V, E) be a complete weighted graph. Where V{v,, v, ... , v,}. Here we choose
a Hamiltonian cycle C and perform a sequence of modifications to C to find a smaller weight.
The following steps are used in two-optimal algorithm:

1. Let C =vvy ...... v,v; be a Hamiltonian cycle of the complete weighted graph G. Calcu-
late the weight w of C by the relation

w =w(q, Vy) + Wy, U3) + ... + W(V,, V7).

Where, w(v;, v;) denote the weight of the edge joining v; and v;.
Seti=1
Setj=1+2
4. Let C;; denote the Hamiltonian cycle as

w N

C;j = U1UVg . VUV, _ 1 Uj_g e Ujyq Ujyq we U1

i where w;; = w —w(; v;,1) —w; V1) + WO; V) + W41 Vo).

5. If w;; <w, then replace C by C;; and w by w;; . Also relabel the vertices of C;; in the order
V1UgUs3 ..... v,U;; else go to step 6.

6. Setj=(G+1).Ifj<n,gotostep4elseseti =0+ 1).

7. Ifi <(n - 2), go to step 3 else stop.

Calculate w;; of C
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13.14.2 The Closest Insertion Algorithm

In this algorithm we gradually build up a sequence of cycles in the graph which involve more
and more vertices until all the vertices are chosen up. In this case one more vertex is in-
serted into the cycle each time in cheapest possible way. The description uses the idea of the
distance of a vertex v from a walk W. The following steps are used in this algorithm:

1. Choose any vertex v, as a starting vertex.
2. Choose the 2nd vertex v, which is closest to v; from the (n — 1) vertices not chosen so far.
Let wy = v{vyv; denote the walk.
3. Choose the 3rd vertex vy which is closest to the walk wy = v,v50, from the (n — 2) vertices
not chosen so far. Let wy = v{v5v50; denote the walk.
4. Choose the 4th vertex v, which is closest to the walk wy = v vyv5v; from the (n — 3)
vertices not chosen so far. Find the shortest walk from the walks v; vg V5V, V; V1 Uy U4 U4
Uq; Uy Uy Ug Ug U;. Let w, denote the shortest walk. Relabel the vertices as v vy v3v4 04 if
necessary.
5. Choose the 5th vertex v; which is closest to the walk w, from the (n — 4) vertices not
chosen so far. Find the shortest walk from the walks v; vy V5 U4 U5 U1; U1 Ug U5 U5 U4 Ug; Uy
Ug Ug Ug Uy Uq; Uy Ug Uy Ug Uy U;. Let wy denote the shortest walk. Relabel the vertices as vy
Uy Ug Uy Ug U7 if necessary.
6. The process is being repeated until all the vertices are included in the cycle. Therefore
the walk w,, is the Hamiltonian cycle of the graph G.
Note: Both the algorithms i.e., Two optimal algorithm and Closest insertion algorithm provide
reasonably good solutions. Therefore, both are approximately optimal.

® SOLVED EXAMPLES ®

Example 1 Ifu and v are distinct vertices of a tree T, then T contains exactly one u — v path.
Solution: Suppose, to the contrary, the tree T contains two u — v paths. Let us assume that
the two u — v paths are Q and S.

Since Q and S are different u — v paths, there must exists a vertex x belonging to both Q
and S such that the vertex immediately following x on Q is different from the vertex immedi-
ately following x on S. This can be easily understandable from the figure shown below.

Let us assume that y be the first vertex of Q following x, which also belongs to S. This
implies that there exists two x — y paths that have only x and y in common. It is clear that
these two paths produce a cycle in T. This is a contradiction. This contradict to the fact that
T is a tree.

Therefore, our supposition is wrong. Hence, T has only one u — v path.
Example 2 For the following weighted graph G apply Floyd-Warshall algorithm to find the

shortest path between any pair of vertices a, b, ¢, d and e. Show at least one iteration in
details.
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Solution: The adjacency matrix W with respect to the nodes b, a, c, e

0 2 7 -5
o 0 o 7 6
anddisgivenas | 3 0 o oo
1 o 6 0

Hence, n =Row[W] =5
0 2 7 o -5
o 0 o~ 7 6
O _ (70 _ — e
DO = (df") = 3 0
1 o -6 0
For k=1,i=1andj=1to5 we get

di, =Min(dy,,dy; +dy;) = Min(0,0 + 0) = 0
diy = Min(dY,,dy; +d) = Min(2,0 +2) = 2
dis = Min(dyy,dy; +dis) = Min(7,0+7) =7
di, = Min(dyy,dy; +dyy) = Min(es,0 + ) = oo
dis = Min(dys,d}; +dys) = Min(-5,0 - 5) = =5
For k=1,i=2andj=1to5 we get

d}; = Min(dY,,d3; +d;) = Min(se,c0+0) = oo
dgs = Min(dgy, d; +diy) = Min(0,e0 +2) = 0
das =Min(ddy,dd; +dsy) = Min(ee,00 +7) = oo
d3y =Min(dy,,d3; +dyy) = Min(7,e0 + 00) =7
d3s = Min(dys,d3; +di5) = Min(6,0—5) =6
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For

For

For

Therefore, we have

Similarly for

Similarly for

k=1,i=3andj=1to5 we get
d3, =Min(dd;,d3; +d}) = Min(ee,c0 + 0) = oo
diy = Min(ddy,d3; +dY) = Min(3,00 +2) = 3
dis = Min(dds,dd; +dY%) = Min(0,e0 +7) = 0
di, =Min(dd,,d2; +dY,) = Min(es,c0 + c0) = oo
d3s = Min(d3s,d3; +dy) = Min(eo,00 — 5) = oo
k=1,i=4andj=1to5 we get
d3; =Min(d};,d}; +di) =Min(1,1+0) =1
djy = Min(dgy,d; +diy) = Min(es,1 +2) = 3
djs = Min(djs,d}; +dj3) = Min(-6,1+7) = -6
d}, =Min(d),,dY; +dY,) = Min(0,1 +c0) = 0
dis =Min(dJs,d); +dys) = Min(ee,1 - 5) = —4
k=1,i=5andj=1to5 we get

di =Min(dd,,d?; +d)) = Min(es,c0 + 0) = oo
dgy = Min(dgy, d3; +dip) = Min(ee,c0 +2) = oo
dz3 = Min(dgs,dg; +ds) = Min(eo,e0+7) = o0
di, =Min(dp,,d?; +diy) = Min(5,00 +o0) = 5
d35 = Min(dg;, dgy +dis) = Min(0, — 5) = 0

0 2 7 o -5
o 0 = 7 6
DVP=|cw 8 0 o oo
1 3 6 0 4
o o oo 5 0

k=2,i=1to5andj=1to5, we get

02 7 9 -5
w 0 o« 7 6
D? = 3 0 10 9
1 3 6 0 4
o oo o 5 0

k=3,i=1to5andj=1to5, we get
0o 2 7 9 -5
o 0 o~ 7 6
D¥=]e 3 0
-6 0 4
o o o 5 0

—
|
w
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Similarly for k=4,i=1to5andj=1to5, we get

0 2 3 9 -5
8 0 1 7 3
D¥=111 3 0 10 6
1 -3 -6 0 -4
6 2 -1 5 0

Similarly for k=5,i=1to5andj=1to5, we get

0 3 6 0 -5
8 0 1 7 3
D®=011 3 0 10 6
1 -3 -6 0 -4
6 2 -1 5 0

From the above matrix, the shortest distance for any pair of vertices can be found out.
Example 3 Find the closure of the graph G where

7y

Solution: In the above graph G we have V = {vy, vy, U3, U4, U5, Ug} and number of vertices
(n) = 6. Now for the non adjacent vertices v; and v, we have

dv)+dvy)=4+2=62n=6.

Therefore, there exists an edge between v; and v,. Let the super graph G; be
V1

V3

For the non-adjacent vertices v, and v, we have d(vy) + d(vy) = 3 + 3 = 6 2 n . Therefore,
there exists an edge between v, and v, . Let the super graph G, be
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Vi

Ve

\
</

V3

Again, v, and v are non-adjacent such that d(vy) + d(vgs) =4 + 3 =7 2n = 6. Therefore, there
exists an edge between v, and v;. Let the super graph G; be

Ve

\V
4

V,
5 Vs

For the non-adjacent vertices v5 and v; we have d(vs) + d(vgs) = 3 + 4 = 7 2 n. Therefore,
there exists an edge between v; and vs. Let the super graph G, be

\V

Ve

Vs

For the non-adjacent vertices v3 and vg we have d(vs) + d(vg) = 4 + 3 = 7 2 n. Therefore,
there exists an edge between vg and vg . Let the super graph G5 be.
V4

For the non-adjacent vertices v, and vz we have d(vy) + d(vg) = 4 + 4 = 8 > n. Therefore,
there exists an edge between v, and vg . Let the super graph be Gg . In the above graph, there

is no two non-adjacent vertices. Thus, Gg is the final super graph. Therefore, the closure of
the graph G is given as
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V4
Vg v,
C(G)=Gq:
Vg vy
Vq

Example 4 For the following travelling salesman problem, carry out the closest insertion

algorithm.

Solution: Given that the complete weighted graph G as

1. Choose the vertex v,

. Choose the vertex vy, which is closest to v;. So, wy = v, V5 V;

2
3. Choose the vertex vs, which is close
4. Choose the vertex v,, which is close

to wy. So, wg = vy vy U5 Vg
to ws. Hence, we have the following cases.

w4: vl v2 03 U4 Ul or

= Ul U2 U4 U3 Ul or

= Ul U4 02 U3 Ul
Now length of v;v5v5040; =10+ 40 + 30 + 20 = 100

Length Of Ul U2 U4 U3 Ul = 10 + 45 + 30 + 15 = 100
Length of VU4 U9U307 =20+45+40+ 15=120
Therefore, Wy = Uy Uy Ug Uy Uy is minimum.

5. Choose the vertex vy, which is clos

e to w,. Hence, we have the following cases. The

length of following cycles is given as below.
U1 Uy Ug Uy U501 =10+ 40 + 30 + 55 + 25 =160
U1 Ug U3 U5 Uy 7 =10 +40 + 35 + 55 + 20 = 160
V1 Uy U5 030401 =10+ 50+ 35+ 30 + 20 = 145
U1 U509 U304 01 =25 +50+40 + 30 + 20 = 165
As all the vertices are included in the cycle, so the process terminates. Hence , the short-
est Hamiltonian cycle is given as v, vy U5 U3 U4 U;.
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Vo

Example 5 For the travelling salesman problem given in example 4, carry out the two opti-
mal algorithm.

Solution: For the complete weighted graph G given above, the number of vertices (n) = 5.
According to the two optimal algorithm we have the following steps:

1. Let C =vy,v,, s, Uy, Us, vy be a Hamiltonian cycle.
Therefore, we get
w =w(v0y) + w(vgvs) + wW(vgvy) + W(vav5) + W(V5V;)
=10+40 + 30 + 55 + 25 =160
Seti =1
Setj=i+2=3
4. SetC; =Cy3=0,0309040504

w N

wig =W —w(vvy) —w(vgvy) + wW(vqvs) + W(VgV,)
=160-10-30 + 15 + 45 =180
As wq; ¢ w; Go to step 6.
Setj=(G+1)=4and 4 <n =5. Go to step 4.

S

Wiy =W —wvvg) —w(vaws) + W(vvy) + wW(vyvg) = 165

5. Aswy, =165 £ 160 = w; Go to step 6.
6. Setj=(G+1)=5and 5 <n =5. Go to step 4.
4. Set ClJ = Cl5 = Ul 05 U4 U3 U2 Ul
wis =w —wqvg) —w(vsvq) + WV v5) + wW(vyv) = 160
5. As w5 =160 ¢« 160 = w; Go to step 6
6. Setj=G+1)=6and 6 £ n=5. Gotostep 7withi=0G +1) =2.
7. As i =2<(n-2)=3, Go to step 3.
3. Setj=0+2)=2+2=4

Wy =w —w(vyvg) —w(vy vs) + w(vg vy) + wvg vg) = 145
5. As wy, =145 <160 = w; go to step 1
1. C=Cy=v,0y0405050; Withw =wqy, = 145.
After re-labeling the vertices we have
C =Cyy =0, g U304 VU5 0.
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N

Seti=1
Setj=0G0+2)=3
Wiz =w —w(vy vy) —w(vg vy + WV, vy) + W(vg vy) = 165
5. As w3 =165 £ 145 = w; go to step 6
6. Setj=(G+1)=4and4 <n =>5. Go to step 4
4. Set CLJ = Cl4 = Ul U4 U3 Uz U5 Ul
Wiy =w —w(vy Vg) —w(vy vs) + W, vy) + wW(vy U5) = 165

5. As wy, =165 ¢ 145 = w; go to step 6
Setj=(G+1)=5and 5 <n =5. Go to step 4

wis =w —w(vg Vg) —w(vs V1) + WV, Vg) + W(vg V1) = 145
. As wys = 145 £ 145 = w; go to step 6
Setj=G+1)=6¢n=5withi=>G+1)=2.
As 1=2<(n-2)=3,Gotostep3
Setj=(+2)=2+2=4

Woy =W —w(vg Ug) —w(vy U5) + W(vy vy) + wW(vg U5) = 160
5. As wy, = 160 £ 145 = w; go to step 6
Setj=(G+1)=5<5=n, gotostep 4
. Set ClJ = 025 = Ul U2 05 U4 U3 Ul

Wos =W — W(Vy Ug) — w(v5 V1) + Wy Us) + w(vg vy) = 145
. As wys = 145 £ 145 = w; go to step 6
Setj=(G+1)=6 ¢n=5withi=(G+1)=3.gotostep7
.As 1=3<(n-2)=3,gotostep3
Setj=0G0+2)=5
. Set ClJ = C35 = Ul 02 U3 05 U4 Ul

Wss =w —w(vg vy —w(vs vy) + wWlvg vg) + wlv, vy) = 160
5. As wss = 160 £ 145 = w; go to step 6
6. Setj=G+1)=6 ¢tn=5withi=(G+1)=4,gotostep?7
7. Asi=4 ¢ (n — 2) = 3, therefore the process terminates. Hence, the minimum

Hamiltonian path is given as v, vy v3 U4 U5 v7. The path for travelling salesman is given
below.

w

- o

AW ao o

- o

NS )|
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V1

Example 6 Find the eccentricity of all vertices, radius, diameter and centre of the graph
given below. It is given that the distance between any two adjacent vertices is 1.

vy V3 N Vg

V7

Vv V5
2 ®

Solution: In the graph given above V = {vy, vy, vg, Uy, U5, Ug, U7]. It is also given that length of
each edge is 1. Now,

d(vy,v9) =1; d(vq,v3) =2; d(v,v4) = 3;
d(vy, v5) =2; d(vy,vg) = 3; d(vy,vq) = 3;
Therefore, e(vy)) =Max {1, 2, 3} = 3.
Similarly, we get
ds,vq) = 1; d(vy,v3) = 1; d(vg,vy) = 2;
d(vy,v5) = 1, d(vy, vg) = 2; d(vy, vg) = 2;
Therefore, e(vy) = Max {1, 2} = 2.

Proceeding in this way we get
e(vy) = 3;elvy) = 3; elvg) =2; elvg) = 3; e(vy) =3.
Now, radius = rad (G) = Min {e(v): v € V} = Min (2, 3) = 2.
Diameter = diam (G) = Max {e(v): v € V} = Max (2, 3) = 3.
So, the central points are vy, v5 and centre {v,, vsh.

Example 7 Let T be a tree of order p and size q having p; vertices of degree i (i=1, 2, 3, ...).
Let Zpi =pand Zipi =2q=2(p-1).

Show that p,=ps+ 2p4+ 3ps+4pg + ... + 2.

Solution: Given that T is a tree of order p and size q. It is also given that

Zpi = p and Zipi =2(p-1)

i

le., P1+2py+3ps +4ps+...=2p -2

Le., D1+ 2py+3ps+4py+ ... = ZZpi -2
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ie, DP1+2py+3ps+4ps+...=2(p;+py+pg+..)—2

ie., DP1=DPs+2p,+ 3ps+4pg+ ... + 2.

Example 8 If T is a binary tree of height h and order p, then
(h+1)<p<2®+P_1

Solution: Let p;, denotes the number of vertices of T at level & for 0 <k < h.
Therefore, we get

Pr =D
k=0
Since p;, > 1 for each k, and p, < 2p(;, _, for 1 <k < h, it follows, inductively, that p, < 2k,
Again,

h
sz =1+2+22+2%4 . +2h=9"1_1

k=0
h h
Again, Zpk < Z2k =9oh1_1
k=0 k=0
ie., p<2ii_1 (@)
h h
Also, Y 1< pp=p
k=0 k=0
ie., (h+1)<p ... (ir)

On combining equations (i) and (i7), we get
(h+1)<sp<2ti_1.
Example 9 Construct the binary tree for the arithmetic expression

(AB-C))/((D-E)F +G-H)).
Solution: Given arithmetic expression is

(AB-C)/((D-E)F + G-H)).
The binary tree corresponding to the above expression is given below.

AN
AN

WA
/\

G H

/

N\
/\

B C
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Example 10 For the graph G shown below, use Dijkstra’s algorithm to compute the shortest
path between a and f.

Solution: In the above graph G, the source vertex is
vo,=aandv,=f. Set Ma)=0
and AMD)=Me) =Md)=Me) =Mf) ==. T=V={a, b,c,d,e,fl.

Hence, we have the following table

Vertex a b c d e f
AMv) 0 oo oo o oo oo
T a b c d e f
Now, u=aasMu)=Ma)=0
which is minimum.
The edges incident on u =a are ab and ac.
Therefore, Ab) = Min [Ab), Ma) + w(ab)]

= Min [, 20] = 20.
Me) = Min [Me), Ma) + w(ac)]
= Min [, 30] = 30.
Again, T=T-{u=a}=1{b,c,d,e,f}.
Therefore, we have the following table

Vertex a b c d e f
M) 0 20 30 oo oo oo
T b c d e f
Now, u=>basMu)=Mb)=20

which is minimum.
The edges incident with u = b are bc and be. Therefore,
Me) = Min [AMe), Mb) + w(bce)]
= Min [30, 43] = 30.
Me) = Min [AMe), Mb) + w(be)]
= Min [e, 37] = 37.
Again, T=T-{u=5}=lc,d,e,f.
Thus, we have the following table
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Now,

Vertex a b c d e f
M) 0 20 30 oo 37 oo
T c d e f

u =c as Mu) = Mc) = 30 which is minimum.

The edges incident with u =c is cd.

Now,

Therefore, Md) = Min [Md), Me) + w(ed)]
= Min [eo, 45] = 45.
Again, T=T-{u=c}=(d,e,f
Thus, we have the following table
Vertex a b c d e f
Mv) 0 20 30 45 37 oo
T d e f
Now, u =e as Mu) = Me) = 37 which is minimum.
The edges incident with u =e are ed and ef.
Therefore, Md) = Min [Md), Me) + w(ed)]
= Min [45, 67] = 45.
AP = Min [MP), Me) + w(ef)]
= Min [e, 70] = 70.
Again, T=T-{u=e}=1{d,fl.
Thus, we have the following table
Vertex a b c d e f
M) 0 20 30 45 37 70
T d f
Now, u =d as Mu) = Md) = 45 which is minimum.
The edges incident with u = d is df. Therefore,
M) = Min [MN), Md) + w(d)]
= Min [70, 68] = 68.
Again, T=T-{u=d}={f].
Thus, we have the following table
Vertex a b c d e f
Mv) 0 20 30 45 37 68
T f

u = fand fis the terminating node, so the process terminates.

Hence, the shortest distances from a to b, ¢, d, e and fare 20, 30, 45, 37, 68 respectively. The
shortest distance between a and fis given in the figure further.
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Example 11 Construct the following graphs.

(@) Eulerian but not Hamiltonian (b) Hamiltonian but not Eulerian
(¢) Neither Eulerian nor Hamiltonian (d) Eulerian and Hamiltonian

Solution: The different graphs are given below.

b d b d
alme aDc

Eulerian but not Hamiltonian Hamiltonian but not Eulerian
b d b d
a lm @
Neither Eulerian nor Hamiltonian Hamiltonian and Eulerian

Example 12 For the graph G shown below, find the depth first search forest.

a e
G: d@g cAf
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Solution: Let us consider the source vertex as ‘@’ in the above graph G. On using the DFS
technique, the order in which the vertices are being visited is described below by the se-
quence of graphs.

a

AN
AN
AN

e

c Q—Q f
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Therefore, the dotted graph shown above is the depth first forest T of the graph G. Besides
that there could be several depth first forest from the same vertex ‘a’. This indicates that the
depth first forest is not unique.

Example 13 For the graph G shown below, find the breadth first search tree.
d f

b 9
Solution: Consider the graph G given above. Now we have to find out the shortest path
from the source vertex a to the vertex 4. On using the BFS technique, we get the following

stages.
d f

e h
a (Label () =0 and seti=0)

b g

In the above figure the adjacent vertices of a are b, ¢ and d. Therefore we get label
label ) =i+1=0+1=1,;
label(c)=i+1=0+1=1andlabel(d)=i+1=0+1=1.

Similarly, the adjacent vertex of d is e.

Therefore we get label (e)=i+1=1+1=2.

Therefore, we have

d [ X
a @ a &
o™~ ¢ AN

b® 4

f
e
g
d

In the above figure, the adjacent vertex of e are f, g and h. Therefore we get,
label () =i+1=2+1=3.
label (g)=i+1=2+1=3.
label(h)=i+1=2+1=3.
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Therefore, the breadth first search tree is given as below.

de, fo

e 1\\\ ,'/ 3

e \\\ e',
T a@----- ® | SEEEFEEEREEE ®h
o c 1 2 3

g

b.1 @
3

EXERCISES o

1. With reference to the given tree T find the followings.
(@) Height of the tree
(d) Degree of the tree
(¢) Longest path of the tree
(d) Level (L); Level (H); Level (N)
(e) Parent (M); Sibling (B); Child (D)

2. (a) Draw all trees of order 5

(b) Draw all trees of order 7 and A(T) > 4, where A(T) represents maximum degree of
tree T.
3. In a binary tree of height 4, there are at most 2" ~ ! leaf nodes.
4, If T is a binary tree of height 2 and order p, then A = |_g (p+1)/ 2)-|. The equality holds
if T is a balanced complete binary tree.

5. Find the eccentricity of all vertices, radius, diameter and centre of the graph G given
below. It is given that the distance between any two adjacent vertices is 1.

6. Construct the following graphs.
(@) Eulerian but not Hamiltonian
(b) Hamiltonian but not Eulerian
(¢) Neither Eulerian nor Hamiltonian
(d) Eulerian and Hamiltonian.

7. For the graph G shown below, find the depth-first search tree.
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h

: . e :
"

a e a d
c c
(© (d)
b d g b e

8. For the graphs given on No. 7, find the breadth first search tree.
9. Solve the travelling salesman problem for the complete weighted graph G given below
by using
(@) Closest insertion algorithm and
(b) Two optimal algorithm.

10

9

10. Let G be the weighted graph shown below. Use Dijkstra’s algorithm to compute the
shortest distance between u and v.

11. Determine which of the graphs given below are Euler graph by using the following
algorithms.
(@) Fleury’s algorithm and (b) Hierholzer's algorithm
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’ : } ] \i ’ @

12. Find the closure graph C(G) for the graphs shown below.

’ /\ ’ E

13. Find the binary tree representation of the followings.
(@ (4x + 2)(2x + xy) (®) (x+ 3y)—((5x + y)/4)

14. Let G be a connected weighted graph. Use Dijkstra’s algorithms to find the length of
shortest paths from the vertex a to each of the other vertices.
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15. Apply Dijkstra’s algorithm to the weighted graph G below to find the shortest distance
for each vertex from the source vertex a.

16. Use Floyd-Warshall algorithm on the weighted, directed graph G shown below to find out
shortest path between any pair of vertices. Show the matrix D(%) that results for each itera-
tion.

17. Find the minimum spanning tree of the graphs shown below by using
(@) Prim’s algorithm and (0) Kruskal’s algorithm.

(c)
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18.

19.

20.

Find a maximal spanning tree for each of the graphs of No. 17. using either Prim's
algorithm or Kruskal’s algorithm. [Hint: To get the maximal spanning tree replace the
weight of each edge of the graph by M — w(e), where M is any number greater than the
weight w(e) of every edge e of the graph. Then apply Prim’s algorithm or Kruskal’s
algorithm. The corresponding spanning tree in the original weighted graph is a maximal
spanning tree.]

Find the closure graph C(G) of the following graphs.

; @ ’ A

Let G be a connected weighted graph. Use Floyd-Warshall algorithm to find the length
of shortest path between any pair of vertices.

20
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Fuzzy Set Theory
®

H14.0 INTRODUCTION

Problems in the real world quite often turn out to be complex owing to an element of
uncertainty. This uncertainty is due to parameters which define the problem or the situations
in which the problem occurs. Although probability theory is an effective tool to handle
uncertainty but it can be applied only to situations whose characteristics are based on random
processes. However, in real life situations a large class of problems arise whose uncertainty is
characterized by a nonrandom processes. Generally, this nonrandom process arises due to
lack of information about the problem. Consider an example: “Is Adams Honest?” The answer
to this question need not be a definite yes or no. Human brain always processes such
uncertainty. Such type of data processing is always carried out by the world’s biggest computer
“human brain”. In order to make this processing faster than human brain, we need computer.
It can be fed with such data which it can process. Therefore, it can be made more intelligent
artificially. For this reason, a study of vague concepts or vague knowledge or uncertainty is
necessary. An excellent mathematical tool to handle the uncertainty due to vague concepts is
Fuzzy set theory. In this chapter our objective is to define the basic concepts in a clear manner
so that at a latter stage application of fuzzy sets in artificial intelligence, expert system etc.,
can be carried out more efficiently. This fuzzy set theory was propounded by Lotfi A. Zadeh. It
is however, the Japanese who exploited the potential by commercializing the technology.

H14.1 FUZZY VERSUS CRISP

Consider a statement, “Sun rises in the east.” Definitely, the truth value of this statement is
either true or false. If true is accorded as 1 and false is accorded as 0, then this statement
results in a 0/ 1 type of situation. Such type of logic whose value is either 1 or 0 is termed as
crisp in the domain of fuzzy set theory.
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On the other hand, consider the statement “John is a pleasant football player.” The truth
values of this statement need not be a definite true or false. It varies from person to person on
considering the degree to which one knows John. In such situation, a variety of answers
spanning a range, such as “extremely pleasant”, “extremely unpleasant”, “very pleasant”,
“pleasant at times” could be generated. If “extremely pleasant” is accorded a value of 1 at the
high end, then “extremely unpleasant” has a value 0 at the low end. It indicates that “very
pleasant” and “pleasant at times” will be accorded a value in between 0 and 1. Such a situation
is termed as fuzzy. A diagrammatic approach to illustrate fuzzy and crisp situation is given
above. Crisp set theory or classical set theory is fundamental to the study of fuzzy set theory
which we have already discussed in chapter 2.

H14.2 FUZZY SETS

In Cantor’s definition, a set is defined as a collection of well defined objects. Thus, collection of
all students in a particular class is a set. But the collection of all tall students in that particular
class is not a set. This is because the qualification for an object to become a member is “tall”
which is not well defined or ill-defined. Therefore, it is difficult to identify which are members
and which are not. In fuzzy set theory, we assume that all are members and they belong to the
set up to certain extent. Some elements belong to 90%, some elements belong to 75%, some
elements belong to 60%, etc. This gives the degree of belongingness or measure of belonging-
ness. Thus, we define fuzzy set formally as below.

If X is a universe of discourse and x is a particular element of X, then a fuzzy set A of the
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universe of discourse X is defined as a collection of ordered pairs(x,u A(x), where
u; (x): X — [0,1] is a mapping known as the membership function of A.

Mathematically, we write
A={x p(@0):xeX)
re,If X={x,, x,, x5, --,%,}, then a fuzzy set A of X could be written as
A = (G, 1 (), (0, 1 (), (o 1 (), oo, (3, 1 ()

It is clear that each pair (x, n i (x)) is called a singleton. An alternative way in which we

represent a fuzzy set symbolically is given below.

A:{“A(xl) G NC “_A(xn)}.

% X, Xq X

14.2.1 Membership Function

In crisp set theory, characteristic function assigns a value of either 1 or 0 to each element in
the universal set X. This function can be generalized such that the values assigned to the
elements of the universal set fall within a specified range and point to the degree of
belongingness of these elements in the set in question. Larger values indicate the higher
degree precision of set membership whereas smaller values indicate the lower degree
precision of set membership. Such a function is called a membership function, and the set
defined by it is called a fuzzy set.

As defined in the previous section, a fuzzy set A of the universe of discourse X is defined as
a collection of ordered pairs x, lLg (x)) where x e X, u A(x) : X — [0,1] is a mapping called the

membership function of A and i () is the grade of membership or degree of belonging- ness

or degree of membership of xeX in A.

The membership function values always need not be described by discrete values.
Frequently, these turn out to be as described by a continuous function. The fuzzy membership
function for the fuzzy set of a class of real numbers that are close to 3 may turn out to be as
illustrated below:

px(x) 0.5

P x

A membership function can also be defined mathematically as further:
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ﬁ; x € R (Set of real numbers)
x

(

The different shapes of membership functions are given below. The shapes could be
trapezoidal, triangular, curved or their variations as shown in the following figure.

A A

uy () =

px(Xx) ux (X)

Hz(x) Mz (x)

P x

H14.3 BASIC DEFINITIONS
In this section we will discuss the fundamental definitions that we use frequently in fuzzy sets.
14.3.1 Equality

If A and B be two fuzzy sets with p i(x)and pj(x) as their respective membership functions
defined over the universe of discourse X, then the two fuzzy sets A and B are said to be equal
ie., A=B , if and only if
i) =pyx) V xeX
For example, if A = {(x,, 0.2), (x,, 0.6)}, B ={(x,, 0.2), (x,, 0.6)}and C = {(x,, 0.5), (x,, 0.3)}
be three fuzzy sets defined over the universe of discourse X = {x,, x,}, then A =B since,
() =pg(x)=0.2 and Hy(x,)=p;(x,)=0.6
Again from the above example it is clear that A #C since, W i) # pg(x) and

Wy (x,) # W (x,) . Similarly, it can be shown that B = C.

14.3.2 Containment

If A and B be two fuzzy sets with 1 (x) and W;(x) as their respective membership functions
defined over the universe of discourse X, then we say that the fuzzy set A is contained in the
fuzzy set B i.e., A c B, if and only if

B <px) V xeX
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For example, consider two fuzzy sets A = {(x,, 0.3), (x,, 0.4), (x,, 0.6)} and B= {(x,, 0.5),

(x5, 0.6), (x5, 0.8)} defined over the universe of discourse X = {x,, «x,, x,}, then it is clear that,

By (x)=0.3<p,(x,)=0.5
Bi(xy)=04<p,(x,)=0.6 and
Hy(eg)=0.6<p;(x;)=0.8

Therefore, the fuzzy set A is contained in the fuzzy set Bie, AcB.

14.3.3 Normal Fuzzy Set

If A bea fuzzy set defined over the universe of discourse X with the membership function

1, (x), then we say that the fuzzy set A is a normal fuzzy set, if and only if
maxp, (x)=1
i.e., L;(x)=1 for at least one xe X.

For example, the fuzzy set A= {(x;, 0.3), (x,, 1), (x;, 0.6)} is a normal fuzzy set since

By (xy)=1.
14.3.4 Support of a Fuzzy Set

If A be a fuzzy set defined over the universe of discourse X with the membership function

1; (x), then the support of A is the crisp or classical set defined as
Support (A ) ={x € X: p, (x)> 0}

Thus, it is clear that support of A is a subset of X. i.e., Support (A)< X.

For example, if the fuzzy set A = {(x,, 0.5), (x,, 0), (x;, 0.8)}is defined over the universe of
discourse, X = {x,, x,, x,}, then the support of the fuzzy set A is given as

Support (A)= {2y, x5}

Similarly, if A ={(x,, 0.6), (x,, 0.1), (x,, 0.9), (x,,0.3} is defined over the universe of
discourse, X = {x,, x,, x,, x,}, then the support of A is same as the universe of discourse X.
14.3.5 o-Level Cut
If A be a fuzzy set defined over the universe of discourse X with the membership function

Wi (x), then the o -level cut or o -cut of A is the classical set A, and is defined as

A, =lxeXiy;(x)> o}
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For example, if A = {(x;, 0.2), (x5, 0.1), (x;, 0.4), (x,, 0.6), (x;, 0.7)} be the fuzzy set
defined over the universe X = {x,, x,, x;, x,, x5}, then

Ay, =1x, x5, x4, x5} Ay, =1, x, x5}

Ay, =1{xy, xg, x5, x4, %) Ay, =1{x;)

14.3.6 Product of a Fuzzy Set by a Crisp Number
If A be a fuzzy set defined over the universe of discourse X with the membership function

1, (x) and % be crisp number, then the product of A Dby a crisp number % results in a new fuzzy
set product 2. A with the membership function u, A(x) defined as

B @ =kpx)VxeX

For example, if A= {(x;, 0.3), (x,, 0.2), (x5, 0.5), (x,, 0.1), (x5, 0.8)} be a fuzzy set defined
over the universe of discourse X = {x,, x,, x,, x,, ;) and 2 = 0.3, then k. A is defined as

kA ={(x,, 0.09), (x,, 0.06), (x,, 0.15), (x,, 0.03), (x;, 0.24)}since,
1, 5 () = kp, (x,)=(0.3)0.3) =0.09
W, () =kt (x,) = (0.3)(0.2) = 0.06
W, 5 (x5) =k (x5) =(0.3)(0.5) =0.15
u, ;) =k, (x,)=1(0.3)0.1)=0.03
i, 5 (x5) = kg (x;) = (0.3)(0.8) = 0.24

14.3.7 Power of a Fuzzy Set

If A be a fuzzy set defined over the universe of discourse X with the membership function
1; (x), then the m power of a fuzzy set A is a new fuzzy set A™ whose membership function
is given as

B ()= ()" VvV xeX

Raising a fuzzy set to its second power i.e., m = 2 is called concentration (CON) whereas

1
9 is called dilation (DIL).

Let us consider a fuzzy set A ={(x,, 0.2), (x,, 0.1), (x;, 0.4), (x,, 0.5)}defined over the

taking the square root, i.e., m =

universe of discourse X = {x,, x,, x,, x,}and m = 3. Then A?® is defined as

A? = {(x,, 0.008), (x,, 0.001), (x,, 0.064), (x,, 0.125)} since,
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s () = (1 (x)))° = (0.2)° = 0.008
Mg () = (U, (x,))” = (0.1)° = 0.001
M () = (U () = (0.4)° = 0.064
M () = (;(x,))° = (0.5)° = 0.125

H14.4 BASIC OPERATIONS ON FUZZY SETS

Like crisp set theory, when we have two or more fuzzy sets describing a given problem,
analytical solutions often require operations among fuzzy sets. Therefore, the concept of basic
operations on fuzzy sets is highly essential to study the real life problems. In this section we
will discuss the basic fuzzy set operations such as union, intersection, complement and product
of two fuzzy sets. These fuzzy set operations are widely studied in the literature.

14.4.1 Union

If A and B be two fuzzy sets with u i(x)and p;(x) as their respective membership functions
defined over the universe of discourse X, then their union AUB is a new fuzzy set defined
also on X with the membership function 1; (%) defined as

By () = max (p; (x), py(x))
For example, if A ={(x,, 0.4), (x,, 0.3), (x;, 0.7), (x,, 0.1)} and B={(x,, 0.9), (x,, 0.1),

(x5, 0.6), (x,, 0.3)} are two fuzzy sets defined over the universe, X = {x,, x,, x;, x,}, then
the union A UB is defined as

AUB={(x,, 0.9), (x,, 0.3), (x,, 0.7), (x,, 0.3)} since,
By 5 =max (u;(x,), pyx,))=max (0.4, 0.9)=0.9
By () =max (u;(x,), uy(x,))=max (0.3, 0.1)=0.3
By () =max (u;(xy), py(x,))=max (0.7, 0.6)=0.7
By () =max (u;(x,), uyx,))=max (0.1, 0.3)=0.3

14.4.2 Intersection

If A and B be two fuzzy sets with u; (x) and p;(x) as their respective membership functions
defined over the universe of discourse X, then the intersection of A and B and is a new fuzzy
set ANB whose membership function M; .3(*)is defined as

Hy () =min (u; (x), uy(x)

For example, if A={(x, 0.4), (x,, 0.7), (x;, 0.2), (x,, D} and B={(x, 0.9), (x,, 0.1),

(x5, 0.6), (x,, 0.3)}are two fuzzy sets defined over the universe of discourse

X ={x,, x,, x;, x,}, then the intersection ANB is defined as
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ANB={(x,, 0.4), (x,, 0.1), (x;, 0.2), (x,, 0.3)} since,
By, 5(x)=min (u;(x,), puy(x,))=min (0.4, 0.9)=04
By 5(x)=min (u;(x,), py(x,))=min (0.7, 0.1)=0.1
By s(xg)=min (u;(x;), ny(xs))=min (0.2, 0.6)=0.2
By g(x,)=min (n,(x,), uy(x,))=min (1, 0.3)=0.3

14.4.3 Complement

If A be a fuzzy set with 1(®) as membership function defined over the universe of discourse
X, then the complement of A is a new fuzzy set A° whose membership function W i (@) is
defined as

B ()= 1- p; ()
For example, if A = {(x;, 0.4), (x;, 0.7), (x;, 0.2)} be a fuzzy set defined over the universe
of discourse, X = {x;, x,, x,}, then we have
A° ={(x,, 0.6), (x,, 0.3), (x;, 0.8)}since,
W (x)=1-p, (x)=1-04=0.6
oo (x)=1-p, (x,)=1-0.7=0.3
Moo () =1-p,(x,)=1-0.2=0.8

14.4.4 Product

If A and B be two fuzzy sets with | (x) and i (x) as their respective membership functions
defined over the universe of discourse X, then the product of two fuzzy sets A and B is a new

fuzzy set A .B whose membership function p AB(x) is defined as
By 50 =pi () pylx)
For example, let us consider A = {(x,;, 0.3), (x,, 0.6), (x;, 0.2)} and B={(x,, 0.5), (x,, 0.1),

(x,, 0.4)} are two fuzzy sets defined over the universe of discourse, X = {x,, x,, x,}, then the
product A . B is given as

A .B={(,, 0.15), (x,, 0.06), (x,, 0.08)} since,
By (@) = 1y () - iy (x,) = (0.3).00.5) = 0.15
By 5(g) =py(x,) - py(x,) = (0.6).(0.1) = 0.06
By 5 () = 1 () - 1y () = (0.2).0.4) = 0.08
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14.4.5 Difference

If A and B be two fuzzy sets with ;1(x) and p;(x) as their respective membership functions
defined over the universe of discourse X, then the difference of two fuzzy sets AandB isa
new fuzzy set A —B defined as
A-B=(ANB")
For example, let us consider A = {(x,, 0.5), (x,, 0.1), (x;, 0.4), (x,, 0.8)} and B = {(x;, 0.7),

(x,, 0.2), (x5, 0.5), (x,, 0.3)} are two fuzzy sets defined over the universe of discourse,
X ={x,, x,, x;, %,}, then we get B ={(x,, 0.3), (x,, 0.8), (x,, 0.5), (x,, 0.7)} . Therefore, we

have
A-B=(ANBY
={(x;, 0.3), (x,, 0.1), (x;, 0.4), (x,, 0.7)}
14.4.6 Disjunctive Sum

The disjunctive sum of two fuzzy sets A and B defined over the universe of discourse X, is a
new fuzzy set A® B defined as
A®B=(ANB)UMA NB)
For example, let us consider A = {(x,, 0.5), (x;, 0.2), (x;, 0.3), (x,, 0.7)}and B= {(x,, 0.1),

(x5, 0.2), (x5, 0.4), (x,, 0.3)}are two fuzzy sets defined over the universe of discourse,
X ={x,, x,, x5, x,}, then we have

A ={(x,, 0.5), (x,, 0.8), (x;, 0.7), (x,, 0.3)}
B¢ = {(x,, 0.9), (x,, 0.8), (x,, 0.6), (x,, 0.7))
(ANBY) ={(x,, 0.5), (x,, 0.2), (x;, 0.3), (x,, 0.7)}
(A°NB) = {(x,, 0.1), (x,, 0.2), (x;, 0.4), (x,, 0.3))
Therefore, we get
A®B=(ANB)UA°NB)
={(x,, 0.5), (x,, 0.2), (x5, 0.4), (x,, 0.7)}
H14.5 PROPERTIES OF FUZ2Y SETS
Fuzzy set satisfy some of the properties of crisp set or classical set. Here, we have listed the
different properties satisfied by fuzzy sets. We have also listed the laws of excluded middle
that do not hold for fuzzy sets. These are listed below:
Commutative Laws: AUUB=BUA and ANB=BNA
Associative Laws: AUBUC)=AUB)UC and

ANBNC)=ANB)NC
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Distributive Laws: ~ AUJBNC)=(AUB)NAUC) and
ANBUC)=ANB)IUANDC)

Idempotent Laws: AUA=A and ANA=A

Identity Laws: AUo=A; ANX = A
ANo=0¢ and AUX=X

Transitivity Laws: If AcB and BcC, then AcC

Involution Laws: (A°Y = A

De Morgan's Laws: (AUB ) =A°NB° and

(ANB ) =A°UB
The laws of excluded middle do not hold well because fuzzy sets can overlap each other.
Therefore, we have A |JA® =X and ANA® # .

H14.6 INTERVAL VALUED FU22Y SET

This is an extension of the concept of a fuzzy set by an interval valued fuzzy set. It is developed
because the membership value of an element x € X may not be always assigned a particular
real number. In such cases, the membership functions are defined only approximately. For
example, we may only be able to identify lower and upper bounds of membership grades for
each element x € X. Therefore, either we have to suppress the identification uncertainty by
considering the middle values between the lower and upper bounds or we may accept the
uncertainty and include it in the definition of the membership function. The latter approach
assigns a closed interval of real numbers to each element of the universe of discourse between
the identified lower and upper bounds. Fuzzy sets of this type are known as interval valued
fuzzy set or i-v fuzzy set. This extension was carried out by L. A. Zadeh in 1975. Interval
valued fuzzy sets are defined formally by functions of the form

w: X —e ([0, 11)

where ¢ ([0, 1]) denotes the family of all closed intervals of real numbers in [0, 1]. For example,
the membership function of this type is given in the following figure. In this figure, uz (x) for
each x is represented by the segment between two curves. It is also clear that pj (x) = [a;,a,]
for x;, € X.

X

(Interval valued fuzzy set 1y (x)=[a,a,])
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Let A denote an interval-valued fuzzy set. Then,

A=(x, [Ly(), U;®)), xeX

where, L;, U; are fuzzy sets of X that are called the lower bound and upper bound of A,
respectively. It is clear that A becomes an ordinary fuzzy set when L i = Uj.

Let ]._1 i) =[L; (%), U;(x)], x e X and let D[0, 1]denotes the family of all closed intervals
contained in the interval [0, 1]. Thus, [x,, x,]1€D[0, 1] for all x,, x, €[0, 1I; x, < x,.
Therefore, the membership function is defined as ;_1 i(x): X — D[0, 1]. Hence, an interval-
valued fuzzy set A is defined as

A=(x, p), xeX.

H14.7 OPERATIONS ON /-v FUZ2Y SETS

In this section we discuss the different kind of basic operations that can be performed on i-v
fuzzy sets. Here we restrict to the definitions of operations that are essential for further
considerations.

14.7.1 Union of Two /-vFuzzy Sets

Let A and B are two interval-valued fuzzy sets defined over the universe of discourse X,

then their union (A |JB) is also an interval-valued fuzzy set defined as

(AUB) ={(x, p; ,5(x)} where,
Hags () =L 5 (0), Uy ;@] xeX

AUB

L; 30 =max [L;(x), Ly(x)] and
U, 30 =max [U; (%), Uy(x)] for all x e X.

The above definition of union can be generalized to finite number of interval-valued fuzzy
sets.

For example, if A = {(x,, [0.2, 0.7]), (x,, [0.4, 0.6]), (x;, [0.1, 0.5])} and B= {(x;, [0.4, 0.9]),
(x,, [0.2, 0.8]), (x;, [0.4, 0.3])} be two interval-valued fuzzy sets defined over the universe of

discourse, X = {x;, x,, x;}, then

(AUB) = {(x,, [0.4, 0.9]), (x,, [0.4, 0.8]), (x;, [0.4, 0.5])}since,

ﬁAuB(%) = [LAU'(x1), U, sl

B AUB
L; 3(x)=max [0.2, 0.4]=0.4; and
U, (2) = max [0.7, 0.9]=0.9
Similarly, one can find the interval of belongingness for the elements x, and x5 as defined

for the element x, € X.
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14.7.2 Intersection of Two /j-v Fuzzy Sets

Let A andB are two interval-valued fuzzy sets defined over the universe of discourse X, then

their intersection (A N B) is also an interval-valued fuzzy set. It is given as
(ANB)={(x, py, 5N

where, Wans () =L, (x), Uy ,@)]; xeX

L,z =min [L;(x), L)
and U;3®=min [U; ), U;@)] for all x e X.

The above definition of intersection can be generalized to finite number of interval-valued
fuzzy sets.

For example, if A = {(x,, [0.2, 0.7]), (x,, [0.4, 0.6]), (x,, [0.1, 0.5])} and B ={(x,, [0.4, 0.9]),
(x,, [0.2, 0.8]), (x;, [0.4, 0.3])} be two interval-valued fuzzy sets defined over the universe of
discourse, X = {x,, x,, x;}, then

(ANB) = {(x1,10.2, 0.7]), {(x, [0.2, 0.6]), {(x;, [0.1, 0.3])} since,
Wins() =Ly ), Uy oGl
L;,3(x)=min [0.2, 0.4]=0.2; and
U;,3(x)=min [0.7, 0.91=0.7
Similarly, one can find the interval of belongingness for the elements x5 and x; as defined

for the element x, € X.

H14.8 FUZZY RELATIONS

Fuzzy relation provides a measure of relation between two fuzzy sets defined in the range
[0, 1]. Crisp relation that we have studied in Chapter 3 always may not find a relation between
any two objects in the real world whereas in fuzzy relation we always find a relation between
any two objects in the real world. It has wide applications such as decision making, expert
systems, image processing, medical diagnoses, economics etc.

Fuzzy relation is a fuzzy set defined on the Cartesian product of classical sets
X, X,, X;, X,, - ,X, where the n—tuples (x,, x,, x;, x,, -+ , X,) may have varying
degrees of belongingness within the relation. The belongingness values indicate the strength
of the relation between the tuples. The membership function is defined as

e, x4, -+, x,): (X, X,,--,X,)—> [0, 1]
For example consider the fuzzy relation R between two sets X; and X,, where the set of
diseases is X; and the set of symptoms is X,.
Let X, = {typhoid, common cold, malaria, viral fever}
X, = {shivering, running nose, high temperature}

Therefore, the fuzzy relation may be defined as
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shivering running nose high temperature
typhoid 0.8 0.1 0.9
common cold 0.6 0.9 0.3
malaria 0.4 0.1 0.7
viral fever 0.8 0.2 0.9

From the above tabular representation, it is clear that typhoid is related to high
temperature with strength 0.9, common cold is related to running nose is 0.9, malaria is
related to shivering is 0.4 etc.

14.8.1 Fuzzy Cartesian Product

If A be a fuzzy set defined on the universe of discourse X and B be a fuzzy set defined on the
universe of discourse Y, then the Cartesian product between the fuzzy sets A andB is given
as A xB and resulting in a fuzzy relation R. It is given by

R=AxBcXxY
with the membership function
e, M =p; 5 (x y)=min (u @), uy()
For example, let us consider two fuzzy sets A and B suchthat A = {(x,, 0.3), (x,, 0.5), (x;, 0.8)}

and B= {(y;, 0.2), (y,, 0.7), (y;, 0.4)} defined over the universe X={x, x,, x;} and
Y ={y,, ¥,, ¥} respectively. Then, the fuzzy relation R ensuing out of the fuzzy Cartesian
product A xBis given by

Yi Y2 V3
x[0.2 03 0.3
R=AxB=x,[02 05 0.4| since,
x,[0.2 0.7 0.4
R(x;, y,)=min (u(x,), us(y,))=min(0.3, 0.2)=0.2
R(x;, y,)=min (i, (x,), u;(y,) = min(0.3, 0.7)=0.3
R(x;, y;)=min (i, (x,), u;(y;) =min(0.3, 0.4)=0.3
R(x,, y))=min (u;(x,), u;(y)) = min(0.5, 0.2)=0.2
R(x,, y,)=min (u,(x,), u;(y,)=min(0.5, 0.7)=0.5
R(x,, y;)=min (u,(x,), n;(y;))=min(0.5, 0.4) = 0.4
R(x;, y,)=min (u;(x,), p;(y,) = min(0.8, 0.2)=0.2
R(x,, y,)=min (u,(x;), us(y,)=min(0.8, 0.7)=0.7
R(x,, y;) =min (u,(x,), u;(y,))=min(0.8, 0.4) = 0.4
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H14.9 OPERATIONS ON FUZZY RELATIONS

In this section we discuss the different fuzzy set operations such as union, intersection,
complement and composition on fuzzy relations. These are highly useful in real world

problems.

14.9.1 Union

If R and S be two fuzzy relations defined on (X x Y) with membership functions u,(x, y)and

Us(x, ¥) respectively, then their union ( RUS) is a new fuzzy relation with the membership

function W, (x,y) defined as

My @ ) =max (u,(x, y), pglx, y)

For example, let us consider two fuzzy relations R and S on X x Y where X ={x,, x,} and

Y ={y;, ¥, ¥;}suchthat

Y Yo s Yo Yo Vs

~ 05 0.3 0.8

R_b 0.2 0.5 0.2 andS:x1|: }
x,|0.3 0.7 04 x,[02 05 0.7

Therefore, the union (RJS)is defined as

Y1 Y2 Vs
x1|:0.5 0.5 0.8

RUS=
J 0.3 0.7 0.7

] since,
Xy

Hp @, y)=max (W(x;, »), Kg(x;, y,)) =max(0.2, 0.5)=0.5

Mgy s, yp)=max (uy(x;, ¥,), ug(x;, ¥,)) = max(0.5, 0.3)=0.5

HRUS'(xl’ y3) = max (uk(xly y3)9 l‘ls(xl’ y3))=maX(0.2, O.8)=0.8

].Léué(x2, y) =max (u,(x,, y,), ug(x2, ¥,)) = max(0.3, 0.2) =0.3

HRUS'(xZ’ y2)=max (ué(xzy y2)7 HS(xQ, yz))=max(0.7, 0.5)=0.7

].Léug(x2, Yg)=max (U;(x,, ¥3), Mglxy, ¥3)) =max(0.4, 0.7)=0.7

14.9.2 Intersection

If R and S be two fuzzy relations defined on X x Y with membership functions wy(x, y) and

u(x, y)respectively, then their intersection (RNS) is a new fuzzy relation with the

membership function M 5(%,¥) defined as

Hppn sl y)=min (W,(x, y), uglx, )

For example, let us consider two fuzzy relations R and S and on X x Y where X = {x,, x,}

and Y ={y,, ¥,, y;! such that
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Yi Yo Vs Yi Yo Vs
IR x (0.2 0.5 0.2 and $§- x, {05 0.3 0.8
x,|03 0.7 04 x,10.2 0.5 0.7

Therefore, the intersection RS is defined as

Yr Y2 Vs
x1[0.2 0.3 0.2

R0OS= 102 05 04

since,
Xy

Mg (6, 1) = min(u (xy, ), 1 (e, 3,)) = min(0.2,0.5) = 0.2
ufms.(xl,yz) = min(W, (x;,,),14(x;,5,)) = min(0.5,0.3) = 0.3
uRmS.(xl,y3) =min(W,(x;, y;),15(x;, y5)) = min(0.2,0.8) = 0.2
uRmS.(xz,yl) = min(W,(x,, ¥,),1¢(x,, ;) = min(0.3,0.2) = 0.2
H s (X, ¥o) = min(u, (x5, y,), M5 (x5, ,)) = min(0.7,0.5) = 0.5
ukmg(xz,ys) = min(pR(xz,yS),uS-(xz,yS)) =min(0.4,0.7)=0.4

14.9.3 Complement

If Rbe a fuzzy relations defined on X x Y with membership function W;(x, y), then the
complement R° is a new fuzzy relation with the membership function p 7, ¥) defined as

HR{‘ (x, y) = 1_”~R(x, y)

For example, let us consider a fuzzy relationRon XxY where X ={x,, x,}and

Y ={y,, ¥, ¥;} such that

Y1 Yo Vs
P X, [0.3 0.8 0.1]

x,|09 04 0.7

Therefore, the complement R° is given as

Yr Y2 Vs
. x,]0.7 0.2 09
R =

0.1 06 0.3

Xy

14.9.4 Composition of Relations

If Rand S be two fuzzy relations defined on XxY and Y xZ with membership functions
Wy(x, ¥) and ng(y,Z) respectively, then their composition (R S) is a new fuzzy relation on
X x Z with the membership function defined as

Mg, sl 2)=max (min (uyCx, ¥), Hsly, 2))
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For example, let us consider two fuzzy relations RandSon XxY and YxZ where

X={x, %), Y=1{y,, 5, y;}and Z={z,, z,, z;} such that

21 2y 23

02 0.1 0.6

A_m[01 03 06] & N ot 05 04

= an = . . .
x%,|04 0.7 0.8 Y2

y,[02 06 08

Y Yo Y3

Therefore, the composition (R-S) is given as

21 Ry %
x,{0.3 0.6 0.6
04 06 0.8

RoS=

:| since,
Xy

Hgog(xu 21)=f§133< (min (u;(x;, ), Mg(yp ),

min (““R(xl? Y2)s Hg(yz’ 2,)),
min (1, (%, ¥3), Wg(ys, 21)))
ie., By oy, 2)= max (min (0.1, 0.2), min (0.3, 0.4), min (0.6, 0.2))
ye
=max(0.1, 0.3, 0.2)=0.3
Similarly,
“Rog(xv z,) = magi (min (0.1, 0.1), min (0.3, 0.5), min (0.6, 0.6))
_'ye
=max(0.1, 0.3, 0.6)=0.6
ukog(xl, z,) = max (min (0.1, 0.6), min (0.3, 0.3), min (0.6, 0.8))
yeE

=max(0.1, 0.3, 0.6)=0.6
Be s(xy, 2) = max ( min (0.4, 0.2), min (0.7, 0.4), min (0.8, 0.2))
ye

=max(0.2, 0.4, 0.2)=04
By 5y, 2,) = max (min (0.4, 0.1), min (0.7, 0.5), min (0.8, 0.6))
ye

=max(0.1, 0.5, 0.6)=0.6
By ooy, 25) = max ( min (0.4, 0.6), min (0.7, 0.3), min (0.8, 0.8))
ye
=max(0.4, 0.3, 0.8)=0.8
H14.10 FUZZY LOGIC

The study of the methods and principles of reasoning in all its possible forms is known as logic.
Classical or binary logic deals with propositions that are either true or false i.e., the truth
values acquired by statements are bi-valued. This may numerically equivalent to (0, 1). But in
our daily life we are coming across many statements whose truth values is not restricted to
true or false only. Such type of statements is known as fuzzy propositions. Therefore, it is
clear that in fuzzy logic, truth values are multivalued such as very true, partly true, absolutely
true, absolutely false, and so on and are numerically equivalent to (0 — 1).
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14.10.1 Fuzzy Proposition

A fuzzy proposition is a statement that acquires a fuzzy truth value. Therefore, if P be a fuzzy
statement, then T (P)denotes the truth value that are numerically equivalent to (0—1)
attached to P . Therefore, it is clear that, fuzzy propositions are associated with fuzzy sets.
The membership value associated with the fuzzy set A for the fuzzy proposition P is treated
as the fuzzy truth value T (P). Therefore, T(P) = Bix); 0<p;(x)<1.

For example, let us consider a statement
P = Abraham is a nice boy.
Thus, T(P)=0.7if Pis partially true,
T@P)=1if Pis absolutely true

and T(P) =0if Pis absolutely false.

14.10.2 Fuzzy Connectives

The fundamental connectives of crisp logic or bi-valued logic that we have discussed in
Chapter 1 are negation, conjunction and disjunction. Fuzzy logic also supports the same
connectives. Let P and Q are two fuzzy propositions with truth values T(®) and T(Q)
respectively. The following table illustrates the symbol and definition of the different
connectives.

Symbol Connective Usage Definition
- Negation —P 1-T(P)
A Conjunction PAQ min(T(P),T(Q))
v Disjunction PvQ max(T(P),T(Q))
= Implication P = Q —Pv Q

For example, consider two fuzzy propositions with their truth values.
P = Smith is honest, T(P) = 0.7
Q = Blake is honest, T(Q)= 0.5
Therefore, —P= Smith is not honest, T(—P)=1-TP)=0.3
(P A Q) = Smith is honest and so Blake.
T(P AQ) =min (T(P), TQ)=min (0.7, 0.5)=0.5
(Pv Q= either Smith or Blake is honest.

T(Pv Q) =max (T(P), T(Q)) = max (0.7, 0.5)=0.7
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P = Q =if Smith is honest then so is Blake.

TP = Q) =T(=Pv Q) = max (T(—=P), T(Q))
=max (0.3, 0.5)=0.5

SOLVED EXAMPLES

Example 1 If A=({(x, 0.2]), (x,, 0.13), (x,, 0.5), (x,, 0.4)} and B={(x,, 0.7), (x,, 0.16),

(x,, 0.23),(x,, 0.35)}

(@

Solution: Given that A = {(x,, 0.21), (x,, 0.13), (x,, 0.5), (x,, 0.4)}and
B ={(x,, 0.7), (x,, 0.16), (x,, 0.23), (x,, 0.35)}. Therefore,

(@

®)

()

(AUB)

are two fuzzy sets defined over the universe of discourse
X ={x,, x,, x5, x,}, then compute the followings:

®)

(ANB)

(c)

(A-B)

(AUB) = {(x,, 0.7), (x,, 0.16), (x,, 0.5), (x,, 0.4)}since,
(1 (%)), ny(x,)) = max(0.21, 0.7) = 0.7
(1 (xy), py(x,)) = max(0.13, 0.16)=0.16
(1 (xg), ny(xy)) = max(0.5, 0.23) =0.5
(uy (x,), ny(x,)) = max(0.4, 0.35) =04

”AUB(’CI) = max
Hi 5 (%) = max
Mz p(%;) = max

uAUﬁ(x4)=max

(ANB) = {(x,, 0.21), (x,, 0.13), (x,, 0.23), (x,, 0.35)} since,
(ny(x)), py(x))=min (0.21, 0.7)

uAnB(xl) = min

lJ'AnB(xz) = min

lJ'AnB(x3) = min

”Am’a(x4) = min

(A-B)=(ANB

AN (x,) = min

AN (x,) = min

u
u
My ge (%) = min
u

AnEe (x,) = min

=0.21

(n;(x,), pg(xy)) =min (0.13, 0.16) =0.13
(u;(x5), Ug(x)) =min (0.5, 0.23) =0.23
(g (), py(x,)) =min (0.4, 0.35) =0.35

)

Now, B°={(x,, 0.3), (x,, 0.84), (x;, 0.77), (x,, 0.65)}. Therefore,
(A-B)=(ANB) ={(x,, 0.21), (x,, 0.13), (x;, 0.5), (x,, 0.4)} since,

(uy (x)), Wy (x)) =min (0.21, 0.3) =0.21

(s (x,), . (x,)) = min (0.13, 0.84) =0.13

(g (x5), g (x3))=min (0.5, 0.77) =0.5
(g (), ny, (x,)) = min (0.4, 0.65) =0.4

Example 2 If A ={(x,, 0.1), (x,, 0.3), (x;, 04), (x,, 0.9), (x5, D}and B={(x,, 0.2), (x,, 0.1),
(x4, 0.5), (x,, 0.8), (x5, 0.9} are two fuzzy sets defined over the universe of discourse

X ={x,, x,, x5, x,, x5},then compute the followings:

(@

(A®B)

®)

(ANBy

(c)

(A°UB)
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Solution: Given that A = {(x;, 0.1), (x,, 0.3), (x5, 0.4), (x,, 0.9), (x5, 1)} and
B=({(x,, 0.2), (x,, 0.1), (x;, 0.5), (x,, 0.8), (x,, 0.9)} .

Therefore, A ={(x,, 0.9), (x,, 0.7), (x;, 0.6), (x,, 0.1), (x,, 0)} and
B° ={(x,, 0.8), (x,, 0.9), (x;, 0.5), (x,, 0.2), (x;, 0.1)}
(@ (A®B)=(A‘NB)UANB")

Again, (A°NB) = {(x;, 0.2), (x,, 0.1), (x5, 0.5), (x,, 0.1), (x,, 0)}and
(ANBY) = {(x,, 0.1), (x,, 0.3), (x,, 0.4), (x,, 0.2), (x;, 0.1)}
Therefore, (A®B)={(x,, 0.2), (x,, 0.3), (x,, 0.5), (x,, 0.2), (x,, 0.1)}

®) (ANB)={(x,, 0.1), (x,, 0.1), (x;, 0.4), (x,, 0.8), (x;, 0.9)}
Therefore, (ANB) = {(x,, 0.9), (x,, 0.9), (x,, 0.6), (x,, 0.2), (x,, 0.1)}
() (A°UB*) = {(x,, 0.9), (x,, 0.9), (x5, 0.6), (x,, 0.2), (x;, 0.1)}

Example 3 If A = {(x;, 0.17), (x,, 0.43), (x;, 0.24), (x,, 0.19)} be a fuzzy set defined over the
universe X ={x,, x,, x,, x,}, then show that (A°)° = A.

Solution: Given that A = {(x;, 0.17), (x,, 0.43), (x;, 0.24), (x,, 0.19)}.
Therefore, A° = {(x,, 0.83), (x,, 0.57), (x,, 0.76), (x,, 0.81)} since,
Mg (x)=T1-p (x)=1-0.17=0.83
e (@) =T1-p (x,)=1-0.43 =0.57
e (@) =1-p (x,)=1-0.24 =0.76
Moo (o) =1-p,(x,)=1-0.19=0.81

Similarly, (A°) = {(x,, 0.17), (x,, 0.43), (x,, 0.24), (x,, 0.19)}= A

Example 4 If A ={(x,, 0.1), (x,, 0.4),(x;, 0.9), (x,, 0.7), (x;, 0.6)}and B={(x,, 0.9), (x,, 0.3),
(x;, 0.1), (x,, 0.5), (x5, 0.2)} be two fuzzy sets defined on the universe of discourse

X ={x,, x,, x5, x,, x5}, then show that commutative laws holds good.
Solution: Given A = {(x,, 0.1), (x;, 0.4),(x;, 0.9), (x,, 0.7), (x;, 0.6)}and

B= {(x,, 0.9), (x,, 0.3),(x;, 0.1), (x,, 0.5), (x5, 0.2)} be two fuzzy sets defined on the universe
X ={x, %5, %3, x4, %5}

Therefore, (AUB) = {(x;, 0.9), (x,, 0.4),(x,, 0.9), (x,, 0.7), (x;, 0.6)} = (BUA) since,
Hiup() =max (u;(x,), pgx,)
=max (Ug(x,), ny(x)) =py 5 ()5 i=1, 2, 3, 4

Similarly, it can be shown that (A NB)=(BNA).
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Example 5 If A={(x,, 0.15), (x,, 0.71), (x,, 0.56), (x,, 0.25)}and B={(x,, 0.1), (x,, 0.25),
(x;, 0.02), (x,, 0.01)} are two fuzzy sets defined on the universe X ={x,, x,, x;, x,} , then
compute the product A.B.
Solution: Given that A = {(x;, 0.15), (x,, 0.71), (x,, 0.56), (x,, 0.25)} and
B ={(x,, 0.1), (x,, 0.25), (x,, 0.02), (x,, 0.01)}.
Therefore, A.B = {(x,, 0.015), (x,, 0.1775), (x;, 0.0112), (x,, 0.0025)}
since, uA'B(xl) =y (xl).uﬁ(xl) =(0.15)(0.1) =0.015
By 50, =y () (x,)=(0.71)(0.25) = 0.1775
My 5Gcg) =g () () = (0.56)(0.02) = 0.0112
My 50 =py (), (x,)=(0.25)(0.01) = 0.0025
Example 6 If A={(x,, 0.5), (x,, 0.2), (x,, 0.1), (x,, 0.25), (x,, 06)} and B={x,, 0.2),

(x,, 0.35), (x,, 0.25), (x,, 0.7), (x,, 0.4)} are two fuzzy sets defined on the universe
X ={x,, x5, x5, x,, x5}, then show that the de Morgan’s laws holds good.

Solution: Given A = {(x,, 0.5), (x,, 0.2), (x;, 0.1), (x,, 0.25), (x5, 0.6)} and
B ={(x,, 0.2), (x,, 0.35), (x,, 0.25), (x,, 0.7), (x,, 0.4)}.

Therefore, A° = {(x,, 0.5), (x,, 0.8), (x;, 0.9), (x,, 0.75), (x;, 0.4)} and
B¢ = {(x,, 0.8), (x,, 0.65), (x,, 0.75), (x,, 0.3), (x;, 0.6)}

Now, (AUB) = {(x,, 0.5), (x,, 0.35), (x,, 0.25), (x,, 0.7), (x,, 0.6)}
Mz, ple)=max (u;(x), pylx))=max (0.5 0.2) =0.5
M) =max (uy(x,), py(x,))=max (0.2, 0.35)=0.35
M) =max (u;(xy), pylxy))=max (0.1, 0.25)=0.25
M ple) =max (u;(x,), py(x,))=max (0.25, 0.7)=0.7

since,

M, p(xs) =max (U;(x;), pylxs;))=max (0.6, 0.4) =0.6

Thus, (AUB) ={(x,, 0.5), (x,, 0.65), (x;, 0.75), (x,, 0.3), (x;, 0.4)}

Again, (A°NB°) = {(x,, 0.5), (x,, 0.65), (x;, 0.75), (x,, 0.3), (x;, 0.4)}

Therefore, we get (A UUB)° = A° N B°

Similarly, it can be proved that (AN B)° = A U B*

Example 7 Let A={(x, 0.0), (x,, 0.6), (x;, 0.4), (x,, 0.8), (x;, 0.9)} and B=1{(y,, 0.5).
(35, 0.2), (y,;, 0.1)} be two fuzzy sets defined on the universes X ={x,,x,,%x,,%,,%;} and

Y =1{y,,v,,v;} respectively. Then compute the fuzzy relation R on AxB.
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Solution: Let A = {(x;, 0.1), (x,, 0.6), (x;, 0.4), (x,, 0.8), (x5, 0.9)} and
B={(y,, 0.5), (y,, 0.2), (y,, 0.1)}. Therefore,

Y1 Y2 V3

x[0.1 0.1 0.1

x,|0.5 0.2 0.1

R=AxB=x,(04 02 0.1

x,|05 02 0.1

x[05 0.2 0.1

since,

R(x;, y)=min (u,(x,), u,(y)) =min(0.1, 0.5)=0.1
R(x;, y,)=min (u;(x,), n,(y,)) = min(0.1, 0.2) =0.1
R(x;, y;)=min (u;(x,), n,(y;)=min(0.1, 0.1)=0.1
R(x,, y,)=min (u;(x,), u;(y)) = min(0.6, 0.5)=0.5
R(x,, y,)=min (u,(x,), p;(y,))=min(0.6, 0.2) =0.2
R(x,, v,) = min (n; (x;), py(ys)) =min(0.6, 0.1)=0.1

Similarly, the other elements of R that are given above can be computed.

Example 8 If A=/{(x,, 0.7), (x,, 0.2)}and B= {(x;, 0.3), (x,, 0.)} are two fuzzy sets defined
on X =1{x,,x,}, then compute 2AU3B.

Solution: Let A ={(x,, 0.4), (x,, 0.2)} and B={(x,, 0.3), (x,, 0.1)}
Therefore, 2A = {(x;, 0.8), (x,, 0.4)} and 3B = {(x,, 0.9), (x,, 0.3)}since,
Hoz () =20, (x;) = 2(0.4) = 0.8; p,; (x,) =2, (x,) =2(0.2) =0.4
Mg () = 3p(x,) = 3(0.3) = 0.9; p5(x,) = 3p(x,) =3(0.1) =0.3
Therefore, 2AU3B = {(x,, 0.9), (x,, 0.4)} since,
Myx g () = max (W (x,), 1,5 (x,)) = max (0.8, 0.9)=0.9
Moz uas (62) = max (W, ; (x,), 15 (x,)) = max (0.4, 0.3)=0.4

Example 9 Compute the composition RoS if Rand S are two fuzzy relations defined on
X xY and Y x Z respectively such that

Yi Yo Vs 21 Ry 23

x[05 0.3 0.2 y,[0.2 0.9 0.1
R=x,/03 0.7 09|and S=y,/05 0.1 06
x,]04 08 1 ys| 1 03 0.8

Solution: Consider R and S are two fuzzy relations as defined above. Therefore, the
composition (R, S) is given as
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21 2y %3

x,[0.3 05 0.3
RoS=x,[0.9 0.3 0.8] since,

x,] 1 04 0.8

“R’eS‘(xl’ Zl):r?eagi (min (Hfg(xp y1)> “g(yp 21)),
min (“R(xp Y2)s “g(ym z)),
min (Mg(xu Ys)s l-lg(ysy z,)))
ie., By oy, 2) = max (min (0.5, 0.2), min(0.3, 0.5), min(0.2, 1))
yE
=max (0.2, 0.3, 0.2) =0.3
Similarly,
Wy o(y, 2,) = max (min (0.5, 0.9), min(0.3, 0.1), min(0.2, 0.3))
RS
=max(0.5, 0.1, 0.2)=0.5
By 5(x, 25) = max (min (0.5, 0.1), min(0.3, 0.6), min(0.2, 0.8))
ye
=max (0.1, 0.3, 0.2) =0.3
uRQS(xm z) = max (min (0.3, 0.2), min(0.7, 0.5), min(0.9, 1))
ye
=max (0.2, 0.5, 0.9)=0.9
Wy (o, 2,) = max (min (0.3, 0.9), min(0.7, 0.1), min(0.9, 0.3))
Y€
=max (0.3, 0.1, 0.3) =0.3
My (o, 2) = max (min (0.3, 0.1), min(0.7, 0.6), min(0.9, 0.8))
Y€
=max (0.1, 0.6, 0.8)=0.8
My 5(xg, 2) = max (min (0.4, 0.2), min(0.8, 0.5), min(1, 1))
ye
=max (0.2, 0.5, 1) =1
uRQS(xg,, z,) = max (min (0.4, 0.9), min(0.8, 0.1), min(1, 0.3))
ye
=max (0.4, 0.1, 0.3)=0.4
Wy (g, 2) = max (min (0.4, 0.1), min(0.8, 0.6), min(1, 0.8))
Y€
=max (0.1, 0.6, 0.8)=0.8
Example 10 Consider the fuzzy sets A and B and defined on the interval X = [0, 7] of real
numbers, by the membership functions
1 1
i My
Compute the mathematical formulae for the following membership functions of each of the
following fuzzy sets.

@ A° ®) B () (AUB) d ANB

u;(x) =
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Solution: Gi that (x)—L' (x)—i
olution: Given that U —2x+1,u]-3 =3

(®) ch(x)= 1—HB(3C)=1——:

1 _ 2x
2%x+1 2x+1
1 3-1

3" 3"

(@ Mz, (@) =max (u;(x), puy(x)) = max ( L 1)

2x+1 3°

(@) 1y 00 =min (1,0, 1) = min ( : 1)

1.

2x+1° 3%
EXERCISES ®
Consider the set of people in the following groups.
0-10 10-20 20-30 3040
40-50 50-60 60-70 70 and above

2«

Represent a membership function graph for the fuzzy sets “young”, “middle-aged” and
“Old”_

If A={(x,, 0.23), (x,, 0.73), (x,, 0.3), (x,, 0.45), (x,, 0.63)} and B = {(x,, 0.27), (x,, 0.65),
(x5, 0.13), (x,, 0.55), (x5, 0.43)} are two fuzzy sets defined over the universe

X ={x, x,, %3, x,, x5}, then compute the followings:

@ (AUB) ® (ANB) © (A-B)

d (A°UB) (@ (A@B) # (ANBy

Let A = {(x;, 0.35), (x,, 0.74), (x,, 0.13), (x,, 0.45)} be a fuzzy set defined on the universe
X ={x,, x,, x4, x,}.Show that (A°) = A .

If A = {(x,, 0.25), (x,, 0.7), (x,, 0.6), (x,, 0.35), (x;, 0.55)} and B={(x,, 0.2), (x,, 0.6),
(x5, 0.15), (x,, 0.35), (x5, 0.03)} are two fuzzy sets defined over the wuniverse
X ={x,, x,, X5, X,, X5}, then compute A-B.

Let B={(y,, 0.01), (y,, 0.03)} and A= {(y,, 0.05), (y,, 0.02)} be two fuzzy sets defined on
the universe Y ={y,, y,} . Show that the commutative laws holds good.

If A = {(x,, 0.53), (x,, 0.42), (x,, 0.13), (x,, 0.25), (x,, 0.63)} and B = {(x,, 0.25), (x,, 0.55),

(x5, 0.15), (x,, 0.75), (x;, 0.43)} are two fuzzy sets defined over the universe
X={x, x,, x5, x,, x5}, then show that the De Morgan’s laws holds good.

Consider the fuzzy sets A and B defined on the interval X = [0, 5] of real numbers, by the
membership functions
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10.

1

X
HA(DC)=T l.lg(x)=§

+1 ;
Compute the mathematical formulae and draw the graphs for the following membership
functions of each of the following sets.

@ Ac b) B (¢) (AUB)
@ (ANB) ) A-B # (AUB)

Let A={(x, 0.2), (x,, 0.7), (x,, 0.9)} and B ={(y,, 0.1), (3,, 0.3)}be two fuzzy sets
defined on the universes X = {x,,x,,x,} and Y ={y,,5,} respectively. Then compute the
fuzzy relation R on AxB.

If R and S are two fuzzy relations defined on X x Y and Y x Z respectively, then compute

the composition Ro S . It is given that

Yi Yo Vs 21 2y 23 &y

x[0.1 05 0.1 y,[0.8 0.3 05 0.2
R=x,[06 03 0.7/ and S=y,[02 04 0.1 0.7
%02 04 0.8 y;/0.1 05 0.3 0.8

Consider a set P ={P,,P,,P,}of three persons, set D={D,,D,,D,} of various diseases
affecting the persons and S = {S,,S,,S,,S, } be the common symptoms of the diseases. Let
Rl be a relation on P x D and RZ be a relation on Dx S. Obtain the association of the
persons with the different symptoms of the diseases using max-min composition. It is

given that

D, D, D, S, S, S, S,
P,[0.8 0.5 0.9 D,[1 03 08 05
R=P,|06 03 02| and S=D,[0.1 0 03 09
P,[0.7 0.8 0.3 D,0O 1 07 01
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